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Abstract

Two differential operatord; and T, on a space\ are said to be equivalent if there is an
isomorphisnmSfrom A ontoA suchthaST, =T, S

The notion was first introduced by Delsarte in 1938 [2] whBr@ndT, are differential
operators of second order anda space of functions of one variable definedXor 0. From
them on several authors studied generalizations, apiglitsatind related problems [6], [7],
(8], [11], [12].

In 1957 Delsarte and Lions [3] proved thatTf and T, are differential operators of the
same order without singularities on the complex plakbging the space of entire functions,
then they are equivalent. Using sequence spaces and thidatite space of entire functions
is isomorphic to a power series space of infinite type, we firedldame result in a simpler
way in our opinion. The same method gives the result for difiéial operators of the same
order with analytic coefficients on the space of holomorghiction on a disc, considering
that spaces of holomorphic functions on a disc are isomonpha finite power series space.
The method can be applied as well to linear differential afmes of the same order on other
sequence spaces, finding conditions for them to be equivdtamally using the fact that the
spaceé,,(R) of all 2m-periodicé™-functions onR is isomorphic tos, the space of rapidly
decreasing sequences, we prove that two linear diffetevgizrators of order one with con-
stant coefficients are not equivalent; this result can bersdd to linear differential operators
of greater order but the proof is essentially the same.

1 Introduction

Let T, andT, be two linear differential operators defined on a spa@nd consider the following
problem,

Is there an isomorphisi@from A onto A such thafl;S= S1?.

The isomorphisnEwas called “operateur de transmutation” by Delsarte in 183&hom the
notion is due, in a paper that deals with two differentialrapers of second order and a space of
functions of one variable [2]. Applications and general@as can be found in [7, 8, 9].

If the operatordl; andT, are of order greater than two with infinitely differentialoleefficients
and the considered spac&’$(R), the space of infinitely differentiable functions Bna particular
solution of the problem is givenin [7]. In 1957, Delsarte ammhs in [3] studied the question in the
complex plane, precisely taking two differential operatof the same order without singularities
in the complex plane and the space of entire functions.
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Later on the subject was taken up by some russian matheareticalling the problem equiva-
lence of differential operators. For instance, Viner stddransformations of differential operators
in the space of holomorphic functions [12], KushnirchukgNidida and Fishman considered the
equivalence of differential operators with a regular slagpoint [6] while Nagnibida and Oliinyk
studied the equivalence of differential operators of itdirrder on analytic spaces [11].

The question of the equivalence of differential operaters very general one and the problem
can be treated in many different contexts and so the literatoncerning the subject is very wide.
Let us mention, for instance, that in 1989, Kamran and Olv¢4] determine when two second-
order differential operators on the line are the same unadiaage of variables while Volchkov,
in 2000, considered spaces of analytic functions over the fleld and differential operators on
them [13].

In this paper we assume thRtandT, are linear differential operators of the same order and its
coefficients are elements of a sequence spac&hen/\ = .77 (C), space of entire functions on
the complex plane of = 77 (D), space of holomorphic functions on the unit disc, we proat th
T, andT, are equivalent; the first result is due to Delsarte and Li& bt our proof is, in our
opinion, much simpler. I\ = s, space of sequences rapidly decreasing to zerolaadd T, are
linear differential operators of order one with constargfticients, then they are equivalent. In
fact, whenT; andT, are linear differential operator of order one with constasfficients we give
a sufficient condition for them to be equivalent on any K&hace. The condition is not necessary
as the cas@ = sshows. IfA =C5, (R), space of all 2Z-periodicC™-functions onR we prove that
two operators of order one with constant coefficients areegatvalent using the fact th@§, (R)
ands are isomorphic. Finally we generalize some results usiagxblfand-Leontev derivative.

For the terminology used in this paper see [1, 5, 10].

