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Abstract

The group invariant solution for the stream function and the effective viscosity of a
two-dimensional turbulent free jet are derived. Prandtl’s hypothesis is not imposed.
When the eddy viscosity is constant across the jet it is found that the mean velocity
profile is the same as that of a laminar jet in agreement with Gortler (1942). When
the eddy viscosity decreases across the jet it is found that the jet is narrower due to
the decrease in the effective viscosity of the mean flow.

1 Introduction

In many practical situations a free jet will be turbulent. In a turbulent flow the flucuations
which are superimposed on the mean flow cause an apparent increase in the viscosity of
the mean flow by factors of one hundred, one thousand, ten thousand or even more [14].
The increased apparent viscosity of the mean flow is central to all theories of turbulent
flow [14].

In order to model turbulence, Boussinesq [2] introduced the concept of eddy viscosity.
In analogy with the coefficient of viscosity in laminar flow the eddy viscosity in turbulent
flow relates the Reynolds stress to the spatial gradient of the mean velocity. The Reynolds
stresses are due to turbulent fluctuations and are the time averaged values of the quadratic
terms in the velocity fluctuations. The eddy viscosity is not a physical property of the
fluid like the kinematic viscosity. It is a function of position and time and is dependent
on the flow under consideration [15].
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The simplest assumption to make on the eddy viscosity in a free boundary layer flow
is the hypothesis due to Prandtl [13] that the eddy viscosity is constant across the layer
and is proportional to the product of the maximum mean velocity and the width of the
layer [6]. Gortler [7] has shown that if the Prandtl hypothesis is satisfied then for a two-
dimensional free jet the velocity profile of turbulent and laminar jets are the same. We
will not assume the Prandtl hypothesis.

Group theoretical methods are increasingly being applied to investigate turbulence.
Unal [16] derived an equivalence transformation of the Navier-Stokes equation by con-
sidering the viscosity as a coordinate of the frame of the equation. Ibragimov and Unal
[8] introduced the concept of the Kolmogorov invariant and determined the subgroup of
the equivalence group for which the Kolmogorov invariant is the first order differential
invariant. Gandarias et al [5] investigated the evolution of turbulent bursts by applying
Lie group analysis and established the existence of decaying bounded travelling wave solu-
tions. Bruzon et al [3] derived symmetry reductions of the system of two coupled parabolic
partial differential equations which model the evolution of turbulent bursts. Oberlack [10]
presented a unified approach for symmetries in plane parallel turbulent shear flows while
Oberlack and Khujadze [11] used the Lie symmetry method to derive new scaling laws for
a zero pressure gradient turbulent boundary layer flow.

In this paper we will investigate a two-dimensional turbulent free jet in which the eddy
viscosity can vary across the breadth of the jet as well as in the direction of the jet.
The jet is described by Prandtl’s two-dimensional boundary layer equation for the stream
function with eddy viscosity and vanishing mainstream velocity. The Lie point symmetries
of the third order partial differential equation for the stream function are derived and the
general form of the group invariant solution for the stream function and the eddy viscosity
is obtained. Analytical solutions are derived for the case in which the eddy viscosity varies
only in the direction of the jet. When the eddy viscosity varies across the breadth of the
jet the problem is reduced to a second order ordinary differential equation which is solved
numerically.

The group invariant solution for a two-dimensional turbulent free jet is compared with
the group invariant solution for a laminar jet derived by Mason [9].

