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Abstract

We discuss a method of solving n'” order scalar ordinary differential equations by
extending the ideas based on the Prelle-Singer (PS) procedure for second order ordi-
nary differential equations. We also introduce a novel way of generating additional
integrals of motion from a single integral. We illustrate the theory for both second
and third order equations with suitable examples. Further, we extend the method to
two coupled second order equations and apply the theory to two-dimensional Kepler
problem and deduce the constants of motion including Runge-Lenz integral.

1 Introduction

During the past two decades or so immense interest has been shown in identifying in-
tegrable/solvable nonlinear dynamical systems. Different ideas have been developed or
employed in isolating such nonlinear ordinary/partial differential equations [1]. Focussing
our attention on ordinary differential equations (ODEs), one finds that using certain novel
ideas, Calogero and his coworkers have generated a wide class of integrable/solvable non-
linear systems and explored their underlying features [2-4]. In this paper we introduce
another straightforward method of identifying such solvable and/or integrable equations.
To do so we employ the extended Prelle-Singer (PS) procedure [5].

Sometime ago Prelle and Singer [5] have proposed a procedure for solving first order
ODEs that presents the solution in terms of elementary functions if such a solution exists.
The attractiveness of the PS method is that if the given system of first order ODEs has a
solution in terms of elementary functions then the method guarantees that this solution
will be found. Very recently Duarte et al [6] have modified the technique developed by
Prelle and Singer [5] and applied it to second order ODEs. Their approach was based on
the conjecture that if an elementary solution exists for the given second order ODE then
there exists at least one elementary first integral I (¢, x, ) whose derivatives are all rational
functions of ¢, z and &. For a class of systems these authors have deduced first integrals
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and in some cases for the first time through their procedure [6]. Recently the present
authors have generalized the theory given in [6] and pointed out a procedure to obtain all
the integrals of motion/general solution and solved a class of nonlinear equations [7-9].

The PS procedure has many attractive features. For a large class of integrable systems,
this procedure provides the integrals of motion/general solution in a straightforward way.
In fact this is true for any order. The PS method not only gives the first integrals but
also the underlying integrating factors. Further, like Lie-symmetry analysis and Noether’s
theorem the PS method can also used to solve linear as well as nonlinear ODEs. In
addition to the above, the PS procedure is applicable to deal with both Hamiltonian and
non-Hamiltonian systems.

In this paper we extend the above theory [6-8,10] to n* order scalar ODEs and derive a
relation which connects integrals of motion with the integrating factors. We demonstrate
the method to second and third order ODEs. We also introduce a novel way of generating
all the integrals of motion from a single integral, which is applicable to a class of ODFEs,
and demonstrate our ideas by considering the previous examples. Finally, we prolong the
method to two coupled second order ODEs.

We note here that several works have been undertaken earlier to study and classify
systematically the nth order ODEs based on different ideas. To name a few, besides the
works of Calogero [2,3], we cite, Lie symmetry approach [11-14], the method of Bluman
and Anco [15,16], Painlevé analysis [1,17] and so on.

The organization of the material is as follows. In the following section we extend the
theory of modified PS method to n** order ODEs. In Sec.3, we describe a procedure to
generate second, third and higher integrals of motion from a single integral, provided the
first integral can be written in certain specific form. In Secs. 4 and 5, respectively, we
demonstrate the theory to second and third order ODEs with suitable examples. In Sec.
6, we briefly discuss the application of PS procedure to higher order ODEs. In Sec. 7
we prolong the theory to two-coupled second order ODEs and illustrate the theory with
an example, namely the two-dimensional Kepler problem. We give our final remarks in
Sec. 8.

2 Prelle-Singer procedure

Let us consider a class of n' order ODEs of the form

2™ = 0’ P Qe C[t,x,x(l),x(Q), ...,x("_l)], (2.1)
where z(1) = ‘fl—f,x@) = ‘ng and (") = %L—f and P and @ are polynomials in t,x, M 2@,

22 and 2" with coefficients in the field of complex numbers. Let us assume that
the ODE (2.1) admits a first integral I(t, z, 2, 2®) ... 2("=D) = C, with C constant on
the solutions, so that the total differential gives

dI = Lidt + Ldx + Iayde™ + .. + I nnydz™V =0, (2.2)

where subscript denotes partial differentiation with respect to that variable. Rewriting
equation (2.1) of the form gdt —dz(1 = 0 and adding null terms S, (t,z, W x(”*l))
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eWdt— Sy (t,z, 2D, ..., 2= D)dx and S;(t, z, W, ..., 2= N2zOdt — S;(t, x, D, .., (1)
dz(=1, =23, ..n — 1, to it we obtain that on the solutions the 1-form