2 Differential operators on sequence spaces

A linear differential operator of orden, D™+ pm_1D™ 1 + py_oD™ 2+ .. + p1D + pol, can be
represented by a matrix; n),_o With

n

tjn= Z)n(n—l)---(”rl)pn—i,j_i m>n
i=
tin=0 j<n—mn>m
th-mn=n(n—1)...(n—m+1) n>m
r
th-mrn = Zln(n— 1)...(n— m+i +l)pmfi,r7i r>1n>m,
1=

wherep;, 0<i < m-1 are elements of a sequence space (Kothe spacejsidered as functions
Pi(2) = Yo PikZ
Given two linear differential operators
Ty =D"+ py-1D™ *+ P 2D™ ? 4 -+ p1D + pol

and

T2 =D" 4 0m_1D™ 4+ gm_2D™ 2+ -+ q1D + gl
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on a sequence spacgeto look for the isomorphisn® that can be represented by a matéix
(Sj’n)‘]?‘jnzo implies two things. First we have to solve the algebraic &qna given byT;S= ST
and second to study the continuity ®andS.

Assume thatif < j <m—1,thenSj, =1if j=nand 0ifj #n.

Solving the equatiof; S= Sh using the program Maple (or the program Mathematica) we get

S j! n! S
N G4+ m)t (n— m)! J.n=m
m-1j—n+i
+ % % +m Q|ISJI+n i
m-1j—n+i _|+
% % J pllsj I+i,n; n>=m
n j—n+i |n|
Sjtmn= Z Z) +m CI|ISJI+n i
m-1j—n+i _|+
% % J pllsj I+i,n, n<m
Sjtmn=0 j+m<n.

The matrixSis invertible and its invers&-1 is given by the above formulas interchanging the
p'sandg’sasS 1T, = T,S L. Therefore it is enough to study the continuitySf

When the order of the operatorsnis= 1 and the coefficients are constants, thakis- D + pl
andT, = D +ql, then the formula for the elements of the maiis much simpler, in fact

1 .
. — =  (g—np)!" i>
Sj,n (J—n)l(q p) I=n

2.1 Equivalence of differential operators

The spaces”’(C) of entire functions with the open-compact topology (resipely the space of
holomorphic functions on the unit dis#’(DD)) is isomorphic to the sequence space

A={x=(X): Zo\xn]ek” <, Vke N}
n=
respectively to the sequence space
A= {x= (%) ZO|Xn|e_E <, Vke N}
n=

with its usual topology, that is the one given by the norms

X[l = ZOIXnIekn
n—=
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or equivalently by the norms

I = sup{ bl |

respectively the norms

Xl=3 Pole
n=0
or
Xl = sup{|xale F} .
We have the following result

Theorem 1. Let T; and | be two linear differential operators of order m with entinegpec-
tively analytic on the unit disc) functions coefficients.efitihey are equivalent on the space of
entire functions#’(C) (respectively in the space?’ (D)), that is, there exits an isomorphism
S: A (C) — s(C) (respectively S.77 (D) — (D)) such that

T,S=ST
and
b=a, i=012..m-1

where (g) (respectlvely(b.)) are the Taylor coefﬁments of an entire or analytic funation the
disc f(z) = z aZ (respectively of its image $) = z biZ).

Proof. We present only the proof for the cas&(C). The proof for the case?’ (D) is similar.
Sis continuous if and only if the following condition is vegfi:
Vk e N, IN(k) € N, 3W(k) such that

(k)n _
|Sj+min| SW(k)Wa vi,n. (2.1)

We prove the result by induction gn Givenk takeN (k) = k+ 1 (anyN(k) > k would do) and
j = j(k) such that the condition (2.1) is fulfilled for ajl< j(k). Assumej = j(k) + 1 and check
the condition.

Consider the termS§; n, wheren > m. We have

j! n!
(J+m!(n—m
m—1j—n+i

+ % % |Q| I | |Sj [+n— || (2.2)

m—1j—n+i

+% % ’pIIHSJ I+|n‘

|Sj+mnl < ) |Sj.n-ml
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The first part of formula (2.2),that|ﬁ+T — mI|SJn m| verifies

J! n! elk+1)(n-m) okt n
(j+m)! (n—m)! |Sjn-ml SW(K)——7—— =W

&i W gme
With respect to the second and third part of formula (2.2) axeh

jn! _ 1
(j+m!n—i! ~ j+m
i+ 1
G+miG-n! = j+m

and
m— lJ n+i
Z) % \CI|IHSJI+n i
e(k+1n
W) S T Z)H%Hkﬂ
and
m—1j—n+i
Zﬁ % |P|I||SJ I+i.n]
(k+1n
swwe