2 Two-dimensional turbulent free jet

Consider a two-dimensional turbulent free jet. The jet emerges from a long narrow orifice
in a wall into a viscous incompressible fluid at rest which consists of the same fluid as
the jet. The z-axis is in the direction of the jet, the y-axis is perpendicular to the jet.
The origin of the coordinate system, x = 0, y = 0, is at the orifice. The mean flow is
symmetric about the line y = 0. Prandtl’s two-dimensional boundary layer equations for
a turbulent jet are [6]

00, _ O0vp O Uy
9% + 90y 0, (2.2)

dr | By
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which are subject to the boundary conditions

_ 00,
y=0: vy =0, By =0, (2.3)
Yy = 400 : By =0, %ZE — 0, (2.4)

where v, (z,y) and vy (z,y) are the x and y components of the mean fluid velocity. The
mean values are taken over a sufficiently long time interval for them to be independent
of time. In (2.1), E(z,y) is the sum of the kinematic viscosity v and the kinematic eddy
viscosity vr(z,y) [12,14] :

E(x,y) =v+vp(z,y). (2.5)

In general, vp(x,y) far outweighs the kinematic viscosity v. We will refer to E(x,y) as the
effective viscosity [12]. The eddy viscosity depends on the coordinate y across the jet as
well as on the coordinate x in the direction of the jet but the functional form of E(x,y) is
not specified at this stage.

It can be shown by integrating (2.1) with respect to y from y = —oc0 to y = +o0,
using (2.2) and the boundary conditions (2.4) and assuming that E(x,y) remains finite as
y — too, that

o0

J= p/ v2(x,y)dy = constant independent of x, (2.6)

—o0

where p is the density of the incompressible fluid. The conserved quantity J is the total

mean flux in the z-direction of the z-component of the momentum of the mean flow.
The stream function ¥ (x,y) is defined in terms of the mean fluid velocity by

0 0
Bl =G By =5t 2.7

The continuity equation (2.2), which holds for the mean flow, is identically satisfied.
The problem is to solve the third order partial differential equation

o 0% 9 Oy D 0%
e = (B oy 2.9
Oy 0xdy Ox Oy? Oy Oy?
for ¢ (x,y) subject to the boundary conditions
oY 0?1
_o- 9% _ _ 2.
y=0 il Al (2.9)
oy 0%
= 400 = = = 2.1
and to the condition
%) 6,¢} 2 .
J=2p 6—(:6, y) | dy = constant independent of x. (2.11)
0 Y

We will derive the group invariant solution for the stream function ¢ (x,y) for the mean
flow and determine the most general form for the effective viscosity E(z,y) consistent with
the group invariant solution.
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3 Symmetry generators and partial differential equation for
eddy viscosity

The Lie point symmetry generators

_ 9 o 9
of (2.8) are obtained by solving the determining equation
3] —
X F‘F:O ~0 (3.2)
where
OF
F = thyhay — <¢x + 8y(x7y)> Yyy — E(2,9)Yyyy, (3.3)
3 _ 0 0 0 0
X _X—I_Cl@wx + (2 0, +C123¢xy +C228%y +C2228%yy (3.4)
and
G =Di(n) —vsD; (), (3.5)
Cij = Dj (Cl) - ¢isDj (58) ) (36)
Gijie = Dr (Gij) — ¥ijs D (€7) - (3.7)

Subscripts denote partial derivatives and there is summation over an upper and lower
repeated index. The total derivatives, Dy and Ds, are defined by

0 0 0 0

Di=Dy =g ttag, +¥mg -t gt (3:8)
x y
0 0 0 0
D2=Dy:a*y+¢y@+¢xy%+¢yy%+"'- (3.9)

It is found that

X = A(x)aax + (csy + k(z)) 88 + (19 + ¢2) 881,1)

where A(z) and k(z) are arbitrary functions of x and cj, cg,c3 are constants, provided
E(z,y) satisfies the first order linear partial differential equation

(3.10)

OF OF dA
Alz) 5+ (esy + k(2)) oy <01 +e3 — dx) E. (3.11)

For a two-dimensional laminar jet, E(x,y) = v = constant. From (3.11) it follows that
for a laminar jet,
dA

P ta (3.12)
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and therefore
A(x) = (1 + ¢3) x + ca, (3.13)

where ¢4 is a constant. The Lie point symmetry (3.10) reduces to

X =((c1+c3)z+ca) % + (csy + k(z)) ;y + (1Y + c2) 0 (3.14)

%.

