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Abstract

In this paper we consider some properties of intu-
itionistic fuzzy preference relations. We pay atten-
tion to preservation of intuitionistic fuzzy preference
relations by aggregation operations. In particular,
we know, that a special kind of aggregation opera-
tions (lattice operations) do not preserve intuitionis-
tic fuzzy preference relations. We describe the oper-
ations which preserve intuitionistic fuzzy preference
relations if they are from a special class i.e. they
are a decomposable operations.

Keywords: intuitionistic fuzzy relations, intuition-
istic fuzzy preference relations, aggregation opera-
tions, decomposable operations.

1. Introduction

We deal with Atanassov’s intuitionistic fuzzy rela-
tions which were introduced by Atanassov [1] as a
generalization of the idea of fuzzy relations defined
by Zadeh [17]. Fuzzy sets and relations have many
applications in diverse types of areas, for example
in data bases, pattern recognition, neural networks,
fuzzy modelling, economy, medicine, multicriteria
decision making. Moreover, multiattribute decision
making using intuitionistic fuzzy sets is possible
[10]. We take into account intuitionistic fuzzy pref-
erence relations, which are applied in group decision
making problems, where the solution from individ-
ual preferences over some set of options should be
derived. The concept of a preference relation was
considered by many authors, in the crisp case for ex-
ample by [12] and in the fuzzy environment by [4].
Szmidt and Kacprzyk [13] generalized the concept
of preference from the fuzzy case to the intuition-
istic fuzzy case. Next, other autors considered this
topic, for example [14] - [16]. In this work we re-
call some concepts and results useful in our further
considerations (section 2). Next, we put some re-
sults connected with the preservation of preference
relations by aggregation operations (section 3). Fi-
nally, we put some open problems connected with
intuitionistic preference relations (section 4).

2. Basic definitions

Now we recall some definitions which will be helpful
in our investigations.

Zadeh (1965) introduced the concept of fuzzy set
as follows
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Definition 1 (cf. [17]). A fuzzy set A on a universe
X is a mapping

A: X —[0,1].

Atanassov intuitionistic fuzzy sets were intro-
duced by Atanassov as an extension of the fuzzy
set theory in the following way.

Definition 2 (cf. [1], [2]). An Atanassov intuition-
istic fuzzy set A on a universe X is a triple

A={(z, pz),v(2) : x € X},

where
w:X —[0,1)

v:X —10,1]

with the condition
plx)+v(x) <1, zeX.

An Atanassov intuitionistic fuzzy set assigns to

each element of the universe not only a membership
degree but also a nonmembership degree.
The values ma(z) = 1 — p(z) — v(x) is called the
degree of indeterminacy of x to A, or the degree of
hesitancy of = to A. Especially, if 74 (z) = 0 for all
x € X, then the intuitionistic fuzzy set A reduced
to a fuzzy set.

An Atanassov intuitionistic fuzzy set A on X can
be represented by an L*-fuzzy set in the sense of
Goguen. Namely

Definition 3 (cf. [9]). An L-fuzzy set A on a uni-
verse X is a function

A: X =L

where L is a lattice.

In this paper we mean by (L*,<j) the following
complete lattice

L* = {(ar,z) € 0,1 2y + 2 < 1),

(x1,22) <i- (Y1,y2) & z1 <y and x2 > yo.

This lattice has the greatest element 17« = (1,0)
and the least element 0r« = (0, 1).
As a special case of sets we may consider relations.

Definition 4 ([17]). Let X,Y # 0. A fuzzy rela-
tion between elements of X and Y is an arbitrary
function R : X xY — [0,1]. The family of all fuzzy
relations in X XY is denoted by FR(X xY). In
the case X =Y we will use the notation FR(X).
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Figure 1: Lattice L*

Definition 5 ([1]). Let X,Y # 0, R, R : X xY —
[0,1] be fuzzy relations fulfilling the condition

R(z,y) + RY(z,y) <1, (z,y) e X xY. (1)

A pair p = (R,RY) is called an Atanassov’s
intuitionistic fuzzy relation.  The family of all
Atanassov’s intuitionistic fuzzy relations described
in the given sets X,Y is denoted by AIFR(X X
Y). In the case X = Y we will use the notation
AIFR(X).