&(+m) J+m EOHF’qu

Taking j(k) large enough we have
1 ekmm—l _
j+m i; (||QIHk+1+Hp|||k) <l-e

and so
e(k+1)n
|Sj+mn| < W(k)m~
The case1r < mis proved in an analogous way. |
Considering the spacewe have

Theorem 2. Let T; and T be two linear differential operators of order one with caarst coef-
ficients. Then they are equivalent on the space of space nésegs rapidly decreasing to zero
S.

Proof. Itis enough to prove that

la—p/' " ¥
su ——I\/I < 0
neI\?JZ (j—n)! “
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i\q—mjﬂﬁ _ < la—pl (j+n*
& (j—nt nk J;) j! nk
o 19- P jaid) _ ko 1A= PPk
O k1) — P (en))
2T 2T

_ kla-plet < tela—ple —

IN

The spac€y, (R) with the topology induced by the system of seminorms

2

1=y [

0<p<k LZ[f 7T,T[]

is isomorphic tes and using this fact it follows

Theorem 3. Let Ty and T, two linear differential operators of order one with constapefficients.
Then they are not equivalent on the spagg(®) of all 2r-periodic C*-functions oriR.

Proof. Let f € C5 (R) be given and

f =73 fue™

nezZ

be the Fourier series df. The isomorphism betwedZ§, (R) andsis given by the function
Fofe— (fo, fr, oo, fo, o).

Therefore given the operatoil§ = D + pl and T, = D + gl on C3(R) they induce ors two
operatorsA; (respectivelyA;) given by the diagonal matrix

p .
I+p
—i+p
2i+p
~2i+p
3i+p

(respectively by the diagonal matrix substitutipdoy q). If there is an isomorphisr® such that
T:S= ST then there is an isomorphism = FSF~! such thaiA;M = MA, which is not possible.
[
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3 Generalizations

Considering the Gelfand-Leontev derivatil@,x" = yx"1, n > 1, DX° = 0, wherey; < y» <

-+ /oo, (Wheny, =n, D, = D, the ordinary derivative), we can study the equivalenceneaalr
differential operators with respect to this derivative eldperatoD,, is assumed to be continuous.
We give below sufficient conditions for linear operatorshaébnstant coefficients to be equiva-
lent.The proofs of the following theorems are similar to¢hse of analytic functions and therefore
not given.

Theorem 4. Assume that ke N

. k
sup (n+1)! ¥ a”:’ = My < o
n,j>0 N Yoy af

where(a) is a Kothe matrix . The the operatorg F Dy + pl and , = Dy, +ql are equivalent in
the Kothe space\1(a).

Theorem 5. Let A (a) be a nuclear infinite power space (respectivAly(a) a nuclear finite
power series space) such that:

sup{ e } <o
nen ( €71

andvk € N, 3r =r(k), r > k such that

e gdnm
sup { } <1

j>nnom | €di-m €/dn

respectively

% om

€% e
sup mm (<L
j>nn>m | e —x € T

Then the operators 7= D} + pm_lD’Q“*l +---+ pol and T, = D)+ qm_ng“*l +-- 4 qol are
equivalent.

Assuming that the Kothe space is an infinite (or finite) posesies space algebra, thatg/
such that

gintm <Wehe"m nme N
respectively
g nim <We e I nme N

and considering differential operators with coefficiemt$hie algebra we have
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Theorem 6. LetA«(a) be a nuclear infinite power series algebra (respectivelya) a nuclear
finite power series algebra). Assume thi&te N, 3r =r(k) € N, r > k such that

eran—m
Ny = sup{W o ekam} <1

(respectivelyvk € N, 3r =r(k) € N, r > k such that

e n-—m an
Nk = sup{W e k } <1

€

Iz

Then the operators 7= D} + pm_lD’Q“*l +---+ pol and T, = D)+ qm_ng“*l +--+qol are
equivalent.
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