n—1 n—1
P ‘ ‘
<@ +) :Six(’)>dt — Syda = Sidal™Y — dx""V =0, (2.3)
=1 =2

Hence, on the solutions, the 1-forms (2.2) and (2.3) must be proportional. Multiplying
(2.3) by the factor R(t,z, =1, ..., 2z(»~1) which acts as the integrating factor for (2.3), we
have on the solutions that

n—1 n—1
dI = RKqﬁ +) Six(i)>dt = Syda = Sidal™Y — dzx"" V| =0, (2.4)
=1 =2

where ¢ = P/Q. Comparing equations (2.2) with (2.4) we have, on the solutions, the
relations

n—1
= R(¢+ Y _ Siz),
=1
IZ‘ - _R517
I.iy=—-RSiy1, i=1,2,...,n—2,

I =—R. (2.5)
The compatibility conditions, Iy, = I, Lym-1) = Lym-1)y, Lppo-1) = L1y, Lpo =
Ix(i)t’ Ixa:(i) = Ix(i)a:’ Igﬁ(i)gﬁ(nfn = I$(n71)$(i), 1= 2,3,...,n — 2, between the equations

(2.5), provide us the conditions

[S1] = =z + S1¢,a-1) + 51501, (2.6)
DI[Si] = —¢ -1 + Sibym-1) + SiSit1 — Si—1, i =2,3,...,n — 2, (2.7)
[Sp-1] = =0 tn-2) + Sn-1¢ytn-1) + S2_| — Sn_2, (2.8)
D[R] = —R(Sp-1+ ¢ytn-1), (2.9)
R,»S1 = —RSizi + RySiv1 +RSiy1,, i=1,2,....,n—2, (2.10)
R, )Sjt1 = —RSj11,6) + RpiSip1 + RSiv1,, 4,5 =1,2,...,n—2, (2.11)
Ry = Rym-1Sit1+ RSit1,0-1, i=1,2,....,n—2, (2.12)

R =R, u-1S1+ RS (-1, (2.13)

where the total differential operator D is defined by

0
D=t +Z 5T

We note that (2.6)-(2.13) form an overdetermined system for the unknowns, S;, i =
1,...,n—1, and R. For example, one can check that for a second order ODE, n = 2, one
gets three equations for two unknowns, say, S and R, whereas for a third order ODE one
gets six equations for three unknowns, say, S1, S2 and R. Thus in this procedure, for a

given n* order ODE, one gets @ number of equations, for n unknowns, out of which
n(n—1)
2

equations are just extra constraints.
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The crux of the problem lies in solving the determining equations and identifying suf-
ficient number of integrating factors and null forms. But the point is that any particular
solution will suffice for the purpose. We solve equations (2.6)-(2.13) in the following way.
Substituting the expression for ¢ = g, obtained from equation (2.1), into (2.6)-(2.8) we
get a system of differential equations for the unknowns S;, i = 1,...,n — 1. Solving them
we can obtain expressions for the null forms S;’s. Once S;’s are known then equation (2.9)
becomes the determining equation for the function R. Solving the latter we can get an
explicit form for R. Now the functions R and S;, ¢ = 1,...,n—1, have to satisfy the extra
constraints (2.10)-(2.13). However, once a compatible solution satisfying all the equations
have been found then the functions R and S;, ¢ = 1,2,...,n — 1, fix the first integral
I(t,z, 20, ..., z("1) by the relation

I(t,x,x(l),... (n— 1 Zrl /

e (Z )] dz(D), (2.14)
€T n—
=1

where
no=J R<<f> -y Sif”(”>dt,
ry =—f (1:551 + %m)dac,
r, =—/ |:RSj I (Zk 17"k)] dzU=D, j=3,...,n

Equation (2.14) can be derived straightforwardly by integrating the equations (2.5). Now
substituting the expressions for ¢, R and S;,7 = 1,2,...,n, into (2.14) and evaluating the
integrals one can get the associated integrals of motion. However, we have to point out that
we have not examined the question of existence of consistent solutions to equations (2.6)-
(2.13) at present.

3 Method of generating integrals of motion

In the above, we derived the integrals of motion, I;, i = 1,2,...,n, by constructing
sufficient number of integrating factors. Interestingly, for a class of equations, one can
also generate the required number of integrals of motion from one of the integrals, say I,
if it is known, provided its form can be written in a specific form. For example, for the
n* order equation (2.1), one can generate Io, I3,...,I,_1 and I, from I itself. In the
following we illustrate this possibility.