The boundary elements in AIFR(X xY) are 1 =
(1, 0) and 0 = (0, 1), where 0, 1 are the constant
fuzzy relations. Basic operations for p = (R, R%),
o=(5,9% € AIFR(X x Y) are the union and the
intersection

pVao=(RVS RIASY,

pAo=(RAS, RV SY). (2)

Similarly, for arbitrary set T' # ()

(\/ pt)(a:,y) = <\/ Rt(xay)7 /\ Rf(sc,y)) )

teT teT teT

(/\ pt)(m>y) = </\ Rt(x7y)> \/ Rg(xay)> .

teT teT teT

Moreover, the order in AIFS(X x Y) is defined
as follows

p<oe (R<S, ST<RY. (3)

The pair (AIFR(X xY'), <) is a partially ordered
set. Operations V, A are the binary supremum and
infimum in the family ATFR(X X Y'), respectively.
The family (AIFR(X xY),V,A) is a complete, dis-
tributive lattice.

If we compare the above and the definition 3 and
take into account the condition (1), then fuzzy re-
lation can be seen not as a pair of relations, but as
a relation with values of the lattice L*.

The fuzzy relation @, : X xY — [0,1] is as-
sociated with each Atanassov’s intuitionistic fuzzy
relation p = (R, R%), where

ﬂ—P(x’y) =1- R(‘T7y) - Rd(xay)ax € X7y €Y.
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The number 7,(z, y) is called an index of an element
(z,y) in an Atanassov’s intuitionistic fuzzy relation
p. It is also described as an index (a degree) of
hesitation whether x and y are in the relation p or
not. This value is also regarded as a measure of non-
determinacy or uncertainty (see [11]) and is useful
in applications. Intuitionistic fuzzy indices allow
to calculate the best final result and the worst one
that may be expected in a process leading to a final
optimal decision (see [11]).
Let us recall the notion of the composition

Definition 6 ([9], [3]). Let ¢ = (5,5 €
AIFR(X xY), p=(R,R%) € AIFR(Y x Z). By
the composition of relations o and p we call the re-
lation 0o p € AIFR(X X Z),

(0 0p)(z,2) = ((S o R)(x,2), (50" RY)(x, 2)),
where

(SoR)(x,2) = \/ (S(z,y) ARy, 2)),

yey

(540" RY)(x,2) = /\ (S%(z,y) v Ry, 2))
yey

(4)

(5)

If we consider decision making problems in the
intuitionistic fuzzy environment we deal with the
finite set of alternatives X = {z1,...,z,} and an
expert who needs to provide his preference infor-
mation over alternatives. In the sequel, we will
consider a preference relation on a finite set X =
{z1,...,z,}. In this situation intuitionistic fuzzy re-
lations may be represented by matrices.

Definition 7 ([15], [13]). Let card X = n. An
intuitionistic fuzzy preference relation p on the set
X is represented by a matrix p = (pij)nxn With
Pij = (R(i,7), R%(,7)), for all i,5 = 1,...,n, where
pij s an intuitionistic fuzzy value, composed by the
degree R(i,j) to which z; is preferred to x;, the de-
gree R4(i, j) to which x; is non-preferred to x;. Pur-
thermore, for all i,j = 1,...,n, the values R(i,j),
R(i,7) satisfy for all i,5 = 1,....,n the following
properties:

0 < R(i,5) + R(i,j) < 1,
R(i,j) = R(j, ), R(j.i) = R%(i,)),
R(i,i) = R%(i,i) = 0.5.
Moreover, by m,(i,j) we denote the uncertainty de-
gree to which x; is preferred to x;.

Remark 1. Directly from this definition it follows
that for alli,j = 1,...,n we have:
1. my(i,4) = m,(4,4).
2. In the definition it is enough to assume one of
these conditions:
R(i,j) = R(j,1),
R(j,i) = R%(i, j).
3. In the definition it is enough to assume one of
these conditions:
R(i,i) = 0.5,
R%(i,i) = 0.5.



