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Abstract

Here a new intuitionistic fuzzy implication is con-
structed. Its relations with some forms of Klir
and Yuan’s axioms are studied. Some open prob-
lems, related to the operations of intuitionistic fuzzy
propositional calculus, are formulated.

Keywords: Implication, Intuitionistic fuzzy logic,
Intuitionistic logic.

1. Introduction

The concept of “intuitionistic fuzzy propositional
calculus” has been introduced about 20 years ago
(see, e.g., [1, 2]). Initially, it contained only one
form of conjunction, disjunction and two forms of
implication. In a series of papers, [3—-10], other
forms of these three operations were defined. Now,
there are 3 forms of the operations “conjunction”
and “disjunction”; 153 forms of the operation “im-
plication” and 45 forms of the operation “negation”.

Here, we introduce a new operation “implication”
and study some of its properties.

In intuitionistic fuzzy propositional calculus, if x
is a variable, then its truth-value is represented by
the ordered couple V' (x) = (a, b, so that a,b,a+b €
[0,1], where a and b are degrees of validity and of
non-validity of z.

Below, we shall assume that for the three vari-
ables z,y and z the following equalities hold:
V(z) = (a,b),V(y) = (¢,d),V(z) = (e, f), where
a,b,c,d,e, f,a+b,c+d,e+ fe€0,1].

For the needs of the discussion below we shall
define the notion of Intuitionistic Fuzzy Tautology
(IFT, see [1]) by:

x s an IFT iff for V(z) = (a,b) holds: a > b,
while
x is a (classical) tautology iff a =1 and b= 0.

As in the case of ordinary logics, x is a tautology,
if V(z) =(1,0).
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2. Main Results

We shall start with the definition of the new impli-
cation.
V(z = y) = {a,b) = (c,d)

= (sg(max(a, d)—max(b, ¢)), sg(max(a, d)—max(b, c))),

where we use functions sg and sg defined in the fol-
lowing manner:

1 ifxz>0
sg(x) = 7

0 ifz<0

0 ifz>0
sg(z) =

1 ifz<o0

2.1. First, we see that
sg(max(a, d) —max(b, ¢)) +sg(max(a, d) —max(b, c))

—1(< 1),

i.e., the definition is correct, because for every real
number n: 8g(n) + sg(n) = 1.

2.2. Having in mind that in the classical logic nega-
tion is obtained by the formula

- =x — 0,

we obtain the negation, related to the new implica-
tion:

—(a,b) = (a,b) — (0,1)
— (sg(max(a, 1) — max(b,0)),
sg(max(a, 1) — max(b,0)))
— (sg(1— b),sg(1— b)),

Therefore, the so generated negation coincides
with negation —, e.g., in [4]. For it we directly see
that it satisfies the first and the third of the follow-
ing three properties and does not satisfy the second
one:

Property P1: A — ——A is a tautology (an IFT),
Property P2: =—A — A is a tautology (an IFT),
Property P3: -——A4 = -A.



Really, let

X = (a,b) —» ——(a,b)

= (a,b) — (sg(1 —sg(1 — b)),
sg(1 —sg(1 —b)))
= (sg(max(a,sg(1 —sg(1 —b)))
—max(b,5g(1 —sg(1 —b)))),
sg(max(a,sg(l —sg(1 —b)))
— max(b,5g(1 — sg(1 — b))))).-
If b=1, then a =0 and

X = (sg(max(a, 1) — max(1,0)),

sg(max(a, 1) — max(1,0)))
— (51— 1),5g(1 - 1)
— (58(0), 5(0)) = (1,0).
If b < 1, then

X = (sg(max(a,0) — max(b, 1)),

— max(b, 1)))
(1,0).

sg(max(a,0)

= (sgla —1),sg(a - 1)) =

Therefore, in both cases Property P1 is satisfied
as a classical tautology (and obviously, as an IFT,
t00).