Let us assume that there exists a first integral for the n'" order equation (2.1) of the
form, I (t,ﬂ:,x(l),x@), ...,x("_l)) = C. Now let us split the functional form of the first
integral I into two terms such that one involves all the variables (¢, x, W x("*l)) while
the other excludes z("~1 that is,

I = Fl(t,x,x(l), ...,x(”fl)) + Fg(t,x,x(l), ...,x("72)). (3.1)

Of course, such a splitting is not unique, which can in fact be used profitably further to
identify new integrals.
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Now let us split the function F further in terms of two functions such that F itself
is a function of the product of the two functions, say, a perfect differentiable function
%Gl(t,x,x(l), ...,x("*2)) and another function Gg(t,x,x(l), ...,x(”*l)), that is,

1 d
hzﬂ(@@@ﬂmwﬂ%mﬁf

Gi(t, z, =M x("_Q))>

+F <G1(t,m,x(1), ...,g;<"*2>)) . (32)
We note that while rewriting equation (3.1) in the form (3.2), we demand the function
Fy(t,z, M, . 2(=2)) in (3.1) automatically to be a function of Gy(t,z, 2™, ..., 2(*=2)),

Now identifying the function G as the new dependent variable and the integral of Gy over
time as the new independent variable, that is,

t
w= G (t,x,x(l), ...,x("_Q)), z = / Gg(t',x,x(l), ...,x("_l))dt', (3.3)

one can rewrite equation (3.2) of the form

=P <C§”> + Fy(w). (3.4)
In other words
i) (ﬁj) =1 — Fy(w). (3.5)

Now rewriting equation (3.5) one obtains a separable equation

¥ = f(w)’ (3'6)

which can be integrated by quadrature, and I can be obtained.

The procedure given above is easy to follow and can be used to solve a class of problems
straightforwardly. In fact, for the linearizable second order ODEs, we find that the function
F, turns out to be zero and as a consequence one gets Ccll—l; = I; (from (3.6)) which can
be integrated to obtain the second integration constant trivially. On the other hand, if
F5 is not zero then the second integration constant can be deduced after the integration
of (3.6), which can be done for a number of examples. As far as third order ODEs are
concerned the first order equation (3 6) provides us the second integral whereas a different
choice G1 and Gg, where G1 and G2 are different from G; and Go, directly leads us to
the third integral (see Sec. 5). The procedure can in principle be extended to higher order
ODEs.

4 Second order ODEs

The theory developed in Secs. 2 and 3, in principle, can be used to solve a class of equations.
To illustrate the underlying ideas let us first consider a second order ODE. Since we are
going to discuss in detail only second and third order ODEs, hereafter, we use the notation

&, & and @ instead of 2, z(® and z® for 4 Pz ang Lo

it dt® i3 respectively.
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Fixing, n = 2, the determining equations (2.6)-(2.13) get simplified to

Si 4+ @Sy + ¢Si = — ¢ + Sbi + 57, (4.1)
Ry + R, + ¢R; = —R(S + ¢2),
R, = R;S+ RS;,

The integral of motion, (2.14), is fixed by the relation

I(t,2, @) =1 — 1y — / [R + % (r — m)} di, (4.4)

where

ry = /R(qﬁ +&S)dt and 7y = /(RS + %rl)da@.
The method of solving the determining equations (4.1)-(4.3) is described in detail in Ref.
[6,7]. However, in order to be self-contained, we briefly summarize the main ideas in the
following.

Let us first solve the equation (4.1) with the given ¢ and obtain expression for S.
Once S is known then equation (4.2) becomes the determining equation for the function
R. Solving the latter one can get an explicit form for R. Now the functions R and S
have to satisfy an extra constraint, that is, equation (4.3). We note at this point that
all solutions which satisfy equations (4.1)-(4.2) need not satisfy the constraint (4.3) since
equations (4.1)-(4.3) constitute an overdetermined system for the unknowns R and S. For
example, let us consider a set (S, R) be a solution of equations (4.1)-(4.2) and not of the
constraint equation (4.3). After examining several examples we observe that one can make
the set (S, R) compatible by modifying the form of R as

R=F(t,z,%)R, (4.5)
where R satisfies equation (4.2), so that we have
(F, + iF, + ¢F;)R + FD[R] = —FR(S + ¢3). (4.6)

Further, if F' is a constant of motion (or a function of it), then the first term on the left
hand side vanishes and one gets the same equation (4.2) for R provided F' is non-zero. In
other words, whenever F' is a non-zero constant or a function of the integral of motion then
the solution of equation (4.2) may provide only a factor of the complete solution R without
the factor F' in equations (4.5). This general form of R with S will form a complete solution
to the equations (4.1)-(4.3). In a nutshell we describe the procedure as follows. First we
determine S and R from equations (4.1)-(4.2). If the set (S, R) satisfies equation (4.3)
then we take it as a compatible solution. On the other hand if it does not satisfy (4.3)
then we assume the modified form R = F(I)R, and find the explicit form of F(I) from
equation (4.3), which in turn fixes the compatible solution (S, f?) Once I is derived then
the second integration constant can be deduced either utilizing our procedure described in
Sec. 3, or finding another set of solutions (S2, R2) for equations (4.1)-(4.3). The method
has been applied to several interesting nonlinear dynamical systems and interesting results
have been obtained [7]. In the following example we illustrate both the above ideas.
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4.1 Example