Turbulence can therefore change the coefficient £!(z) in the Lie point symmetry.

4 Group invariant solution

The group invariant solution ¢» = ®(z,y) of the partial differential equation (2.8) satisfies

X (¢ = &(z,y)) 0, (4.1)

——

where X is given by (3.10). Substituting (3.10) into (4.1) yields the first order linear
partial differential equation for ®(x,y),

0P 0P
A(a:)a—x + (c3y + k() BT a®+co. (4.2)

It will be assumed that A(x) # 0 and ¢; # 0. The general solution of (4.2) is readily
derived and setting ¢ = ®(x,y) we obtain

Y = exp (e B(x)) F(€) — * (4.3)

where F' is an arbitrary function,

_ Yy _ D(x :
= o (B@)  © (), (4.4)
and
D(z) = /x Z((Z)) exp (—e3B(x)) dx, (4.5)
Bw) = [ f;‘l(”;), % = A(li). (4.6)
The general solution of (3.11) for the effective viscosity is
Ba.) = 55 exoller +) B@)] GLe). (7)

where G is an arbitrary function. The group invariant solutions (4.3) and (4.7) for ¢(z,y)
and E(z,y) depend on the same similarity variable £ because the left hand sides of equa-
tions (4.2) and (3.11) have the same form.
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When (4.3) and (4.7) are substituted into (2.8) the partial differential equation reduces
to the ordinary differential equation

d 2F d [ _dF dF\?
ds(G<5>de>“1ds<Fds>+<03‘QCl> (ds) =0 (43)

for F' (§) and G(&). Equation (4.8) is independent of D(z) and ¢z which therefore may be
chosen suitably. The choice of D(z) determines the origin of £. We choose k(z) = 0 in
(3.10) and therefore D(x) = 0 so that £ = 0 when y = 0. We also choose c2 = 0 because
the additive constant ca/c; in the stream function (4.3) does not contribute to the mean
velocity field.

The final condition on the constants is obtained from the conserved quantity J given
by (2.11). We substitute (4.3) into (2.11) and make the change of variable from y to £ at
fixed z. Equation (2.11) becomes

J = 2pexp (261 — ¢3) B(x)] /0 h (‘Z)ng. (4.9)

Since B(x) # 0, J is a constant independent of x provided
c3 = 2cq. (4.10)

In order to simplify the notation let

H@)=ep(@B@),  G€)=- 0. X=X (4.11)

and suppress the circumflex on G and X. Then, expressed in terms of H(x),

oy
¢ = ey (4.12)
P(xy) = H(z) F(E), (4.13)
E(z,y) = H'(x) H*(z) G(©), (4.14)
_ I
Up(z,y) = oy~ H@) & (4.15)
0 dF
nlen) = ~gr =) (2% - F©). (1.16)
where F'() satisfies the ordinary differential equation
d *F\ | d ( _dF
i (C07) 5 (P ) o o

subject to the boundary conditions

F(0) =0, F"(0) =0, F'(+00) =0 (4.18)
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and to the condition

© dF\ >
J:2p/0 (dg) de, (4.19)

where J is given constant. The Lie point symmetry which generates the group invariant
solution is
H(z) 0

9
— 49y —
T2ty

_ 2
- H'(z) Oz

o’
The boundary conditions (4.18) are readily derived from (2.3) and (2.4) using (4.15) and
(4.16). Since c3 = 2cy, the differential equation (4.8) can be integrated once immmediately.