3. Aggregation operations and intuitionistic
fuzzy preference relations

In this section we consider the preservation of intu-
itionistic fuzzy preference relations by aggregation
operations. In particular lattice operations in the
family AIFR(X) do not preserve an intuitionistic
fuzzy preference relation, i.e. if p and o are intu-
itionistic fuzzy preference relations, then their sum
and intersection need not have this property.

Example 1 ([8]). Let card X = 2 and p = (R, R%),
o= (8,8% € AIFR(X) be intuitionistic fuzzy pref-
erence relations represented by the matrices:

[ (05,0.5) (0.3,0.6)
p= [ (0.6,0.3) (0.5,0.5) } ’
[ (0.5,05) (1,0)
7= [ (0,1) (0.5,0.5) } '

Then according to (2), we obtain

[ (05,05 (1,0)
pVo= [ (0.6,0.3) (0.5,0.5) ] )

[ (05,05) (0.3,0.6)
pho= [ 0,1)  (0.5,0.5) ] :

We see that none of the relations pV o, p Ao is
a preference relation.

The lattice operations are a special case of ag-
gregation operations. So, we ask when using ag-
gregation operations instead lattice operations the
intuitionistic fuzzy preference relations will be pre-
served.

Definition 8. Let A : [0,1]> — [0,1] be an binary
operation and p,oc € AIFR(X). By aggregation
fuzzy relation we call p € AIFR(X),

o(z,y) = Alp(z,y),0(z,y)), =,y € X.

If we use aggregation operations composed by
arithmetic mean we obtain

Example 2. Let

1 +yY1 T2+ Y2
A(x,y)—( 53 )

and p = (R,R%), 0 = (S,9%) € AIFR(X) be an
intuitionistic fuzzy preference relations. Then

Qij = (P(Zvj)vpd(za.j)) =
A((R(i, 7), R (i, 5)), (S(i, 1), $%(i, 1)) =
(R(ivj) +S(i,5) R, ) +5d(i’j)> _

Since
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then

. . . . d . . d . .
0 < BU.g) +56.5) | BUG.0) +5%60)
2 2
So, we have (6). Moreover, we have
R(i, 5) = R(j, ),
S(i,§) = 8(j.1)
and directly we obtain

R(i,j) + S(i,j) _ RU,i)+ S, 1)
2 - 2

P(Z’]) =

which together with Remark 1 gives (7). By simple
accounts we obtain

R(i,i) + S(i,i) 05405

P(i,i) = 5 5

0.5

Which means that aggregation A preserved intu-
itionistic fuzzy preference relations.

Now we ask about properties of aggregation op-
erations which leads to preservation of intuitionistic
fuzzy preference relations. Firstly we examine the
decomposable operations

Definition 9 ([7], cf. [6]). An operation A
(L*)? — L* is called decomposable if there exist op-
erations Ay, Ay 1 [0,1]2 — [0,1] such that for all
x,y € L*

Az, y) = (A1(z1,91), A2 (22, 92)), 9)

where x = (z1,z2), ¥ = (y1, Y2).

The following Lemma characterize some family of
the above operations

Lemma 1 (c.f. [6]). Increasing operations Ay, A :
[0,1]2 — [0, 1] lead to the decomposable operation A
if and only if A1 < A}, where A} is a dual operation
to As, i.e. Ah(x,y) =1— As(1 —x,1 —y) for all
x,y € [0,1].

One example of decomposable operations are tri-
angular norms and conorms. More information
about these operations can be found in [6].

Theorem 1. Let A : L*? — L* be a decomposable
operation. Aggregation of intuitionistic fuzzy prefer-
ence relations is a intuitionistic fuzzy preference re-
lation if and only if A1 = As and A1(0.5,0.5) = 0.5.

Proof. Let A = (A, As) be a decomposable opera-
tion, z,y € [0,1] and p = (R, R?) and o = (S, 5%)
be such intuitionistic fuzzy preference relations that
R(i,j) = x, S(i,j) = y for i < j, 0o = A(p,0) =
(P(i,7), P%(i,4)) be an intuitonistic fuzzy relation.
If p is an intuitionistic fuzzy preference relation,
then

A((R(i, ), R*(i,)), (S(i, 5), S(i, 4))) =

= P4(j,i)



(AI(R(Z7J)7 8(27]))7 A2(Rd(273)7 Sd(%]))) .