Let us consider an equation of the following form for illustrative purpose:
.. (21' - 1) .9
=" 7 4.7
o (14 22) v (4.7)

so that the equations (4.1)-(4.3) become

, Qe—-1)a*,  (x(l+z)-1\ ., 22z-1)i 9
St+x51+7(1+x2) S; =2 7(1+x2)2 T +7(1+:c2) S+ 5%, (4.8)
, (22 — 1)? 22z — 1)@
o S 4.
Rt+.%'R$+ (1+1’2) R$ S+ (1+1’2) R, ( 9)
R, — SR; — RS; = 0. (4.10)

As mentioned in Sec. 2, any particular solution satisfying equations (4.8)-(4.10) is sufficient
to derive an integral of motion. We solve equations (4.8)-(4.10) in the following way.
Equation (4.8) is a first order partial differential equation in S with variable coefficients.
To seek a particular solution for S we consider a simple ansatz for S of the form

S =a(t,z) +b(t,x)x, (4.11)

where a and b are arbitrary functions of ¢ and z (in other examples one may need to
take rational forms in 4). Substituting (4.11) into (4.8) and equating the coefficients of
different powers of & to zero we get a set of partial differential equations for the variables
a and b. Solving them we arrive at
(22 —-1) . 1 (1-2x),
S =+——=2, So=——+-—=1. 4.12

= arat =it ar et (4.12)
Substituting the forms of S; and Sy separately into (4.9) and solving the resultant equa-
tions one can obtain the corresponding forms of R. Let us first consider S;. Substituting
the latter into (4.9) we obtain an equation for R of the form

: (22 —1)” (2z—1)d
One can immediately identify a particular solution
etan’lm

to this equation with a polynamial ansatz in . One can easily check that S; and R;
satisfy equation (4.10) also. As a consequence one can deduce the first integral, using the
relation (4.4), of the form

. -1
wetan x

(1 4a22)°
Now substituting the expression So into (4.9) we obtain an equation for R. As in the
previous case, one can easily fix a particular solution of the form

I = (4.15)

Ry =— (4.16)

t
=
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However, this set (S3, Re) does not satisfy the extra constraint (4.10) and so to deduce
the correct form of Ry we assume that

t

Ry = F(I))Ry = —F (1)~ (4.17)
where F' is an arbitrary function of the first integral I;. Substituting (4.17) into equa-

tion (4.10) we obtain F = %, which fixes the form of R as

R tetan_lx

Ry = Nt (4.18)

Now one can easily check that this set (S, Ry) is a compatible solution for the set (4.8)-
(4.10) which in turn provides I through the relation (4.4) in the form

_ ti
I=elan o1 7 ) 4.19
2T ( <1+m2)> (4.19)

Using the explicit forms of the first integrals I1 and Is, the solution of Eq. (4.1) can be
deduced directly as

x(t) = tan [log (It + Ig)] . (4.20)

However, as shown in the Sec. 3, one can also deduce the second integral from the first
integral itself. By using the procedure indicated in Sec. 3, by demanding that I; be put
in the form

L=F L 940t2) + R (Gt ) (4.21)
= —_— x x .
1 1 Coltz.2) dt 1%, 2 (G1(t,2)),

so that in the transformed variables become w = G (¢, x) and z = f; Go(t',x,z)dt" and a
first order ODE results which can be solved by quadrature. For example, in the present
case, it is easy to rewrite the first integral (4.15) in the form (4.21), by inspection, namely,

d -1
I = (') 4.22
and identifying (4.22) with (3.2), we get

—1

Gi=e"""% Gy=1 F,=0. (4.23)
With the above choices, equation (3.3) furnishes the transformation variables,

w=e"" T =t (4.24)
Substituting (4.24) into (4.22) we get

dw
dz
which in turn gives the free particle equation by differentiation or leads to the solution
(4.20) by an integration. On the other hand vanishing of the function F3 in this analysis
is precisely the condition for the system to be transformed into the free particle equation.

I, (4.25)
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5 Third order ODEs

Now we focus our attention on third order ODEs, n = 3 in equation (2.1). Fixing n = 3
in the determining equations (2.6)-(2.13), we get

D[Si] = —¢u + S1¢: + 515, (5.1)
D[Ss] = —¢i+ Sa¢pi + S5 — Sy, (5.2)
D[R] = —R(S2+ ¢z), (5.3)
RiSi = —RSy; + RuSs + RSss, (5.4)
Ri = RySs+ RSo;, (5.5)
R, = RsS)+ RSus, (5.6)

where the total differential operator D is defined by

The associated integral of motion is fixed by the relation

d
I:’I“I—T‘Q—T‘g—/(R—FE(Tl—T’Q—T‘g))dﬁ'E’, (57)
where
d
ri = [R(¢+ Sid + Soi)dt, ro = /(RSI + —xrl)d%

d
rg = f (RSQ + % (7“1 — 7“2)) dz.