Let

Y = -—(a,b) — (a,b)

= (sg(1 —sg(1 —b)),sg(1 —sg(1 = b)))) — {a,b)
= (5g(max(5g(1 — sg(1 —b)),b)
—max(sg(l —sg(l —1b)),a)),
sg(max(sg(1 — sg(1 — b)), b)
—max(sg(1 — sg(1 — b)), a))).

If b=1, then a =0 and

Y = (sg(max(0, 1) — max(1,0)), sg(max(0, 1)
— max(1,0))) = (1,0),
while, if b < 1 we obtain
Y = (sg(max(1,b) — max(0, a)),
sg(max(1,b) — max(0,a)))

= (58(1 — a),sg(1 — a)).
If a =1, then b =0 and

((g(1—1),s8(1 1)) =

but if @ < 1, then

Y = (1,0),

Y =(0,1),

i.e., Y is not a tautology, and it is not an IFT, either.

For the Property P3 we directly obtain that
-=—(a,b) = —(a,b)

= —(sg(1 — b),sg(1 — b))
— (58(1 — b),sg(1 — b))
= ~(5g(1 —sg(1 — b)),sg(1 —sg(1 - b))
) — (s8(1 —b),sg(1 — b))
= —~(sg(1 — b),sg(1 — b)) — (s8(1 — b),sg(1 — b))
= (1,0),

i.e., in both cases Property P3 is satisfied as a tau-
tology (and obviously, as an IFT, too).

2.3. Some variants of fuzzy implications (marked
by I(x,y)) are described in book [12] by Georg Klir
and Bo Yuan and the following nine axioms are dis-
cussed, where

I(z,y)=x—y
Axiom 1 (Vz,y)(z <y — (V2)(I(z,2) > 1(y,2)))
Axiom 2 (Vz,y)(z <y — (V2)(I(z,2) < I(z,y))).
Axiom 3 (Vy)(I(0,y) =1).
Axiom 4 (Vy)(I(1,y) = y).
Axiom 5 (Vz)(I(z,x) =1).
Axiom 6 (Vz,y,z)(I(z, I(y,2)) = I(y,I(z, 2))).
Axiom 7 (Vz,y)(I(z,y) =1 iff z < y)

Axiom 8 (Vz,y)(I(z,y) = I(N(y), N(z))), where
N is an operation for a negation.
Axiom 9 [ is a continuous function.

Below, we study which axioms are valid for the
new implication and in which form (as classical tau-
tologies or as IFTs).

Let a < cand b > d. Then for Axiom 1 we obtain:

Vie—z)=

(sg(max(a, f) — max(b, e)),

sg(max(a, f) — max(b,e)))

and

V(y = 2) = (sg(max(c, f) — max(d, e)),

sg(max(c, f) — max(d, e))).

Let
X =sg(max(a, f)

—sg(max(c, f) — max(d, e)).
If max(a, f) > max(b, e), then

— max(b, e))

max(c, f) > max(a, f) > max(b, e) > max(d, e),

ie.
max(c, ) > max(d, e),

and
X=0-0=0.

If max(a, f) < max(b,e), then

X =1 —sg(max(c, f) — max(d,e)) > 0.
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Analogously we see that
Y = sg(max(c, f) — max(d, e))

—sg(max(a, f) — max(b,e)) > 0.

Hence, Axiom 1 is valid.
The validity of Axiom 2 is checked analogously.
For Axiom 3 we obtain:

0,1) = (e, d)

= (5g(max(0,¢) — max(1,d)),
sg(max(0,d) — max(1,c)))
= <@<C - 1)7Sg(d - 1>> = <170>a
i.e., it is valid.
Now, we must mention that Axiom 4 is not valid,

because
X =(1,0) = (¢, d)

= (sg(max(1, d) — max(0, c)),
sg(max(1,d) — max(0,¢c)))
= (sg(1 —¢),sg(1 —¢)).
If c=1, then
X = (1,0),
while, if ¢ < 1, then
X =(0,1) < (¢, d).
On the other hand
(1,0) = —=—{a, b)

— (1,0) = ~(sg(1 — b),52(1 - b))
— (sg(max(1, (1 — b)) — max(0, sg(1 — b)),
sg(max(1,8g(1 — b)d) — max(0,sg(1 — b)))).
= (58(1 — sg(1 — b)), sg(1 — sg(1 = b)))
= (sg(1 —b),58(1 = b)) = =—=(a, b).