Since

Al(R(i7j)v S(Z,j)) = AQ((R(ivj)v S(lv]))v
i.e.
Al(xay) = AQ(CL',y),
which means that Ay = A,. Moreover, we have
R(i,i) = R%(i,i) = 0.5,
S(i,i) = S%i,i) = 0.5,
A1 (R(i,4), S(i, 1)) = A2(R%(i, 1), 5%(i,0)) = 0.5

which gives
A1(0.5,0.5) = 0.5.

Let now A; = A5 and 0.5 be an idempotent element
of Ay, ie. A1(0.5,0.5) = 0.5. Since A is a decom-
posable operation, then by above and Lemma 1 we
have

Al(xay) <1- Al(l —x,1 - y)

and by simple computation
0<T(i,j) + T, j) <1.
So, we have (6). To prove (7) we have
= A;(R?
= T

Using Remark 1 we have (7).
Moreover, we have

R(i,i) = R%i,i) = 0.5,
S(i,i) = S%i,i) = 0.5,

which together with idempotency of A; at point 0.5
gives

T(i,i) = Ay (R(i,1),S(i,i)) = A;(0.5,0.5) = 0.5
T(i,1) = A2(R*(i,7), 5%(i, 1))
= Ay (R%(i,4),S%Gi,4)) = A1(0.5,0.5) = 0.5.
0

Corollary 1. There is no decomposable triangular
norm or triangular conorm which preserved intu-
itionistic fuzzy preference relations.

557

Corollary 2. Since the lattice operations are
special cases of triangular morms and triangular
conorms, then they do not preserve intuitionistic
fuzzy preference relations.

As a special case of aggregation operations we
may consider the weighted arithmetic mean. Then
we obtain

Corollary 3 (cf. [16], Theorem 1). Let p, o be
intuitionistic fuzzy preference relations given by the
experts ey, e, and A1, Ao be the weight values of
experts, where p = (R, RY), 0 = (S,5%), \j + Ay =
1. Then the aggregation o = (P, P?) of p, o is also
an intuitionistic fuzzy preference relation, where

PU(i,j) = MR*(i, ) + 28(i. ).
Proof. The operation which we use fulfill the as-
sumption of Theorem 1, i.e. it is decomposable op-

eration with the weighted arithmetic mean as com-
ponents. O

In a similar way we investigate whether the in-
tuitionistic fuzzy preference relations are preserved
by pseudo-t-representable operations.

Open Problem 1. In the above considerations,
we presented the conditions to preserve intuitionis-
tic fuzzy preference relations by decomposable oper-
ations. The open problem is to find the conditions
for arbitrary aggregation operation to allow us to
preserve intuitionistic fuzzy preference relations.

4. Composition of intuitionistic fuzzy
preference relations

In this section we consider the preservation of com-
position of intuitionistic fuzzy preference relations.
The composition in the family ATFR(X) does not
preserve a intuitionistic fuzzy preference relations,
i.e. if p and o are intuitionistic preference relations,
then their composition need not have this property.

Example 3. Let card X = 2 and p = (R, R%),
o= (9,58 € AIFR(X) be intuitionistic fuzzy pref-
erence relations defined in FExample 1.

Then according to (4) and (5), we obtain

[ (0.5,0.5) (0.5,0.5)
poo= [ (0.5,0.5) (0.6,0.3) ] ’
(0.5,0.5) (0.3,0.6)
pop= [ (0.5,0.5) (0.5,0.5) ] '

We see that none of the relations poo pop is a
intuttionistic fuzzy preference relation.

Open Problem 2. As can be seen in the above
example the composition of intuitionistic fuzzy rela-
tions do mot preserve intutionistic fuzzy preference
relations. So, we ask about the additional assump-
tion for intutionistic fuzzy preference relations allow
us to obtain intuitionistic fuzzy preference relation
as composition.
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