A boundary condition on H(z) will be required. This is obtained as follows. The long
narrow orifice in the wall from which the jet emerges is assumed to be infinitely thin. Since

the volume of the mean flow and the mean momentum are finite it is necessary to assume
that the mean fluid velocity at the orifice is infinite [14]. Since

(4.20)

F'(0)

v 0) = 4.21
it is therefore necessary to assume that
H(0) = 0. (4.22)

Finally, consider Prandtl’s hypothesis [6,13]. We will not adopt Prandtl’s hypothesis
but it gives a reference against which to compare results. Prandtl’s hypothesis applied to
a two-dimensional free jet states that the eddy viscosity is constant across the jet and is
proportional to the product of the maximum mean velocity and the width of the jet. Since
in general vy > v, we will neglect v compared with v and impose Prandtl’s hypothesis
on the effective viscosity E(z,y). For E(x,y) to be constant across the jet it must be
independent of y and therefore G(£) must be a constant. From (4.12), the width of the
jet is proportional to H?(x) and from (4.15) the maximum mean velocity, which occurs
at y = 0, is proportional to 1/H (z). Thus, from Prandtl’s hypothesis, E(x,y) must be
proportional to H(z) and therefore from (4.14)

HC;—Z —a, H(0) =0, (4.23)
where « is a constant. Thus

H(z) = (2az)? (4.24)
and therefore from (4.14)

E(z) = Epa?, (4.25)

where Ej is a constant. Equation (4.25) gives the form of the effective viscosity if Prandtl’s
hypothesis is valid.

A group invariant solution for the two-dimensional turbulent free jet may be derived
as follows. The functions H(x) and G(z) are either obtained from further information
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given on E(x,y) or are prescribed subject to the condition H(0) = 0. The function F'(£)
is found by solving the third order differential equation (4.17) subject to the boundary
conditions (4.18). The conserved quantity (4.19) is used to obtain the remaining constant
of integration in terms of J. The stream function and the x and y components of the
mean velocity are obtained from (4.13), (4.15) and (4.16). The Lie point symmetry which
generates the group invariant solution is given by (4.20). Unlike a laminar jet it may not
be a scaling symmetry.

5 Eddy viscosity a function of z

Consider first an effective viscosity of the form £ = E(z). Then from (4.14),

H'(z)H2(z) G (51)

and by the technique of separation of variables, each side of (5.1) must equal a constant
which we take as unity. Hence

() =1 (5.2)
and H(x) satisfies the first order ordinary differential equation

dH

H%@E =E(x),  H(0)=0. (5.3)
Equation (4.17) becomes
#F d (_dF

The solution of (5.4) subject to the boundary conditions (4.18) and the integral condition
(4.19) is [1,9]

ro= (%) wn(3(2)'e). 55)

where ¢ is given by (4.12). Thus the scaled mean velocity profile

B g) o [; (3,]) ; 5] (5.6)

2
plotted against & is the same for all turbulent jets when the effective viscosity is indepen-
dent of y and is the same as that for a two-dimensional laminar jet for which £ = v. A

similar result was established by Gértler [7] who showed on the basis of Prandtl’s hypoth-
esis that the mean velocity profile of a turbulent jet is the same as that of a laminar jet

[6].

An important special case of E = E(x) is the power law [6]

E(z) = Egz® (5.7)
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where Ej is a constant and § > —1 to satisfy H(0) = 0. When Prandtl’s hypothesis
1
applies, § = 3 The solution of (5.3) with (5.7) is

1
2o\ 4
H(zx) = <13+06 ) $ ph04), (5.8)
From (4.12), (4.13) and (5.5) the stream function is
1 1
9FyJ 3 L(1+8) 1/J(1 +ﬂ)2 3 Y
= ——7— h |- .
vi@y) (2(1 + ﬂ)p> v o\ TepEz ) R0 (5:9)

and hence from (2.7),

1 1
. L3+ 303\ 1 o [1(JA+B)2\3 gy
Ug(z,y) = 5 ( 150 Ta) sech 5 6pE2 0| (5.10)

From (4.20) and (5.8) the solution is generated by the Lie point symmetry

3z 0 0
Xx=-"2 9 19
1+p) oz 7
which is a scaling symmetry. The solution with a power law effective viscosity can therefore
be derived using a scaling transformation as described by Glauert [6] and Dresner [4]. For
a laminar jet, Ey = v and (8 = 0. Equations (5.8) and (5.11) reduce to

