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Abstract

We describe realizations of the colour analogue of the Heisenberg Lie algebra by power
series in non-commuting indeterminates satisfying Heisenberg’s canonical commuta-
tion relations of quantum mechanics. The obtained formulas are used to construct new
operator representations of the colour Heisenberg Lie algebra. These representations
are shown to be closely connected with some combinatorial identities and functional
difference-differential interpolation formulae involving Euler numbers.
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1 Introduction

The main object studied in this article is the unital associative algebra with three gener-
ators Ai, A and Ag satisfying the defining commutation relations

A1Ag + AgAy = A3, (1.1)
A1Az + A3A; =0,
A Az + A3As = 0.

The main goal is to show how A, Ay and A3 can be expressed, using elements A and B,
obeying Heisenberg’s canonical commutation relation

AB—BA=1. (1.4)

The canonical representation of the commutation relation (1.4) is given by choosing A as
the usual differentiation operator and B as multiplication by x acting on differentiable
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functions of one real variable x, on polynomials in one variable, or on some other suitable
linear space of functions invariant under these operators. In quantum mechanics, these
operators, when considered on a subspace of a Hilbert space of square integrable functions,
are essentially the same as the canonical Heisenberg—Schrodinger observables of momentum
and coordinate, differing just by a complex scaling factor. The Heisenberg canonical
commutation relation (1.4) is also satisfied by the annihilation and creation operators in
a quantum harmonic oscillator.

A complex associative algebra L with generators Ay, As, Az and defining relations
(1.1)-(1.3) is called the colour (or graded) analogue of the Heisenberg Lie algebra or, more
precisely, of its universal enveloping algebra. The algebra L is a universal enveloping al-
gebra of a three-dimensional Z3-graded generalized Lie algebra (see Appendix A). When
anticommutators in the left-hand side of relations (1.1)-(1.3) are changed into commuta-
tors, we indeed have the relations between generators in the universal enveloping algebra
of the Heisenberg Lie algebra.

Since the 1970’s, generalized (colour) Lie algebras have been an object of constant in-
terest in both mathematics and physics [2,3,6-11,13-19]. Description of representations of
these algebras is an important and interesting general problem. It is well known that rep-
resentations of three-dimensional Lie algebras play an important role in the representation
theory of general Lie algebras and groups, both as test examples and building blocks. Sim-
ilarly, one would expect the same to be true for three-dimensional colour Lie algebras and
superalgebras with respect to general colour Lie algebras and superalgebras. The represen-
tations of non-isomorphic algebras have different structure. In [18,19], three-dimensional
colour Lie algebras are classified in terms of their structure constants, that is in terms
of commutation relations between generators. In [11,16], quadratic central elements and
involutions on these algebras are calculated. In [10,17], Hilbert space *-representations
are described for the graded analogues of the Lie algebra s[(2,C) and of the Lie algebra
of the group of plane motions, two of the non-trivial algebras from the classification. The
classification of #-representations in [10, 17] is achieved, using the method of dynamical
systems based on generalized Mackey imprimitivity systems.

The colour Heisenberg Lie algebra defined by relations (1.1)-(1.3) is another important
non-trivial algebra in the classification of three-dimensional colour Lie algebras obtained
in [18,19]. In this paper we look for representations of this algebra. Here, however, we
approach representations in a totally different way than it was done in [10,17]. Namely,
we are interested in describing those representations which can be obtained as power series
in representations of Heisenberg’s canonical commutation relations.

In Section 2 we show that, with a natural choice for A; as the first generator of the
Heisenberg algebra corresponding to differentiation, there are no non-zero polynomials in
Heisenberg generators which can be taken as A and Ajs so that the relations (1.1)-(1.3) are
satisfied. This means, in particular, that when A; is the differentiation operator, A, and
As cannot be chosen as differential operators of finite order with polynomial coefficients.
We prove, however, that it is possible for A, and A3 to be power series in the Heisenberg
generators with infinitely many non-zero terms, thus in particular making possible the
operator representations by the differential operators of infinite order. In Lemma 3, we
describe all such formal power series solutions Ay and As for the two relations (1.1)-(1.2).
In Theorem 5, we present all formal power series solutions A, and Aj satisfying all three
relations (1.1)-(1.3).
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By choosing various pairs of operators satisfying the Heisenberg canonical commutation
relation (1.4) and substituting them into the power series obeying (1.1)-(1.3), one can find
large classes of operator representations of the commutation relations (1.1)-(1.3). Section 3
is exclusively devoted to examples of such representations. Many of these representations,
we believe, cannot be reached or classified using classical methods based on dynamical
systems approach extending Mackey imprimitivity systems. We think that these operator
representations might have significant physical applications. It would be of great interest
to investigate spectral, structural and analytical properties of such representations on
various spaces.

2 Bosonic power series realizations

To fix notation we point out that throughout we let C denote the field of complex numbers
and N the set of non-negative integers. By C [z] and C [[z]] we mean the ring of polynomials
and formal power series over C, respectively.