Hence, we can change Axiom 4 to one of the fol-
lowing two forms:
Axiom 4 (Vy)(I(1, 7~y) = =)
Axiom 4™ (Vy)(I(1,y) <)
and in any of these forms the axiom will be valid.
Obviously, in the classical logic, where ——x = =,
Axiom 4* coincides with Axiom 4.

For Axiom 5 we obtain:

(a, by — (a,b)
= (5g(max(a, b) — max(b, a)),
sg(max(a,b) — max(b,a))) = (1,0),

i.e., it is valid.
Now, we see that Axiom 6 is not valid. Really,
sequentially we see that

Viz = (y = 2) = (a,b) = ({¢,d) = (e, [))

= {(a,b) — ((sg(max(c, f) — max(d, e)),
sg(max(c, f) — max(d, €))))

= (5g(max(a, sg(max(c, f) — max(d, e)))

),

)

sg(max(a, sg(max(c, f) — max(d, e)
— max(b, 5g(max(c, f) — max(d, €)))))

— max (b, sg(max(c, f) — max(d, e))

and
V(y = (z = 2)) = (c.d) = ({a,b) = (e, [))
= (¢, d) — ((sg(max(a, f) — max(b, e)),
sg(max(a, f) — max(b,e))))
= (sg(max(c, sg(max(a, f) — max(b, e

)

)
—max(d, 5g(max(a, f) — max(b,e)))),
se(max(c, sg(max(a, f) — max(b, )
 max(d, Sg(mas(a, £) — max(b,c)))))

Let
X = sg(max(a, sg(max(c, f) — max(d, e)))

— max(b,5g(max(c, f) — max(d, ))))
—5g(max(c, sg(max(a, f) — max(b, €)))
— max(d, 5g(max(a, f) — max(b, €)))).
If max(c, f) > max(d, e), then

X = 5g(max(a, 1) — max(b,0))

—8g(max(c, sg(max(a, f)
—max(b,e))) — max(d,sg(max(a, ) — max(b,e))))
= 8g(1 — b) — 5g(max(c, sg(max(a, f) — max(b, €)))

— max(d, sg(max(a, f) — max(b, €)))).
It b =1, then

X =1 —sg(max(c, sg(max(a, f) — 1))

— max(d, 5g(max(a, f) - 1)))
=1 —5g(max(c,0) — max(d,0)) = 1 —5g(c — d).

Therefore, there are cases, when X = 1, and other
cases in which X = 0.

On the other hand, we change the form of Axiom
6 to the form
Axiom 6 (¥z,y, 2)(I(N(N(x)), I(N(N(y)),
N(N(2)))) = IN(N(y)), [(N(N(z)), N(N(2))))).

For that, we calculate

V(2 = (--y = —z))
= _‘_‘<a7 b> — (—\_‘<C, d> — _‘_‘<67 f>)
= (sg(1 —b),58(1 — b)) = ((sg(1 — d),58(1 — d))
— (sg(1 = f),58(1 - f)))
= (sg(1-b),58(1-b)) — (sg(max(sg(1—d),sg(1—f))



— max(sg(1 — d),sg(1 — f))),
sg(max(sg(1—d),sg(1-f))—max(sg(1-d),sg(1-f))))
= (sg(max(sg(1 — b), sg(max(sg(1 — d),58(1 — f))

—max(sg(1 — d),sg(1 — f)))) — max(sg(1 — b),

sg(max(sg(1 — d),sg(1 — f))
—max(sg(1 — d),sg(1 — f))))),
sg(max(sg(1 — b), sg(max(sg(1l — d),58(1 — f))
— max(sg(1 — d),sg(1 — f))))
sg(max(sg(1 — d),sg(1 — f))
—max(sg(1 — d),sg(1 - £))))))

