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Abstract

In this article, we generalize a construction of graded q-differential algebra with ternary
differential satisfying the property d3 = 0 and q-Leibniz rule on the non-coordinate
case, that is on the case where the differentials of generators of underlying algebra do
not coincide with generators of bimodule of first order forms. Our starting point is
the coordinate first order differential calculus on associative complex algebra A with
n generators and the bimodule of second order differentials.

1 Introduction

In this work, we investigate a generalization of coordinate graded differential algebra with
ternary differential on an arbitrary complex associative unital algebra. Here we use the
word ”non-coordinate” following to terminology in [2] where ”non-coordinate” means that
the differentials of generators of algebra do not coincide with the generators of bimodule of
first order forms. The construction of coordinate graded differential algebra with ternary
differential on an arbitrary complex associative unital algebra was established in [1].

As in [1], our inspiration is twofold. On one hand, we have the approach of S. Woronow-
icz [3] in order to construct the quantum de Rham complex for an ordinary differential
(d2 = 0). On the other hand, we generalize the method applied in [4, 5] for the univer-
sal differential calculus and N -ary differential, that is we use the idea that the condition
d2 6= 0 implies the appearing of higher order differentials. Starting from some first order
(non-coordinate) differential calculus with right partial derivatives (see [2]), we extend
this non-coordinate first order differential calculus by differential d satisfying the property
d3 = 0 and the q-Leibniz rule:

d(ωθ) = (dω)θ + qnω(dθ),

where ω ∈ Ω(n), θ ∈ Ω and the complex number q is assumed to be primitive third degree
root of the unity, that is in our case q = ei 2π

3 and [3]q
.
= 1 + q + q2 = 0. But in our

case, in order to construct graded differential algebra with ternary differential, we need in
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additional assumption on the second order forms: we assume that the second order forms
generate a bimodule with free right structure.

Specifically for the case d3 = 0, the generalization of classical differential calculus has
been worked out and studied in [6], [7]. The differential calculus with differential d3 = 0
on associative algebra with n generators and quadratic relations, and on quantum plane
specifically was constructed in [8]. Also such construction was realized on superspaces with
one and two parametric quantum groups as symmetry groups in [9]. In the recently ap-
peared paper [10], authors examine the construction of N -differential graded algebra with
the usual Leibniz rule and moduli space of deformations of differential of N -differential
graded algebras.

2 Non-coordinate first order differential calculus with right

partial derivatives

In details, the non-coordinate first order differential calculus have been constructed and
studied in [2]. Because we start from this non-coordinate first order differential calculus,
now we briefly remind its construction.

Let A be an algebra, M be A-bimodule, d1 : A → M be a linear mapping such that
the Leibniz rule

d1(uv) = d1(u)v + ud1(v), ∀ u, v ∈ A (2.1)

is fulfilled, that is the linear mapping d1 be a differential.

Definition 1. The triple {M, A, d1} is called a first order differential calculus (FODC)
on an algebra A with values in M. The elements of M are called one-forms.

In our case, the algebra A is a complex associative unital algebra generated by ele-
ments {x1, x2, . . . , xn} ⊂ A; the bimodule M

.
= M(1) is a free right module with bases

{µ1
1, µ2

1, . . . , µn
1} ⊂ M(1), n ∈ N; then the first order differential of any element u ∈ A

can be uniquely defined by the following decomposition:

d1(u) = µk
1 Dk(u), (2.2)

where the linear maps Dk : A → A are called right partial derivatives. Clearly, that
Dk(1) = 0.

Denote Dk(x
i)

.
= σi

k. Since we are dealing with non-coordinate differential, we assume
that σi

k 6= δi
k as distinction from coordinate case where σi

k = δi
k (as usual, δi

k is Kronecker
delta). In our notation, we write the first order differential of generators of the algebra A
as follows:

d1(xi) = µk
1 σi

k, i = 1, . . . , n.

Let a structure of bimodule on the free right module M(1) can be defined by means of
the algebra homomorphism ξ = (ξj

k
) : A → MatnA such that

uµ
j
1 = µk

1ξ(u)jk, ∀u ∈ A, j, k = 1, . . . , n,
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and then specifically on the generators of the algebra A:

xi µ
j
1 = µk

1ξ(x
i)jk, i = 1, . . . , n.