Consider a set {A1, A2, A3} in an associative algebra over C with unit element I satis-
fying commutation relations (1.1)-(1.3). Clearly A3 commutes with each element A, Ao
and As. Suppose there exists a non-zero scalar « such that A3 = o%I. By relations (1.1)
and (1.2) we then have

Ay (AxA3) — (AgA3)A; = A% = oI
Putting Ay = a 1Ay and A = a1 A3, we obtain
A1(AyAs) — (A A3)A; =1, (2.1)

showing that A; and the combination AsAj satisfy the relation (1.4). By the way, this
observation implies in particular that the relations (1.1)-(1.3) together with A3 = o?I, o #
0, cannot be satisfied by bounded operators on a Hilbert space or even generally by
elements in any unital normed algebra, as this is also the case for the Heisenberg canonical
commutation relation (1.4) by the famous Wintner—-Wielandt result [12,20, 21].

Assume we consider Aj, A2 and Aj as elements of the Heisenberg algebra 3, (A, B) =
C(A,B)/(AB — BA — I). Then equation (2.1) suggests that a reasonable Ansatz is to
put A; = A and let Ay and Az be complex polynomials in A and B. Let P(A, B) be
an arbitrary polynomial in A and B with complex coefficients. Applying the relation
AB =1+ BA, P(A, B) can be rewritten as a linear combination of monomials with no
B to the right of an A. When a polynomial (or a power series) in A and B is written
in such a way, we say that it is presented in its (B, A)-normal form. In the Heisenberg
algebra 3(; (A, B), we know that the set of ordered monomials { B? A* | j, k € N} is linearly
independent. This fact allows us to reduce the problem of equality of two polynomials
in A and B to checking whether they have the same coefficients when rewritten in the
(B, A)-normal form.

However, as we will see in Corollary 2, in order to satisfy relations (1.1)-(1.3) it is prefer-
able to use formal power series in A and B instead of polynomials. When computing with
power series in non-commuting elements A and B of an associative unital algebra 2A, we
use the usual addition and multiplication rules of the Magnus algebra of noncommutative
formal power series in A and B (see [1]). However, we assume that A and B are not free,
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but satisfy at least the Heisenberg commutation relation as elements in 2. We denote the
obtained algebra by Hj((A, B;2l)). In addition to the subalgebra of 2 generated by A
and B, consisting of noncommutative polynomials in A and B, the algebra 3, ((4, B;2))
often contains other elements which are infinite noncommutative power series in A and
B not belonging to 2. The problem of equality of two elements in H;((A, B;2)) is a
very complex matter in itself, deeply connected both to the properties of noncommutative
power series and Heisenberg’s relation and to the structure of the algebra 2(, and proper-
ties of A and B in 2. We say that an element of H;((A, B;2)) is in the (B, A)-normal
form (respectively (A, B)-normal form) if it is a noncommutative power series built of
only ordered monomials {B7A* | j,k € N} (respectively {A7B* | j k € N}). In order to
be able to enjoy the equality properties in a similar way with formal power series as in
the polynomial case, we assume throughout this article that two formal power series in
A and B, written in the (B, A)-normal form (or respectively in the (A, B)-normal form),
are equal if and only if their coefficients are the same and in particular such a series is
zero if and only if all coefficients are zero. This important equality assumption is actually
an assumption on Hj((4, B;2)), on the algebra A as well as on A and B as elements
in 2. In the particular case of polynomials in A and B, that is for the subalgebra of 2
generated by A and B, the assumption yields the same property as in H; (A, B), namely
that {BJA* | j,k € N} and {A7B* | j, k € N} are linearly independent as subsets of 2.
With the assumption above we may claim the equality of two elements of H; ((A, B;2))
if they are equal to the same element in (B, A)-normal form (or in (A, B)-normal form).
However, it is important to observe that 3 ((4, B;2()) may well contain elements which
cannot be represented on (B, A)-normal form, or (A, B)-normal form or even on either of
them. We refer to [4] for further discussion on power series extensions of the Heisenberg
algebra, Diamond lemma and normal forms. The reordering relations (see for instance [5])

min(z,5) i .
ABi = % V!<Z> <J>BJ”A”, (2.2)
1% 14

v=0

min(z,5) . 3
BA =Y (_1)Vy!<2) (i)Aj”Bi”, (2.3)

v=0
f(A)B=DBf(A)+ f'(4), Ag(B)=g(B)A+d(B) (2.4)

are valid for all non-negative ¢ and j, as long as A and B satisfy relation (1.4) and f(A)
and g(B) are polynomials (or power series) in A and B, respectively. Here f'(A) and
¢'(B) denote (formal) derivatives, obtained by termwise differentiation of the polynomials
(power series). These relations can be used to prove the following statement, showing that
two non-trivial polynomials in A and B cannot anticommute if the condition of linear
independence of ordered monomials is satisfied. Since this statement is important for this
article and we do not know any explicit reference for this fact, we include it here with a
short proof for completeness of exposition.