As mentioned earlier, (5.1)-(5.6) form an overdetermined system for the unknowns, Sj,
Sy and R. We solve the (5.1)-(5.6) in the following way. Substituting the expression for
¢ into (5.1)-(5.2) we get a system of differential equations for the unknowns S; and Ss.
Solving them we can obtain expressions for the null forms (51, .53). Once Sy is known then
equation (5.3) becomes the determining equation for the function R. Solving the latter we
can get an explicit form for R. Now the functions R,S; and S5 have to satisfy the extra
constraints (5.4)-(5.6).

5.1 Example: 1

Let us consider an equation discussed by Bluman and Anco from the symmentres point
of view [16],

T =—+ — (5.8)

Substituting ¢ = 6;—”53 + % into (5.1)-(5.3), we get
: . 6ti3 632 ) )
Sip+ &S1, + £S1; + (—2 + f>51¢ = Sl<18;—§2 + 122 4 Sz>,
X A
. . tid 632 L ) )
Sop + &2, + S0 + (—2 - f>52i =122 62 +52<18;—§2 + %‘) +55% = 51,
x x
t..3 6..2 ) }
Ry + @Ry + iR + (—ﬁ + 22 Ry = —R<52+18;—§2 +127x>.
x x

(5.9)
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One can easily verify that equation (5.9) admits the following solutions,

6ti? + 3id i
S1=0, SQZ—T, R= ok (5.10)

_ _ 6ti% + 423 5 @t
Sl :0, SQZ—T, R: j'_2, (511)

L 282 62 + 208 L d?
Having determined the functions S;’s and R, i = 1,2, one can proceed to determine

the associated integrals of motion. Substituting the expressions into (5.7) separately and
evaluating the integrals, one obtains

_ 92 @8
I =3ti® + %, (5.13)
_ o3 it
Iy =2ti° + %, (5.14)
. -2
I3 =2x—6ti — %, (5.15)

respectively. One can easily check that I's,i = 1,2, 3, are constants on the solutions, that
is, % =0,7 =1,2,3. From the integrals, I;, Iy and I3, we can deduce the general solution
for the equation (5.8) straightforwardly.

In the following we generate second and third integrals, say, (5.14) and (5.15), from the
first integral, that is, (5.13), using our procedure described in Sec. 3.

Rewriting (5.13) in the form (3.2) we get
1d _dtdw  dw

I = —~—(—ti*) = =— 1
! A A T (5.16)
so that
w=—tid, z=—i. (5.17)
Integrating (5.16) and rewriting the latter in terms of the old variables we get
.4
I = 2ti® + 2 (5.18)
&

which is exactly the same as the one we derived (vide equation (5.14)) earlier through the
PS procedure.

To generate I3 from I; we rewrite the latter in the form (3.2) but with different functions
w and Z, namely,

11:—%2%(235—3@):%%:%, (5.19)
so that

W= 2z — 3ti, 5= (5.20)
Integrating (5.19) we get

W=Ni+T= I =d— 12 (5.21)
Substituting (5.20) and (5.13) into (5.21) we get

I3 = 2z — 6ti — %2 (5.22)

which exactly coincides with (5.15).
In a similar way one can derive I; and I from I3 and I; and I3 from 5.
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5.2 Example: 2

Let us consider another nontrivial example which was discussed by Steeb [18] in the context
of invertible point transformations, namely,

.. Bii 32
Ry S V) (5.23)
X X

Substituting the form ¢ = —3(ii — i — &% + %x:v) into (5.1)-(5.3) and solving them, we
find the following three particular solutions which satisfy the determining equations

(SlaFlaRl) — (%,ﬁ%)xe_Qt)a (524)
(So, Fy, Ry) = (%, @,xe—t), (5.25)
(S, F3, Ry) = (L=8it2e 2873z 4 (5.26)

Substituting the expressions (5.24)-(5.26) separately into the expression (5.7) and evalu-
ating the integrals we obtain

I = (i*+2i —zi)e X, (5.27)
Iy = (2% + 2i — 2xd)e?, (5.28)
Iz = (i + 2% — 323 + 2?), (5.29)

from which the general solution can be written of the form

1
T 2
z(t) = (516% + Le' + 13> : (5.30)

From the integrals I, I> and I3, one can also obtain the linearizing transformation.