It follows immediately from the Leibniz rule (2.1) that the partial derivatives Dk and
homomorphism ξ are connected by formula:

Dk(uv) = Dk(u)v + ξ(u)j
k
Dj(v), ∀u, v ∈ A.

Further on, we assume that M(1) = (d1A)A. This means that the A-bimodule M(1)

is generated by the first order differentials (one-forms). Also we would like to emphasize
that the property (d1A)A = A (d1A) follows immediately from the Leibniz rule (2.1).

3 Graded differential algebra with d
3

= 0

Firstly, let us give the definition of graded q-differential algebra with ternary differential
d3 = 0. Our definition agrees with the more general one proposed in [4, 5], where the
graded universal q-differential algebra with differential dN = 0 was constructed.

Definition 2. The pair {Ω, d}, where Ω = ⊕n≥0 Ω(n) is a graded algebra over the algebra
A = Ω0, and d : Ω → Ω, d = ⊕n≥1 dn is a homogeneous linear map of grade one, where
dn+1 : Ω(n) → Ω(n+1), such that the q-Leibniz rule

d(ωθ) = (dω)θ + qnω(dθ), for ω ∈ Ω(n), θ ∈ Ω, (3.1)

and the property d3 = 0 are satisfied, is called a graded differential algebra with ternary
differential. The elements of Ω(n) are referred to as n-forms.

Before construction of such algebra for the case of non-coordinate calculus with right
partial derivatives, since now we assume that dµi

1 6= 0, we need to introduce elements µi
2 of

grade 2, i = 1, . . . , n ∈ N, such that dµi
1 = µi

2 and dµi
2 = 0. We will refer to these elements

µi
2 as second order differentials. Moreover, we also assume that elements {µ1

2, µ2
2, . . . , µn

2}
generate a bimodule M(2) over A.

Following the general idea of [2], we define a graded A-bimodule E = M(1)⊕M(2), and
construct a tensor algebra of A-bimodule E over algebra A:

TAE = A⊕ E ⊕ E⊗2 ⊕ E⊗3 ⊕ · · · =
⊕

s≥0

E⊗s

where E⊗s means E ⊗A · · · ⊗A E .
After expanding and rearranging terms in TAE , we obtain an N-graded algebra

TAE =
⊕

s≥0

T s, (3.2)

with an unique graduation compatible with graduation of E (see [5]). Here T 0 = A, T 1 =
M(1), T 2 = M(2) ⊕M(1) ⊗M(1), and for s > 2

T s =
⊕

m≤s, ai=1,2;
a1+···+am=s

M(a1) ⊗A · · · ⊗A M(am) (3.3)
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consists all possible tensor products of the total grade equal to s.
Let us define a commutation rule between the elements of algebra A and bimodule T 2

with free right structure as it follows:

uµ
j
2 = µk

2ξ(u)j
k

+ µk
1 ⊗ µl

1 (qDl(ξ(u)j
k
) − ξ(Dk(u))j

l
) ∀u ∈ A, j, k = 1, . . . , n,

and in particular for the generators of A:

xi µ
j
2 = µk

2ξ
ij
k + µk

1 ⊗ µl
1 (qDl(ξ

ij
k ) − ξ(σi

k)
j
l ) ∀u ∈ A, j, k = 1, . . . , n,

where ξ
ij
k

.
= ξ(xi)jk ∈ A. This means that from now on, we make the assumption: the

bimodule T s is generated by the elements {µi
2, µ

j
1 ⊗µk

1; i, j, k = 1, . . . , n} and equipped
with the structure of right A-module.

Then, due to the fact that the tensor product in (3.3) is taken over the algebra A, any
homogenous element v of grade s has unique decomposition in the forms

v = µi1
a1

⊗ · · · ⊗ µim
am

vi1...im , (3.4)

where m ≤ s, ; vi1...im ∈ A and the sum in (3.4) is over all possible choices of a1, . . . am,
ak = 1, 2, such that a1 + · · · + am = s. We refer to such composition as canonical
decomposition.