Proposition 1. Assume A and B are two elements in a complexr associative algebra
with unity I satisfying the Heisenberg canonical commutation relation AB — BA = 1. If
P,Q € Hi(A, B) satisfy the relation PQ + QP = 0, then it follows that at least one of
these polynomials must vanish.
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Proof. Since any polynomial in A and B can be written in the (B, A)-normal form, we
can assume that

K L M N
P:ZZajkBjAk, Q:ZZﬂjkBjAk

j=0 k=0 =0 k=0
for some K,L,M,N € N and aji,3j; € C. Each of the sets {agy | k = 1,...,L} and
{Bmr | E=1,...,N} can be supposed to contain at least one non-zero element, so that

in variable B the polynomials P and ) have degree K and M, respectively. Let p(A) and
q(A) be the polynomials in A given by p(A) = Zé:o agrAF and q(A) = Z]kvzo Bk AF.
Applying reordering relation (2.2), we obtain

K4+M—-1L+N

PQ+QP =2B"™Mp(A)g(A)+ Y > upBlAY,
j=0 k=0

for some set of complex constants «;;. If PQ + QP = 0 then, by the linear independence
of the ordered monomials {B7A* | j,k € N}, this implies that p(A)q(A) = 0, and hence,
since the set of complex polynomials in A has no zero divisors, that at least one of the
factors p(A) or ¢(A) must vanish. This contradicts our assumption that P and @ are
polynomials of B-degree K and M, respectively. |

Corollary 2. Assume A1 = A and let Ay and Az be polynomials in the Heisenberg algebra
Hi1(A, B). Then it follows that the commutation relations

A1Ag + Ay A1 = Az, A1A3+ A3A1 =0
can only be satisfied if Ao = A3 = 0.

Proof. By the second relation we have AAs + AsA = 0. Applying Proposition 1 we
obtain A3 = 0. Combining this with the first relation yields AAs + As A = 0, and hence,
by Proposition 1, A5 = 0. |

Guided by this result concerning elements of the Heisenberg algebra, we see that one
is forced to work with series in A and B with infinitely many non-zero terms, in order to
be able to find non-trivial realizations of the commutation relations A1 Ag + A3 A1 = As
and A1 As + A3A; = 0 in terms of the Heisenberg generators A and B.

Lemma 3. Let Ay = A and assume that Ag and As are elements of the algebra 3, ((A, B;2))
written in the (B, A)-normal form, i.e.,

Ay = i iajkBjAk, Az = i iajkBﬂ'Ak, ajk, ;i € C.
j=0 k=0 =0 k=0
Then Ay, Ay and As satisfy the commutation relations
A1Ag + A2 Ay = A3, AjAs+ A3A1 =0
if and only if
Ay =T(B,A)V(A)+ BT (B,A)W(A), As;=T(B,A)W(A),

where T(B, A) = 3220 C2 BE A and V(A), W(A) € C[[A]].
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Proof. We look for the general solution to the equation AZ + ZA = 0 in the form

o0 oo
Z = Z chkBjAk, Cjk € C.

7=0 k=0

We have, using the relation AB™ = B"A + nB"~! which is a special case of (2.2),

AZ + ZA = Z Z cirABIAF 4 Z Z cjiBI AR

7=0 k=0 7=0 k=0
oo o0 ) oo 00 '
=S A S e
§=0 k=0 j=1 k=0
[Sele e ) o0 e} '
— Z Z QCjkB]AkJrl + Z Z (] + 1)Cj+17k+1B]Ak+1
7=0 k=0 j=0k=-1
o0 ) oo 00 '
= "G+ VejrroB + DD 205+ (G + Dejiapea | BLAM
Jj=0 j=0 k=0

The series is here given in its (B, A)-normal form. If now AZ+ZA = 0, then all coefficients
must be equal to zero giving rise to the following recurrence relation with initial conditions

(] + 1)Cj+1,k+1 + 2Cjk =0, Cj+1,0 = 0, 7,k €N. (2.5)
As a consequence of equations (2.5) we have immediately c¢;1145; = 0, for i,j € N. In
order to find the remaining elements of the sequence, we now put [ = k — j, obtaining

(J + 1)¢j1,+141 + 265,541 = 0, (2.6)
where j,I € N. For every fixed | we have a two-term linear recursion with respect to j.
The solution is readily found to be

(_2)j+1
Ci+1,j+1+1 = mcm

where j,1 € N and c¢g; can be chosen as arbitrary complex numbers. Setting cy; = z; for
all [ the solution to the problem (2.5) can now be written

(=2
4!
where 7,1 € N and (2;)2, is an arbitrary sequence of complex numbers. By virtue of the

solution (2.7), we may write

Z:iicjkBjAk chj L BIATH = ZZ 7 B AT

7=0 k=0 7=01=0 7=01=0

Cjjtl = 2, Gy =0, (2.7)

Alternatively, we can express the general solution Z by separating the formal summations
as
oo

Z = i (_Q)kBkA’f >y Al (2.8)
x . .

k=0 ’ 1=0




116 G Sigurdsson and S D Silvestrov

A system consisting of the two relations AY+Y A = Z, AZ+ZA = 0 has a general solution
(Y, Z), where Y = Y}, +Y), with Y}, taken as a particular series satisfying the inhomogeneous
relation AY), 4+ Y,A = Z, and Y}, being the general solution to the homogeneous equation
AY + YA =0. We know from above (the problem for Z) that

o0

Z B’*fA’f Z y Al (2.9)

where (y;)72, is an arbitrary sequence of complex numbers. Moreover, we can choose

Y,=BZ =28 Z B’“A’“ Z 7 AL (2.10)
=0
since ABZ + BZA = ABZ — BAZ = Z by (1.4). This proves the lemma. [

In Lemma 3, the formal series Ay and Aj are expressed in the (B, A)-normal form. This
is a natural ordering when we think of A as the usual differentiation operator d and B as
a multiplication operator M acting on differentiable functions on the real line, given by
df = f" and M f(t) = tf(t). In other situations, it may be more appropriate to consider
the reversed order.