0
B +w%, (5.11)

H(z) = (3vx)3 (5.12)
and
0 0 0

When the eddy viscosity is a power law,
E(x)=v+uvps®,  f>-1 (5.14)

where v7;, is a constant. The effective viscosity (5.14) allows us to follow the gradual
development from a laminar jet to a turbulent jet as vz, increases from zero. The solution
of (5.3) with (5.14) is

1
1 1 vy 3
H(z) = 1 —0gh 1
(x) = (Bvx)s { + 015 v x } ; (5.15)
which from (4.12), (4.15) and (5.5) gives the mean velocity profile
(1) 1<3J2‘>§ 1 h21<J>§ y
Uz, y) = = sech” | -
2 \ 4vp? |}C . 1 VTolerﬁ:| 3 2 \ 6pv2 (x . 1 VTolerﬁ> 3
1+p) v (1+p5) v
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(5.16)
From (4.20) and (5.15) the solution is generated by the Lie point symmetry
1 VT,
1+ Z1o .8
(1+0) v 0 0 0
X=3 — 4+ 2y— — 5.17
N s e Ty T Ve (5.17)
v

which is not a scaling symmetry. The solution (5.16) therefore cannot be derived by a
scaling transformation. Results for a laminar jet are obtained by setting v, = 0.

6 Eddy viscosity a function of x and y

The general form for the effective viscosity in a group invariant solution is given by (4.14).
It can depend on y through the similarity variable £. The function G(§) may be chosen
but it must be an even function of £ and be bounded as £ tends to infinity.

In order to investigate the effect of the dependence of the eddy viscosity on y consider

E(x,y) = v+ v, K(E), (6.1)

where K (£) has still to be specified. Equation (4.14) becomes

H'(2)H2(2)G(€) = v (1 + LZOK(g)) . (6.2)
We can set

H%@% =, H(0) =0, (6.3)
and

G(§) = 1+~ K(9). (6.4)

Then H (&) is given by (5.12) as for a laminar jet and from (4.12) the similarity variable is

-9 6.5
¢ (3ym)% (6.5)

We choose
G(§) = 1+Ls°exp (=€), G = 1+ﬁ. (6.6)

The corresponding effective viscosities are

E(z,y) = v+ vr, exp (—52) , E(z,y)=v+ 1 1%52. (6.7)
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Since G(&) is now specified, F/(§) can be obtained from the differential equation (4.17).
Integrating (4.17) once with respect to £, imposing the boundary conditions (4.18) at £ =0
and assuming that F(0)F’(0) = 0 gives

d*F _dF
G(¢) it F i 0. (6.8)
Equation (6.8) is solved numerically subject to (4.18) and (4.19) using a shooting-point,
bisection method. Initial guesses, one high and one low, are made for F’(0). For each of
these guesses, MAPLE’s dsolve command is used to integrate forward to some pre-chosen
large time point. The integral constraint, equation (4.19), is then tested. The respective
deviations from exactness are used to modify one of the initial guesses as in the classical
bisection method and the whole procedure is iterated until satisfactory convergence is

achieved. For each choice of G(§) in (6.6) the mean velocity profile

dF

d¢
is calculated. Since H(&) is given by (5.12) the solutions are generated by the Lie point
symmetry (5.13) as for a laminar jet.