— max(sg(1 — b),

and

= (e, d) = (==(a,b) = —=(e, f))
= (sg(1 —d),58(1 — d)) — ((sg(1 — b),58(1 - b))
— (sg(1 - f),58(1 - /)
= (sg(1—d),58(1—d)) — (sg(max(sg(1-b),58(1—[))
—max(sg(1 - b),sg(1 - f))),
sg(max(sg(1-b),5g(1—f))—max(sg(1-b),sg(1-1))))-
= (Sg(max(sg(1 — d), sg(max(sg(1 — b),58(1 - f))

—max(5g(1 - b),sg(1 - [)))) — max(sg(1 — d),

sg(max(sg(1-b),58(1-f))—max(5g(1-b), sg(1-1))))),

sg(max(sg(1 — d), sg(max(sg(1 — b),5g(1 — f))

—max(sg(1 — b),sg(1 — £))))
Sg(max(sg(1 — b),58(1 - f))

—max(5g(1 — b),sg(1 — f))))))-

— max(sg(1 — d),

Let
X = sg(max(sg(l - b), sg(max(sg(l - d),5g(1 — /)
—max(5g(1 — d),sg(1 — [)))) — max(5g(1 — b),
sg(max(sg(1—d),5g(1—f)) —max(sg(1—d),sg(1-[)))))
—sg(max(sg(1 — d),sg(max(sg(1 — b),58(1 — f))
—max(5g(1 — b),sg(1 - [))))
sg(max(sg(1 — b),58(1 — f))

— max(5g(1 — b),sg(1 — £)))).
If b =1, then

—max(3g(1 — d),

X = sg(max(0, sg(max(sg(1 — d),5g(1 - f))

— max(sg(1 — d),sg(1 - [f))))
5g(max(sg(1—d),58(1—f)) —max(5g(1—d),sg(1
—sg(max(sg(1 — d),sg(max(0,5g(1 — f))
—max(1,sg(1 - f))))
5g(max(0,5g(1 — f)) — max(1,sg(1 - f)))))

= 5g(sg(max(sg(1 — d),sg(1 — f))

— max(1,

)

— max(sg(1 — d),
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—max(5g(1 — d), sg(1 - f))) — 1),
—5g(max(sg(1 — d), sg(max(0,5g(1 — f)) — 1))
—max(sg(1 — d),5g(5g(1 - f) — 1))
= 1 —sg(max(sg(1 —d),sg(sg(1 — f) — 1))

—max(5g(1 —d), 1))
=1 —5g(max(sg(l —d),0)—1)=1—
If b < 1, then

1=0.

X = sg(max(1, sg(max(sg(1 — d),sg(1 — [))

g(1—-1))))

sg(max(sg(1 — d),58(1 - f))

— max(sg(1 — d),sg(1 - f)))))
—5g(max(sg(1 — d), sg(max(1,5g(1 — f))
—max(0,sg(1 - f))))
sg(1—f)) — max(0,sg(1 - [)))))

= 5g(1 — sg(max(sg(1 — d),5g(1 - f))
—max(5g(1 — d), sg(1 — f)))) — 5g(max(sg(1 — d),
sg(1—sg(1-1)))— d),58(1—-sg(1-1))))-

If d =1, then

—max(sg(l — d), s — max(0,

— max(sg(1 — d), 5g(max(1,

max (5g(1—

X = 5g(1-5g(max(0,58(1 - f)) —max(1,sg(1-f))))

—5g(max(0,sg(1 —sg(1 — f)))
—max(1,58(1 - sg(1 - [))))
=5g(1-sg(sE(1 - f)—1)) —sg(sg(1—sg(1—f)) — 1)
=5g(1-1)—1=1-1=0.

If d < 1, then
X = 5g(1—5g(max(1,5g(1— f))—max (0, sg(1—f))))
1,sg(1 —sg(l = f)))
—max(0,5g(1 —sg(1 — f))))
= 5g(1-sg(1-sg(1-f)))—sg(1-sg(1—sg(1-[))) =

Therefore, the new implication satisfies Axiom 6*.
For the check of Axiom 7, we first see that if
(a,b) < {c,d), ie.,a<candd<b, then

(a,b) —
= (sg(max(a, d)
—max(b,c))) =

55 (max(

(¢, d)
— max(b, ¢)),
(1,0).