Taking Ay and Az in Lemma 3 to be in the (A, B)-normal form, but keeping A; = A,
the general solution will be changed to the following form

Ay = V(A)U(A, B) — W(A)U(A, B)B, As = W(A)U(A, B),

where U(A,B) = Y 72, ?j A*BE_ The proof goes along the same lines as the proof of
Lemma 3.

In the following lemma, we formulate some important basic relations satisfied by the
series T (B, A) and U(A, B). These relations are very useful in many computations and
examples. In particular they are instrumental in the proof of our main result, Theorem 5.

Lemma 4. Suppose A and B are two elements in a compler associative algebra with unit
element I satisfying the Heisenberg canonical commutation relation AB — BA = 1. Let
f(A) and g(B) be formal power series in A and B, respectively. If T(B,A) and U(A, B)
are defined by

[o.¢] o.] 2

k k k k
§ k:' BA § T AF B, (2.11)
k=0 k=0

then the following relations hold true

(a) AT(B,A)+T(B,A)A =0, T(B,A)B+ BT(B,A)=0,
AU(A,B) +U(A,B)A=0, U(A,B)B+ BU(A,B) =0.

(b) fF(AT(B,A) =T(B,A)f(-A), T(B,A)g(B)=g(—B)T(B,A),
U(A,B)f(A) = f[(=A)U(A,B), g(B)U(A,B) =U(A,B)g(—B).

(c) T(B,A)? =U(A,B)?=1.
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Proof. a) This is an easy verification having in mind the commutation relations (2.4).
b) Follows immediately from the relations in a) by mathematical induction.
c) Using the definition (2.11) and reordering relation (2.2), we have

T(B,A)T (B, A) = i (—2)kBkA’“ i 2" g gm

k=0 ! m=0 m!
Y ) L
:ZZ E m! B A*B"A™
k=0 m=0
min(k,m)

— | -2 hm k m—v m—v
=>> X %”(J(T)B” AT
oo oo min(k,m) k+m
(_2) k m—v m—v
12X Heeal)

Introducing a new summation index r = k + m — v, this can be expressed as

T(B,A)T(B,A) =) d.B"A",
r=0

where
r r _9 k+m k ) r 1 k ) N
o :,;)m;kﬁQer—r) =(-2) kzom;(—% <y>
_ Uy AT
= ol ko(_l)k (k;) = T(Sro = 57"0-

Hence, T(B, A)? = Y.°°,d,B"A" = Y22 6,0B" A" = I. The proof of U(A,B)? = I is
analogous and uses the reordering relation (2.3). [

Remark 1. The series T(B,A) can be seen as an abstract generalization of the parity
operator f(x) — f(—x). The usual parity operator is obtained in the special case of
canonical representation of the Heisenberg relation (1.4) when A = 0 : f(z) — f'(x) is
differentiation and B = M : f(x) — xf(x) is multiplication operator acting on functions
on R. This is proved in the beginning of Section 3.

Now, let Ay and As be given in the (B, A)-normal form as
Ay =T(B,A)V(A)+ BT (B,A)W(A), As=T(B,A)W(A), (2.12)
where V(A),W(A) € C[[4]] (cf. Lemma 3). Applying the rules of Lemma 4 yields
AgAz = V(=AW (A) + BW(-AW(A), A3 =W(-A)W(A). (2.13)
On the other hand, if Ay and As are expressed in the (A, B)-normal form as

Ay = V(AU(A, B) — W(A)U(A, B)B, As = W(AU(A, B), (2.14)
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then Lemma 4 implies that

AgAs = V(AW (=A) + W(AW (—A)B + W (AW (- A), (2.15)
Az Ay = W (AW (-A), (2.16)

where W/(A) is the formal derivative of W (A), obtained by termwise differentiation of the
power series.

In the following theorem, being the main result of this article, we give the general
solution to the problem with all three relations (1.1)-(1.3). In the formulation, the expo-
nential generating function E(t) of the so-called Euler numbers is used. Recall that one
defines a sequence of polynomials Ej(z), called the Euler polynomials, by specifying their
exponential generating function as

2ert 0 tk
et +1 :kZOEk(x)Ha |t| <.