6 Extension to higher order ODEs

In the previous two sections we discussed the PS procedure applicable for second and third
order ODEs. Following the same steps one can derive the determining equations for the
fourth order ODE also from the equations (2.6)-(2.13). This can be done by restricting
to n = 4 in these equations. For example, for the present case one obtains ten equations
for four unknowns, namely, S1, 59,53, and R. Solving them consistently one can obtain
explicit expressions for the null forms, S;’s, i = 1,2, 3, and the integrating factor R. Once
the S;’s and R are known then the associated integral of motion can be constructed using
the relation (2.14) with n = 4. Here also, if one is able to find four sets of particular
solutions, say, (S;;,R;), i = 1,2,3,4 and j = 1,2, 3, one can straightforwardly construct
four integrals of motion. On the other hand if one has less number of integrals of motion
then using the procedure described in Sec. 3 one can generate the remaining integrals of
motion from the known ones and establish the integrability. The extension to higher order
ODEs follows along similar lines.
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7 Extension to coupled second order ODEs

So far we discussed the applicability of the PS procedure to scalar differential equations.
Interstingly, the procedure can also be extended to coupled ODEs. In the following we
describe the procedure to two coupled second order ODEs and the application to higher
dimensional equations will be discussed elsewhere.

Let us consider a class of second order ODEs of the form

e P Py P
a2z~ Q) YT ar T Qy

Pl?QZ 6 C[t’ '1"’ y’ j"? y:l’ 7/ = 1?2' (7'1)

Let us suppose that the system (7.1) admits a first integral of the form I(¢,x,y,2,9) = C
with C constant on the solution, so that the total differential gives

dI = Ldt + Idx + Idy + Lzdi + Iydj =0, (7.2)

where subscript denotes partial differentiation with respect to that variable. Rewriting
(7.1) in the form

P1 . P2 .
—dt —dz =0, —dt—dy =0 7.3
Q1 Q2 Y (7:3)

and adding null terms Si(t,z,y, &, ¢)zdt — S1(t,z,y,2,y)dx and So(t,z,y, T, y)ydt
—Sy(t, z,y, &, y)dy suitably, we obtain that, on the solutions, the 1-forms

P
(Q—1 + Syi)dt — Sydx — di: = 0, (7.4a)
1
P . .

Hence, on the solutions, the 1-forms (7.2) and (7.4) must be proportional. Multiplying
(7.4a) by the factor Ry(t,z,y,x,y) and (7.4b) by the factor Ra(t,x,y,x,7y), which act as
the integrating factors for (7.4a) and (7.4b), respectively, we have on the solutions that

dl = R1(¢1 + 5156)(175 + R2(¢2 + SQy)dt — R151dx — Ry Sody — R1di — Raody = 0, (75)

where ¢; = P;/Q;, i = 1,2. Comparing equations (7.5) and (7.2) we have, on the solutions,
the relations

It = Ri(¢1 + S12) + Rao(p2 + S29), (7.6a)
I, = —R.S), (7.6b)
I, = —RySs, (7.6¢)
I; = — Ry, (7.6d)
I, = —Rs. (7.6¢)
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The compatibility conditions between the equations (7.6) provide us the conditions,

R R
DI[S1] = —b10 — =2¢h2e + =281¢93 + S1¢15 + 52, (7.7)
Ry Ry
R R
D[Ss] = —¢poy — R—;%y + R—;52¢1y + Saghay + S3, (7.8
D[R] = —(R1¢1s + Ragpaz + R151), (7.9
D[Ry] = —(Ra¢2y + Rid1y + R25o), 7.10
S1R1y = —R1S1y + S2Roy + RS, 7.11
Ry = S1R1; + Ri 5S4, 7.1

Ry = S2Ra; + Ry So;,
Ry, = S1R1y + R151y,

(

(

(
Roy = SoRoy + RaSay, (7.13

(

(
Riy = Ry, (

where the total differential operator is now defined by
o) .. 0 o) o) o)

Integrating equations (7.6), we obtain the integral of motion,

d
I=T1+T2+7’3+T4—/[32+d—y.<7‘1+7"2+7“3+7“4>}dy', (7.18)

where
o=/ <R1(¢1 + S12) + Ra(¢2 + 5222)>dt7 rg=—[ (RlSl + %(T1)>dx7
r3 :—f<R252+d%(7“1+7“2)>d?/, r4:_f[R1+%<r1+r2+r3>]di“.

As we did earlier, solving the determining equations (7.7)-(7.16) consistently we can
obtain expressions for the function S;’s and R;’s, ¢ = 1,2. Substituting them into (7.18)
and evaluating the integrals we can deduce the associated integrals of motion. However,
unlike the scalar case, the determining equations in the present case are highly coupled
and pose difficulties to approach them directly. To overcome this problem we adopt the
following technique. We rewrite equations (7.7)-(7.16) for two variables, namely, Ry and
R, by eliminating S7 and S3, and solve the resultant equations and obtain expressions for
R; and Rs. From the latter we deduce the forms of S; and S by using the relations (7.9)
and (7.10). To implement this algorithm we use all the equations (7.7)-(7.16) effectively
such that the functions S;’s ¢ = 1,2, can be eliminated and the functions R; and Ry can
be deduced from an optimal set of equations.

