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Abstract

We apply the pfaffianization procedure to the q-difference version of the two-dimen-
sional Toda lattice equation to produce the pfaffian analogue of the q-difference two-
dimensional Toda lattice equation. A solution to the pfaffianized system is expressed
in terms of the q-exponential functions.

1 Introduction

The method of pfaffianization developed by Hirota and Ohta in 1991 has provided us
with a powerful tool to produce coupled systems for several continuous (2+1)-dimensional
soliton equations such as the KP and DS equations etc. [1, 2, 3]. Very recently, such a
pfaffianization procedure has been further extended to the differential-difference case and
fully discrete case [4, 5, 6]. It is known that in the literature there exists much research
on the so-called q-difference equations. An active area of particular interest is q-difference
versions of integrable equations. Therefore, it is quite natural to see if the method of
pfaffianization may be generalized to the q-difference case of integrable equations. The
purpose of this paper is to apply the pfaffianization procedure to the q-difference version
for the two-dimensional Toda lattice equation. As a result, a coupled system for the
q-difference version of the two-dimensional Toda lattice equation is derived.

2 Pfaffianization of the q-difference version for the 2DTL

In this section, we devote to Pfaffianizing the q-difference version of two-dimensional Toda
lattice equation [7],
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where for an arbitrary function F (x), the q-difference operator δqα,x is defined by

δqα,xF (x) =
F (x) − F (qαx)

(1 − q)x
.

We can write equation (2.1) in its equivalent form,
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In [7], the solution of the equation (2.1) is given by the following N × N Wronskian
(Casorati) determinant:
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where f
(n)
k (x, y), k = 1, 2, · · · , N satisfy the following dispersion relations:
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In order to pfaffianize the q-difference version of 2DTL , we require pfaffians with entries
satisfying the pfaffianized form of the dispersion relation (2.4-2.5), i.e. we choose pfaffians
whose entries satisfy:

pf(i, j)(qα
1 x, y) = pf(i, j) + (1 − q1)xpf(i + 1, j) + (1 − q1)xpf(i, j + 1)

+(1 − q1)
2x2pf(i + 1, j + 1), (2.6)
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pf(i, j)n+1 = pf(i + 1, j + 1)n, (2.8)

where we have denoted pf(i, j)n(x, y)to be pf(i, j) for simplicity without any confusion.

For even value of N , if we take

τn(x, y) = pf(1, 2, 3, · · · , N), (2.9)

together with pf(i, c) = [−(1− q1)x]N+1−i, pf(i, d) = [(1− q2)y]i and pf(c, d) = 0 , then we
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can obtain the following formulae for τn(x, y) by using the relations(2.6-2.8):
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Following Hirota and Ohta’s method, we now review two basic pfaffian identities [8]:
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In the case of q-difference version of 2DTL equation, we require the following identities
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obtained from (2.16). This leads to the equation
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Here the new fields σ̃n and σn are also Pfaffians of the form

σ̃n = pf(2, 3, · · · , N − 1), σn = pf(0, 1, 2, · · · ,N,N + 1). (2.20)
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For the Pfaffians σ̃n and σn, we can derive the following formulae by employing equations
(2.6-2.8):
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The introduction of two new fields σ̃n and σn means that our system is no longer closed.
Thus we need to look for further identities. With the help of the Pfaffian identity (2.17),
we obtain another two equations:
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Thus equations (2.19) and (2.31-2.32) represent our Pfaffianized q-difference two-dimen-
sional Toda lattice.

We can write the solutions to this resulting system by choosing the entries in the
pfaffians to be expressed in the following form:
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where ϕ
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k (x, y) and φ
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A particular solution to the above equations (2.34-2.35) is obtained by taking ϕ
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and φ
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k (x, y), k = 1, 2, · · · ,M as following “q-exponential type” functions:
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where αk, pk, α̃k, p̃k,βk, sk, β̃k, s̃k are constants, and expqα(x) is the q-exponential function
defined in the following way [9]:

expqα(x) =
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3 Conclusion and discussion

We have presented a pfaffianized system of the q-difference version for the two-dimensional
Toda lattice equation. This system contains three unknown functions. In fact, q-difference
version for the two-dimensional Toda lattice equation can be considered as a reduction
of this larger system. This pfaffianized system exhibits solutions expressed in terms of
q-exponential functions. Based on the success of pfaffianization in classical soliton equa-
tions, we believe that the method of pfaffianization may be further generalized to some
other cases, say the supersymmetric case. We hope that this pfaffianized q-difference two-
dimensional Toda lattice equation (2.19) and (2.31-2.32) will find physical applications.

In the restricted case q1 = q2 = q, α = β = 2, the q-difference two-dimensional Toda
lattice equation( 2.1) or (2.2) is reduced to a q-difference version of the cylindrical Toda
lattice equation [7]. It would be of interest to study further if this restriction in the pfaf-
fianized case give a pfaffianized version of a q-difference cylindrical Toda lattice equation.
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