The four polynomials of lowest degree are

Eo(x) =1, Ei(x)=2—13% Fo(z)=2—2, Fsx)=2°-322+1

The Euler numbers Ej, are then defined as the integers Fj = 2’“Ek(%) It follows that
Ey=1, E1 =0, EF; = —1, E3 =0 and generally for k£ > 0

k (2k)' 22k+2 - v —2k—1
Bopr =0, Bopp = (1) — 55— > (=D (2v+1) :
v=0

The Euler numbers have an exponential generating function obtained by setting = = 1/2
and replacing t by 2t in the exponential generating function of the Euler polynomials

157(75)—27&—50:157ﬁ (2.17)
_e2t+1_k:0 Rl '

Theorem 5. Suppose that Ay, Ay and As are elements of the algebra Hi{((A, B;21)) such
that A1 = A and As, As are formal power series in the (B, A)-normal form given as

o o ) o o )
A=Y apBlAF, A3 =) "> auBlA*,  aj € C.
§=0 k=0 =0 k=0
Then Ay, As and As satisfy the commutation relations
A1Ag + AsAy = A3, A1As+ A3A; =0, AxAsz+ A3A3 =0,

if and only if either A3 = 0 and Ay = T(B,A)V(A), where T(B,A) = 12, (7]3!)1@ Bk Ak
and V(A) € C[[4]], or

Ay = cT(B, A)E(p(A))[e? N p(A) — 3¢/ (A)] + ¢ BT(B, A)e? ™,
Az = c¢T(B, A)e¥™,

where ¢ is a non-zero complex constant, E(t) is the exponential generating function of the
Euler numbers and both p(A) and ¢ (A) are some odd power series in C [[A]].
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Proof. By Lemma 3 we have, when considering only relations (1.1)-(1.2), a general solu-
tion given by A; = A and equations (2.12). In the present case, Ay and Az are supposed
to satisfy the additional condition ApAs+ AzAs = 0. Inserting the expressions (2.12) and
applying the rules of Lemma 4, yields

AsAy = T(B, AW (A)T(B, AV (A) + T(B, AW (A)BT(B, A)W (A)
:T( L A)T(B, AYW (= AV (A) — T(B, A)W (A)T (B, A)BW (A)
—A)V(A) — T(B, A)T(B, A)W (~A)BWV (A)
—A)V(A) - [BW(-A) - W'(=A)|W(A)
AWV (A) — BW (=AW (A) + W' (—A)W(A).

Together with the first equation in (2.13) this implies
AgAs + A3As = V(=AW (A) + W(=A)V (A) + W'(-A)W(A) =0, (2.18)

which is a functional-differential equation for V and W. Since V and W are formal power
series, we also have the equation

V(AW (=A) + WAV (=A) + W (AW (-A) = 0. (2.19)

Let V(A) = Y2, uAl and W(A) = 372, wAl, where v, w; € C. Subtracting equation
(2.18) from equation (2.19) yields

W/ (AW (—A) — W'(—A)W(A) = 0. (2.20)
Integrating (2.20) by use of Leibniz rule and noting that W (0) = wy, we have
W (AW (—A) = wil. (2.21)

First we consider the case when wg = 0. Knowing that the set of formal power se-
ries constitutes an integral domain, it follows from the equation W (A)W (—A) = 0 that
W(A) = 0. Taking W (A) to be zero in (2.18), implies that there is no equation left for
V(A), i.e. V(A) can be chosen arbitrarily in the expression (2.12) for Ay, proving the first
case in the conclusion of the theorem.

Assuming that wy # 0, we can divide both sides of equation (2.21) by the non-zero
constant w3, obtaining the simple equation g(A)g(—A) = 1, where g(A) = W(A)/wo.
Taking the logarithm of both sides, it follows that log g(A) has to be an odd power series
expression since log g(A) + logg(—A) = 0. Let p(A) = logg(A) and we have W(A) =
wog(A) = wyexp(¢(A)), which is the general solution to the functional equation (2.21),
©(A) being any odd formal power series with complex coefficients. Substituting for W (A)
into equation (2.19) yields

V(A)wg exp(p(—A)) + wo exp(p(A)V (- A) + wiy'(4) = 0.
This can be written as
V(A)[cosh ¢(A) — sinh p(A)] + V (—A)[cosh p(A) + sinh p(A)] + wey'(A) = 0,

[V(A) + V(=A4)] coshp(A) = [V(A) = V(= A)]sinh p(A) — wop'(A),
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and we have
2V (A) cosh p(A) = [V(4) — V(—=A)] exp(p(A)) — wop'(A).
Denoting the odd part of V(A) by Vi(A), we obtain
V(4) cosh () = Vi (A) exp(p(A)) — 2/ (A). (2.22)

The power series F(X) defined by (2.17) is the inverse to the formal power series given by
cosh(X), in the sense that E(X) cosh(X) = cosh(X)E(X) = 1. Multiplying both sides of
eauation (2.22) by E(p(4)) yields V(4) = B(p(A))Vi (A) exp(p(4)) — B E(p(A)) @' (A).
We have an expression for V(A) in terms of the odd power series ¢(A) and the odd
part Vi(A) of V(A). Here Vi(A) can be chosen arbitrarily from the set of formal odd
power series with coefficients from C. Writing this as V1 (A) = wo(A) with wg and (A)
arbitrary, we have

V(A) = woE(p(A)) exp(p(A) P(A) — SE(p(A4)) ¢ (A). (2.23)
where ¢p(A) and 1(A) are arbitrary odd formal power series with complex coefficients. W