To begin with we deduce the following two identities,

D[R1S1] = —(Ridrz + Rogaz), (7.19)
D[RyS5] = —(Rip1y + Raday), (7.20)
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which can be obtained by combining (7.7)-(7.10). Now we have explicit forms for the total
derivatives RS and R2S2. Let us now take total derivative of equations (7.9) and (7.10)
and substitute (7.19) and (7.20) in the resultant equations to obtain

Ruy + 23 Ryge + 29 Ruy + 201 Rugi + 202 Ruyy + 72 Rige + 289 Rizy + 9* Ry + G010 R1s
+oot Ry + Th1. Rz + yp1y R + 20¢1 Rz + 291 Ry + 282 Rizy + 29Pa Ry
@y Ry + oy Rig + 1 Rix + ¢paRiy + 115 Rig + ¢3 Rz + Ppadry Rus
+102: Riy + d202y Ry + d12(Riy + ER15 + YR1y + 1 R1z + d2R1y)
+¢3R1gy + 20109 R14y + Poi(Ray + #Roy + YRay + ¢1 Rai + ¢2Ray)
—R1¢12 — Rogpoy + Ri(118 + Th125 + YO1yi + O1P1508 + P2P144)
+Ro(dors + Thozi + Yboyi + 10245 + Paaig) = 0,
(7.21)
Rout + 23 Roty, + 29 Rosy + 2¢1 Roti + 262 Rory + 3 Roga + 239 Rawy + 7 Rayy + d1:Ros
+¢o Roy + 201, Roi + YP1yRoi + 2001 Rogi + 2991 Rays + 20¢a Rogy + 29P2 Rayy
+2¢9r Ray + b2y Roy + ¢1 Rax + ¢paRoy + G101 Rai + ¢F Ropi + Ppad1yRai
+¢102: Roy + d202yRoy + d19(Rir + T R1z + yR1y + 1 R1: + P2 R1y)
+¢3 Royy + 20109 Roiy + oy (Ray + #Ray + §Ray + ¢1 Roi + 2 Ray)
—Ri¢1y — Ragay + Ri(@1ey + 21y + YD1y + 10134 + P2d14y)
+Ra(Poty + Tdowy + Ydayy + d1P2iy + P224y) = 0.
(7.22)

equations (7.12)-(7.16) can also be written of the form

0 0 0 0
Ry, = ﬁ(RISI)’ Ry, = a_y,(RQSQ), Ry, = a(fbsz), Roy = a—y.(Rlsl)- (7.23)

These identities help us to obtain some additional equations for the variables R; and Rs.
For example differentiating (7.9) with respect to & and (7.10) with respect to y and using
the identities (7.23) in the resulting equations, we get

Ryti + 2 R1gi + YR1ys + ¢1R155 + G2 Rogi + 2R1p + 2¢0: Roi + 2¢1: R

+Ro¢2ii + Rid1:: =0, (7.24)
Roty + 2 Rozy + yRayy + 01 R14y + 02 Rogy + 2Ry + 2025 Ray + 2015 Ry
+Ropoyy + Ridryy = 0. (7.25)

On the other hand, differentiating (7.9) with respect to ¢ and using (7.23) we get

Riy + T Rizg + yR1yy + 01 R1zy + G2 Rigy + Riy + Rox + ¢2: Ry
+¢1: Ry + Rod2iy + R1Priy + d19R15 + ¢2y Ry = 0. (7.26)

The remaining possibility, that is, differentiation of (7.10) with respect to &, leads us to
the same equation (7.26) and so we can discard it.
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We can further simplify equations (7.21) and (7.22) by utilizing the equations (7.24)-
(7.26). The final form of the equations (7.21) and (7.22) reads

Ry + 28 Ruy + 29R1gy + ¢1Russ + o Ry + % Rige + 209 R1zy — Ri1a

—Ro¢oy + J*Ruyy + d1:R1s + ¢ Ry + d1.Rii + o1y Ris + 61 Ris

+yp1 Riys + 2PaRizy + YpaRiyy + Tdos Rig + yday Ry — o1 R,

—¢2Rop + P12 (R1y + TR + YR1y) + Ri(P116 + TP128 + Yb1ys)
+¢2:(Rot + ©Roy + yR2y) + Ro(Pots + T2zs + Ydoys) = 0, (7.27)