The opposite direction is not valid, because if

sg(max(a, d)

(a,b)y — {c,d)

= (sg(max(a,d) — max(b,c)),
sg(max(a,d) — max(b, c))) = (1,0).
then

sg(max(a,d) — max(b,c)) = 1,



d) —max(b, c)) = 0,
i.e. max(a,d) < max(b, ) but from here it does
not follow that (a, ) < {c,d).

Therefore, Axiom 7 is valid in the form:

Axiom 7* (Vx,y)(if x <y, then I(x,y)).

For Axiom 8, as above, we see that it is not valid
in the original form. Now, we check its new form
Axiom 8 (¥z,y)(N(N(I(N(N(x)), N(N(1)))))
— [(N(y), N(2))).

Now, we calculate sequentially:

sg(max(a,

V(e = =)

—=(==(a, b) = =—{c, d))
== ((sg(1 — b),58(1 — b))
——(sg(1 —d),sg(1 — d)))
- ﬂﬂ@(max(sg(l ),
5g(1 — d)) — max(sg(1 — b),sg(1 — d))),
sg(max(sg(1 —b),5g(1 — d))
—max(sg(1 — b),sg(1 — d))))
(sg(1 — sg(max(sg(1 — b),sg(1 — d))
—max(5g(1 — b),sg(1 —d)))),
5g8(1 — sg(max(sg(1 — b),sg(1 — d))
—max(5g(1 — b),sg(1 — d))))).

and
V(o —a) = —lesd) > ~(a.t)
= (5g(1 — d),sg(1 — d))
— (sg(1 — b),sg(1 - b))
= (Sg(max(5g(1l — d),sg(1 — b))
—max(sg(1 — d),5g(1 - b))),
sg(max(sg(l — d),sg(1 — b))
—max(sg(l —d),sg(1 —b)))).
Let

X =sg(1 — sg(max(sg(l — b),5g(1 — d))
—max(5g(1 — b),sg(1 — d))))
—sg(max(sg(1 — d), sg(1 - b))

— max(sg(1 - d), 5g(1 - b)),
If b=1, then

X = sg(1—sg(max(0, 5g(1 —d)) —max(1, sg(1—d))))
—sg(max(sg(1 — d), 0) — max(sg(1 — d), 1))
= sg(1 —sg(5g(1 —d) — 1)) —5g(sg(1 —d) — 1)
= sg(1) —5g(0) = 0.
If b < 1, then

X = sg(1—sg(max(1,58(1 — d)) —max(0, sg(1—d))))

—5g(max(5g(1 — d), 1) — max(sg(1 — d), 0))

= sg(1 —sg(1 —sg(1 —d))) —58(1 —sg(1 — d)).
If d =1, then

X =sg(l—sg(l))—sg(1-0)=0—-0=0.
If d < 1, then
X =sg(l—sg(l—1))—5g(1—-1)=1-1=0.

Therefore, the first members of the two expres-
sions coincide. Analogously, we see that the second
members of the two expressions coincide, as well.

Obviously, the existence of functions sg and Sg
in the definition of the new operation ignores the
possibility for the validity of Axiom 9.

Finally, on the basis of the above discussion, we
can formulate the following:

Theorem. The new implication satisfies Axioms
1, 2, 8, 4* (and **), 5, 6%, 7*, 8, as tautologies
(and therefore, as IF'TSs).

3. Conclusion

In the next step of this research, other new impli-
cations will be introduced and studied. All they
show that intuitionistic fuzzy sets and logics in the
sense, described in [2, 4] correspond to the ideas of
Brouwer’s intuitionism.

It is worth noting that the search of new implica-
tions and negations is important for constructing of
rules in various decision making, decision support
and Intercriteria analysis applications of intuition-
istic fuzzy sets.

Also, these are needed for developing of a new
version of the Intuitionistic Fuzzy Prolog, like the
one described in [5].
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