As was the case for Lemma 3, we can certainly formulate a version of Theorem 5, where
A1 = A and the formal series As and A3 are taken to be in the (A, B)-normal form. In
order for As and As to satisfy the relation A3 As+ A3As = 0, when given by the equations
(2.14), one has to take either W(A) = 0 (with V(A) arbitrary in C [[A4]]) or

V(4) = c B(p(A)[e?Dip(A) — 3¢/(A)],  W(A) = ce? Y, (2.24)
where ¢ € C, ¢ # 0, meaning that

Ay = c E(p(A)[e?Wp(A) — 3¢/ (AU (A, B) + ce?DU (A, B)B,
Az = ce‘P(A)U(A, B).
This can be proved in a similar way with Theorem 5.
The relatively simple expressions obtained for A2 A3 and A% in equations (2.13), (2.15)

and (2.16), being essentially pure formal series in A, can now be rewritten using V' (A) and
W (A) as given by equations (2.24). In the (B, A)-normal case we have

Ashy = ¢ B — cB(p(ADW(A) + 35D (4), A3 =cl.

whereas the (A, B)-normal form leads to the expressions
AsAy = ¢ B+ e (A) + c B(p(A)[(A) — 3¢ # W/ ()], AF=cl.

The Heisenberg canonical commutation relation (1.4) can be rewritten in the form
B(—A) — (—A)B = I. Hence, by defining A = B and B = —A, we obtain a new pair of
generators satisfying AB—BA=1. Tn general, defining A and B as the complex linear
combinations

A:CHA-FClQB, B :CzlA+CQQB7



Bosonic Realizations of the Colour Heisenberg Lie Algebra 121

where the coefficient 2 x 2 matrix C' = (c¢;;) has complex entries, new elements A and B will
satisfy the commutation relation AB — BA = I if and only if det C = 1, i.e. C € SL(2,C).

Consider the special case where A = B and B = —A. We can apply Lemma 3 and The-
orem 5, as well as their (A, B)-normal form versions described above, on the new set of
generators A and B. Observing that T(—A, B) = U(A, B) and U(B,—A) = T(B, A) the

resulting general solutions are

Ay =B, Ay=U(A,B)V(B)— AU(A,B)W(B), As=U(A, B)W(B), (2.25)
Ay =B, Ay =V(B)T(B,A)+W(B)T(B,A)A, As=W(B)T(B,A). (2.26)

Let V(t) and W (t) be arbitrary formal power series in C[[t]]. Then each of the four
suggested solutions (2.12), (2.14), (2.25) and (2.26), with A; = A in the first two cases,
will satisfy the pair of commutation relations

A1Ag + Ay A1 = Az, AjAs+ AsA; = 0.
If we want to have a triple (A4;, Ag, A3) that satisfies all three relations
A1Ag + AgAy = Az, A1Asz+ A3A;1 =0, AxA3+ A3Ay =0,

then there will be restrictions on the formal series V'(t) and W (t). Note that all free
parameters are given by the complex coefficient sequences (v:)22y and (w;)$2, in the formal
expressions V() = Y 52, vtk and W (t) = 372, wytk, whereas both T'(B, A) and U(A, B)
are fixed power series. The three relations are satisfied if either W (¢t) = 0 and V(¢) is
arbitrary (the rather trivial case which essentially is contained in part b) of Lemma 4) or

V(t) = c B(o(t)[e?V(t) — 3¢/ ()], W (1) = e, (2.27)

where ¢ is a non-zero complex constant, E(t) is the exponential generating function of the
Euler numbers Ej, and both ¢(t) and 1 (t) are odd formal power series in ¢ having complex
coefficients. Here ¢/(t) denotes the formal derivative of ¢(t).

Remark 2. Note that exchange of A1 and Ay does not change the commutation relations
(1.1)-(1.3). So, by exchanging Ay and Ag in all statements of the article, we obtain other
expressions for A1 and As in terms of the Heisenberg generators.

3 Some particular bosonic representations

In this section we will describe some non-trivial particular representations of the colour
Heisenberg Lie algebra defined by the commutation relations (1.1)-(1.3). All examples are
based on the general statement in Theorem 5 and correspond (except in Example 1) to
simple specific choices of the odd formal power series ¢(A) and ¥(A).

As a concrete example of elements satisfying the Heisenberg commutation relation (1.4),
we can consider the differentiation and multiplication operators 0 and M defined on the
linear space C [z] of polynomials. If f(z) =>"}_, frz®, then by definition

= kak:xk_l, (M f)(z) kaka
k=1
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and we have the well-known relation M — M0 = I. As a basis in C[z] we can take the

set of monomials {1,z,z2,...,2" 2" ...}. Acting on an arbitrary basis vector 2", we
find
oo n
(—2) (2%, nl
T(M,0)(z") = E o ME§Fgm = g o z* (i k)!:v" k= (=),
k=0 k=0
o ; o ; o ; .
2 2 . . 20 (n + 7)!
ny _ 29I I = gl i — il n— ao .
U(@,M)(x)—g j!BMx —E ﬂax —g T " =o0- "
Jj=0 J=0 J

Thus T'(M, 0) acts as the parity operator, while U (9, M) is not well-defined on C[z]. In
fact, if ¢ is an analytic function on R, then we have by Taylor’s Theorem ¢g(z) = g(z+1)
and

00 o\k © vk
T(M,0)g(z) =) ( ]j) MFoFg(a) =) %xkguf) (z)
k=0 k=0
=, g (z
=37 k:'( J(—20) = (o — 22) = g(-a). (3.1)

Example 1. We consider the operators A = 9 and B = M, defined on the linear space
C [z]. The general solution given by equations (2.26) and (2.27) is

Al =M, As=ce?MT(M,0),
Ay = c E(p(M))[e? M (M) — 3¢ (M)|T(M,0) + ce? M T (M, 9)0.