Royt + 23 Rogy + 29 Rory + ¢1 Roti + o Rory + 32 Rogy + 209 Rogy — Ry

—Ro¢ay + ¢1¢Roi + Pt Roy + 9> Rayy + £d12 Roi + §p1yRos + i1 Ros

+yP1 Royi + o Rowy + ydoRayy + Loy Roy + Yoy Roy — ¢1 Ry

— P2 Roy + d15(R1y + T R1z + YR1y) + Ri(d1ey + Td1ay + Yd1yy)
+¢2y(Rat + Roy + yRay) + Ra(daty + Ldoey + Ydayy) = 0. (7.28)

As a result now we have a system of five equations (of course in second order) for the
unknowns R; and Rg, namely equations (7.24)-(7.28). Substituting the expressions for
¢1 and ¢ into (7.24)-(7.28) and solving them one gets the integrating factors Ryand Ra.
Once R;’s, ¢ = 1,2, are known the null forms S;’s, ¢ = 1,2, can be fixed through the
relation (7.9)-(7.10).

7.1 Example: Two-dimensional Kepler problem

Here we consider a simple, but physically important example, namely, two dimensional
Kepler problem and illustrate the method developed in the previous section.

Let us consider the Kepler problem in the z — y plane, that is,

~

r

where © = zi + yj and r = |f|. The respective equations of motions are

T

z= —m = ¢1(z,y), (7.30)
.. Yy
Y= —m = ¢a(7,y). (7.31)

In this case the determining equations (7.24)-(7.28) simplify to

Rii + @ Rypi + yR1ys + @1 R154 + P2 Rojy + 2R, = 0, (7.32)
Rory + 2 Rozy + YRoyy + 01 R1yy + P2 Royy + 2Ray = 0, (7.33)
Rity + 2Rizy + yRiyvy + ¢1R139 + G2 R1gy + Ry + Ry = 0, (7.34)
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Ry + 28 Rigy + 29 R1yy + ©° Riga + 28 R1ay + 92 Riyy + 012 R1s + Y1y Ris
+201 Rizi + 901 R1ys + 22 R1gy + YPaR1yy + ThopRiy + Y2y Ry

+¢1R15 + p2R1py — Rid1e — Ragar — ¢1R1z — p2Ra, =0, (7.35)
Row + 22 Royy + 29 Roty + ¥ Rogy + 209 Rogy + U Royy + 210 Ros + Y1y Ros
+2¢1 Rozi + 901 Roys + £h2Rogy + YpaRayy + ThoasRoy + 12y Ray

+¢1Rots + G2 Rary — R1¢1y — Ragpay — p1R1y — P2 Roy = 0. (7.36)

To solve equations (7.32)-(7.36) we seek an ansatz
Ry =a; (:Ca y) + a2(3:, y).I + a3(x> y)ya (737)
Ry = bl(xa y) + b2(x> y)x + b3($, y)y’ (738)

where a;’s and b;’s, i = 1,2, 3, are arbitrary functions of x and y. Substituting (7.37) and
(7.38) into (7.32)-(7.36) and solving the resultant equations we can obtain at least the
following three solutions.

(1) Ri=4, Ry =7, (7.39)
(i) Ry =y, Ry =, (7.40)
(iii) Ry =2yi—xy, Ry=—xi. (7.41)

We are also now searching for other possible forms with a modified ansatz. Substituting
(7.39) into (7.9) and (7.10) we get

. T Yy
(i) Si=——, So=—"773. 7.42
#(a? +12)% (22 +y2)? (742)

In similar way equations (7.40) and (7.41) provide us

» - Y - T
S =-= =—= 4
(ZZ) 1 y, SQ :C’ (7 3)
& (—ag+%) (@2 -5
= —7”‘ p— 77’ . '44
(wii) S 2yt — xy 52 T (7.44)

Substituting the expressions R;’s and S;’s, i = 1,2, into (7.18) and evaluating the integrals
we get,

1
/22 + yz’
which is of course the Hamiltonian of the system. The forms R;’s and S;’s, i = 1,2, provide
us

1. .
I = 5(;62 +9?) — (7.45)

I, = yi — xy, (7.46)
the second integral, namely, the angular momentum. The integrating factors R;’s and null
form S;’s, 1 = 1,2, lead us to

Y

I3 = i(yd — 2) — ———,
( ) e

namely, the Runge-Lenz constant.

(7.47)
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8 Final remarks

In this paper, we have discussed the method of solving a class of ODEs through the mod-
ified PS method. The method is applicable to both scalar and multicomponent equations
of any order. We also demonstrated the theory with examples. Apart from the above, in
the scalar case, we introduced a novel way of generating integral of motion from a single
integral and illustrated our ideas with the same example considered previously. The appli-
cation of this method to multicomponent systems and their integrability and linearization
properties will be published elsewhere.
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