For comparison we also consider two solutions with eddy viscosity constant across the
jet. Both solutions are obtained from (5.16). Firstly, for a laminar jet, vz, = 0 and (5.16)

reduces to
2 1
1/3J\3 1 /3J\3
Uy = — h2 | = [ == 1
mlen) =5 (5 ) sec [2(2p) 5], (6.10)

1
where ¢ is given by (6.5). Secondly, adopting the Prandtl hypothesis, we set § = 3 and

o=

= (3vz)30g(z, y) (6.9)

Wl

(3vx)

rewrite (5.16) in terms of the similarity variable (6.5). This gives

2 1
1 /3J\3 1 1 (/3J)\3
(3’/95')% Ug(z,y) = 5 <> —sech? | = <> § .
2 2,0 2 VTO 1 3 2 2p 2 VTO 1 3
1+ -—x2 I+ —x2
3 v 3 v
(6.11)
The effective viscosities of the solutions (6.10) and (6.11) are, from (5.14),
E=v, E=v+upae. (6.12)

In Figure 1 the scaled velocity (3Vx)%17x(m,y) is plotted against £ for the four jets
with effective viscosity given in (6.7) and (6.12). The ratio vy, /v describes the apparent
increase in the viscosity of the mean flow. For illustrative purposes we took vz, /v = 100.
From Figure 1 we see that the maximum velocities of the turbulent jets are less than that
of the laminar jet but the widths of the turbulent jets are greater than that of the laminar
jet. This is due to the increase in the apparent viscosity of the mean flow as described
by the effective viscosity. Diffusion in the turbulent jets is therefore greater than in the
laminar jet and hence the turbulent jets are wider than the laminar jet. We also see from
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10
] (d)
5 J
— (c)
] (b)
; (a)
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-104
E)IIIIOIZIII|0|.4IIII0|6IIII0I8|IIIIILI

Figure 1: Scaled mean velocity profile (3Vx)%17z(x,y) plotted against £ = € Y )2 for effective
vx)s
viscosities (a) E = v, (b) E = v+ vpexp (—€?), (¢) E = v + % and (d) E = v + vpa3,

where v, /v =100, J/2p =1 and = = 0.5.

Figure 1 that when the eddy viscosity is not constant across the jet but decreases then the
width of the jet also decreases. When the eddy viscosity decreases exponentially across
the jet, the jet is narrower than when it decreases more slowly algebraically. This can also
be explained in terms of a reduction in the diffusion of the mean flow.

The effective viscosities which have been considered in this paper are summarised in
Table 1.
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7 Conclusions

We have derived the general form for the group invariant solution for the stream function
and effective viscosity for a two-dimensional turbulent free jet. The eddy viscosity can vary
across the jet through dependence on the similarity variable as well as in the direction
of the jet. When Prandtl’s hypothesis is imposed and the kinematic viscosity can be
neglected, the eddy viscosity is proportional to the square root of the distance from the
orifice measured in the direction of the jet.

When the eddy viscosity is constant across the jet the mean velocity profile, v, (z,y)/v5(x, 0),
plotted against the similarity variable £ is the same for all turbulent jets and is also the
same as the velocity profile of a laminar jet. This agrees with the observation of Gortler
[7]. When the eddy viscosity decrease across the jet the width of the jet decreases due
to the decrease in the diffusion of the mean flow. The exponential decrease in the eddy
viscosity across the jet gave a narrower jet than the slower algebraic decrease in eddy
viscosity.

The Lie point symmetry which generates the group invariant solution for a two-dimensio-
nal laminar free jet with infinite mean velocity at the orifice is given by (5.13). It is of
interest that the group invariant solution for turbulent jets with H'(x)H?(z) constant are
also generated by (5.13) and for these jets the eddy viscosity varies across the breadth
of the jet as well as in the direction of the jet. We see from (4.20) that in the Lie point
symmetry only the coefficient £!(z) can be changed by the turbulence. When the effective
viscosity is a power law the Lie point symmetry is of the form (5.11). When the kinematic
viscosity cannot be negleted and the eddy viscosity is a power law the Lie point sym-
metry is given by (5.17). This solution was the only solution not generated by a scaling
transformation.

The majority of interesting practical turbulent flows are three-dimensional phenomena.
The simplest extension of this analysis to three dimensions would be to a turbulent free
jet with axisymmetric mean flow and described by eddy viscosity.
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