These operators are defined on the whole polynomial space C [z], and by Theorem 5 they
satisfy (1.1)-(1.3) on C[z]. We can now, for any f € Cx], define A;, A2 and Ag by the
equations
(Aif)(@) =2 f(x), (A3f)(x) = ce?™ f(=z) = ce?™ f(—u),
(A2f)(x) = c E(p(M))[e# M (M) — 5/ (M)] f (—) + ce?M) f'(—a)
c
(

- m[eip(x)w( T) — %@I(x)]f —x) + Cetp(:v)f/(_x)'

Example 2. Let s be a positive odd integer and put ¢(A) = A and ¥(A) = SA®, where

a, B € C, in the general solution given by Theorem 5. As in Example 1 we consider the
operators A = 9 and B = M defined on the linear space C[z]. Then we have

Ay =0, As=cT(M,d)e?,
Ay = cT(M,0)E(ad)[e®?B0° — &] + ¢ MT (M, 9)e®?
We can now define Aj, A2 and Az on the polynomial space C [z] by the equations
(Aif)(@) = f(2), (Asf)(x) =cT(M, a)e“af(ﬂc) =cf(-z+a),
(Ao f)(z) = cT(M,0)E (aa)[ﬂf( (z+a) = f(@)]+cxf(-z+a)

T(0,0) S B3040 ) = 470+ enf (- + )
n=0

0o
E2 aZn
=c)
n=0

BT (—z + a) — £ PV (—2)] + cxf(—z + ).
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These operators are defined on the whole polynomial space C [z], and by Theorem 5 they
satisfy relations (1.1)-(1.3) on C[z]. By a simple computation we have

(A1dz + A2 A1) f(2) = cf (—z + @) = (A3f)(2),

(A1As + Ay A1) f(z) = —cf (— + ) + cf (2 +a) = 0.

Moreover,
(A Asf)(a ff " 1eB(=1)* 2 (@) — LeafCM (- a)] + e f(x),
(AzAaf)(a }j J(2) = 1% (2 + )] + A~z + ) f (),

showing that
E. n n n
(ApAs + A3 A) f(x) = ac®f Z @ @ = a) + O @ + )
Thus, the relation (A2 Az + A3As) f(x) = 0 is satisfied if and only if the function f satisfies

PO (@ — @) + FOV (@ + )] (3.2)

The relations (1.1)-(1.3) hold on C [z] and so equation (3.2) holds for f € C|[z].

Example 3. Let in Example 2 the constant ¢ = 1 and the parameters a = 8 = 0. Then
we obtain

Ay =0, Ay=MT(M,d), As=T(M,d).

In this case we have the simple relation Ay = M A3 and for any polynomial p(z) € C [z],
we obtain

(Aip)(z) =p'(x), (Aop)(x) =zp(=2), (Asp)(z) = p(—2).

These three operators can be defined for any differentiable function f and they satisfy the
commutation relations (1.1)-(1.3), since one can easily verify that

(A1A2 + A A1) f(x) = f(—z) = Asf(2),
(A1 Az + A3Ay) f(x) = —f'(—2) + /(=) =
(A243 + A3A2) f(x) = xf () — xf(z) = 0.

Example 4. Let us have a closer look at the operators studied in Example 2 in the special
case where ¢ = a = 1 and 8 = 0, namely

Ay =0, Ay=MT(M,0)e’ —LT(M,0)E(9), As=T(M,9)e’
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We can express E(0) in terms of the generating function for the Euler numbers, obtaining

12(8)22 268 628 +_1)71 ::ea(% +_%e28)71 ::ea(1<+ %(628 __1))71

pom CDF s as (1R - (K 2(k=1)d, 171
=) (== > () =D
k=0 k=0 1=0
i(—l)k : L(E\ er-nino
- k Z(_l) 1) :
pr A

By virtue of the equality ¢"?f(z) = f(z + n) and equation (3.1), it is now reasonable to
define

(ALf)(w) = f'(x),  (Asf)(z) = f(1 - ),
© gk
(Aof)(2) =2 f(l—2) =) (2,31 > (1) <I;>f(2(k ~)+1-a),

o ko \k+H
Aafe) = 50 ) —af -+ 35 G () prage 1,
k=0 1=0
0ok VK
Mif@)=af0-n+ 3 S O f) PRk 1) +1-2).
k=0 1=0

It follows that

(A1Az + A Ay) f(2) = f(1 — ) = A3 f (@),
(A14s + AzA) f(z) = = f'(1 = 2) + f/(1 — 2) = 0.