Now we are in position to define a grade one linear mapping d : TAE → TAE by:

d(µi1
a1

⊗ · · · ⊗ µim
am

vi1...im) =∑m
j=1 q(a1+···+aj−1)µi1

a1
⊗ · · · ⊗ µ

ij−1

aj−1
⊗ µ

ij
aj+1 ⊗ µ

ij+1

aj+1
· · · ⊗ µim

am
vi1...im+

q(a1+···+am)µi1
a1

⊗ · · · ⊗ µim
am

⊗ µ
j
1Dj(vi1...im).

(3.5)

But the simple calculation shows that

d3(u) = d2(µj
1 Dj(u)) = d(µj

2 Dj(u) + qµ
j
1 ⊗ µk

1 Dk(Dj(u))) =

q[2]q µ
j
2 ⊗ µk

1 Dk(Dj(u)) + q2µ
j
1 ⊗ µk

2 Dk(Dj(u)) + µ
j
1 ⊗ µk

1 ⊗ µl
1 Dl(Dk(Dj(u)))

does not vanish in general.
In addition, it should be noticed that the Leibniz rule (3.1) does not hold in general

for the elements which are not written in the canonical form (3.4), although the definition
(3.5) agrees with this Leibniz rule.

Because of these, the tensor algebra TAE equipped with the operator d, as defined
above, is not a ternary q-differential algebra. Our aim now is to construct the minimal
homogeneous ideal Iq in TAE such that dIq ⊂ Iq, and that the corresponding quotient
algebra

Ω(A,M)
.
=

TAE

Iq

=
⊕

s≥0

Ω(s)(A,M) (3.6)

becomes an N-graded q-differential ternary algebra, i.e. one recovers d3 = 0 as well as the
q-Leibniz rule (3.1).

To this end, we shall follow the general technique developed in [2].
The basic relations are

xiµ
j
1 − µk

1ξ
ij
k = 0 and dxi = µk

1σ
i
k. (3.7)
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Consecutive differentiation of (3.7) by means of (3.1) leads to the following two homoge-
neous elements in TAE :

xiµ
j
2 − µk

2ξ
ij
k − µk

1 ⊗ µl
1 (qDl(ξ

ij
k ) − ξ(σi

k)
j
l ), (3.8)

µk
2 ⊗ µl

1 Dl(σ
i
k) − q2µk

1 ⊗ µl
2 Dl(σ

i
k) − µk

1 ⊗ µl
1 ⊗ µm

1 DmDl(σ
i
k), (3.9)

which, in fact, are generators for Iq. Moreover, consecutive differentiation of (3.8) and (3.9)
leads us to the additional conditions on the partial derivatives Dl and homomorphism ξ:

Dl ◦ Dk = Dl ◦ ξ + ξ ◦ Dk and ξ ◦ Dl ◦ Dk = 0. (3.10)

For example, the bimodule Ω(2)(A,M) has structure

Ω(2)(A,M) =
M⊗M⊕M(2)

I
(2)
q

where I
(2)
q denotes a sub-bimodule in T 2 generated by relations (3.8). Now the differential

d2 : A → Ω(2)(A,M) satisfies the q-Leibniz rule

d2(uv) = d2(u)v + [2]q du dv + ud2v, ∀ u, v ∈ A,

as expected in [4].

We are thus led to the following

Theorem 1. Let Ω(A,M) be the quotient algebra (3.6), where the homogeneous ideal
Iq ⊂ TAE be generated by set of elements (3.7)-(3.10), and the operator d : Ω(A,M) →
Ω(A,M) be defined by formula (3.5).

Then the pair {Ω(A,M), d} is a graded differential algebra with ternary differential.

Here we only give the main ideas of the proof. All details and proof will be presented
elsewhere.

In order to prove Theorem 1, it is sufficient to show by induction on degree of elements
in TAE that the following properties:

1. d(Iq) ⊂ Iq;

2. the q-Leibniz rule

d(ωθ) = (dω)θ + qnω(dθ) (mod Iq)

is satisfied ∀ ω ∈ T n and θ ∈ TAE ;

3. d3(TAE)) ⊆ Iq

hold in the tensor algebra TAE .
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