Moreover,

k=0 [=0
oo k
Aaaf ()= (1= ) = 3 5 S (V) st + 20— 1),
k=0 [=0
and hence
© Kk (—1)F+ [k
(2o + Aada)a) = 7o)~ 3 3 Sk () o = 20— 1)+ sta +200 - 1)

k
The relation (A2As + AsAs) f(x) = 0 is satisfied if and only if

k

© Nk
fa) =3 Sy (’j) @ — 20k — 1)+ f(o+ 20k — D)) (3.3)

k=0 =0
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By Example 2 and Example 4 we have a proof of the following statement:

Proposition 6. Every polynomial p(x) € C [z] satisfies the relations

@ 5) = §Y P e ) +p o+
ke

0
© Nk k
o) pla) =3 G S0 ()t = 20k - 0) 4 oo + 205~ D)L

k=0 =0

Example 5. Consider the differentiation and multiplication operators d and M introduced
at the beginning of this section. The linear transformation

i) 1 i) 1
— 0+ ——M, a'=—-——F0+

NG NCY V2 V21
where x( is a positive real constant, gives a couple of operators a and a* satisfying the
canonical commutation relation aa™ — a*a = 1. This follows from the fact that they are
obtained from 0 and M by an SL(2,C)-transformation. Now let {¢,}5°, be a sequence
of functions defined by

M,

a =

Vv +1¢,(x) = a*¢(x), v=0;  do(z) = ———==exp(—3(Z)?).
It follows that

On(7) = =) o (2) = —=—(a")" exp(—3(;5)%)

al-
=
N
g

1 1/ xz\2
Tty (2w ) )G,
withn =0,1,2,..., where H,, are the Hermite polynomials. It can be shown that a¢y = 0
and a¢, = /v ¢,_1 for v > 1. Furthermore,

| .
V+¢V ifk<wv
(a*)kakgby — (v—k)!
0 if k> v,

for any k € N. The sequence of functions {¢,}52, describes the energy eigenstates of
the simple quantum mechanical harmonic oscillator. Consider now the two differential
operators a* (“creation” operator) and a (“annihilation” operator) defined on the linear
space Q = linspanc({¢, }52,) consisting of all complex linear combinations of functions
from the set of eigenfunctions {¢,}52,. Since now aa* — a*a = 1, we can replace 9 and
M in the representation studied in Example 2 by a and a*, respectively, thus obtaining
(withc=a=1and §=0)
A =a, Ay=a"T(a* a)e® — 3T (a*,a)E(a), Az =T(a* a)e".

Acting on an eigenfunction ¢, we have by a straightforward computation T'(a*,a)p, =
(—1)”¢,. Moreover, knowing that a¢, = /v do,$,—1 where &y, is the Kronecker symbol,
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it follows that for all v > 0

%y:k}; 2 oim Z i) o

E(a)¢, = Ezk Qk% ZE%\/ <V_ 2/<:> Pv—2k-

Hence,

Ay =\Vv g1, v>1, A1pg =0,

j+1 1 v
Ay = \/ <75 1— Es; —< ) Pu—2,
P 0 (v—1yj i+ —~ TN (29) \v — 25 J

Azpy = Z(—l)j W< ) ;-

7=0

Appendix

Recall that a Z5-graded (colour) generalized Lie algebra is a Zj-graded linear space
xX= x,
VELY
with a bilinear multiplication (bracket) (-,-) : X x X — X obeying:
Grading axiom: (X,,Xg)C X5
Graded skew-symmetry: (a,b) = —(—=1)*?(b,a).

Generalized Jacobi identity:
(_1)a-7<a7<b7c>> +(—1)7'6<c,<a,b>> +(_1)ﬁ-a<bv<cva>> =0

for all @ = (a1,...,a0) , = (B1,---,0n) , v =(M,..., ) In Zy, and a € X,, b € Xz,
c € Xy, where - = > | a;f3; etc., with > meaning addition in Zy. The elements of
U ezp X, are called homogeneous.

Any ZQ -graded generalized Lie algebra X can be embedded in its universal enveloping
algebra U(X) in such a way that, for homogeneous a € X, and b € Xg, the bracket
(-,-) becomes a commutator [a,b] = ab — ba when « - (3 is even, or an anticommutator
{a,b} = ab+ ba when « - 3 is odd [14].

Now take X to be a Z3-graded linear space

X =X1,1,0 @ X101 ® X0,1,1)

with the homogeneous basis Ay € X110y, A2 € X(1,0,1), A3 € X(0,1,1)- The homogeneous
components graded by the elements of Z3 different from (1,1,0), (1,0,1) and (0,1,1) are



Bosonic Realizations of the Colour Heisenberg Lie Algebra 127

zero and so are omitted. If the Z3-graded bilinear multiplication (-,-) turns X into a
Z3-graded generalized Lie algebra, then ( A;, 4;) =0, i =1,2,3 and

(A1,As) =c1243, (A, A3) =co341, (Az, A1) =csds.

When a and b are in different homogeneous subspaces, it follows that (a,b) = (b,a),
whereas (a,b) = —(b,a) if a and b belong to the same one. Moreover, the generalized
Jacobi identity is valid. Now put cjo = 1, ca3 = 0 and ¢37 = 0. The algebra X so defined
has as its universal enveloping algebra the colour Heisenberg Lie algebra.
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