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Abstract

Some classical types of nonlinear periodic wave motion are studied in special coor-
dinates. In the case of cylinder coordinates, the usual perturbation techniques leads
to the overdetermined systems of linear algebraic equations for unknown coefficients
whose compatibility is key step of the investigation. Their solutions give solutions
to the nonlinear wave equation which are periodic in time and found with the same
accuracy as the nonlinear wave equation is derived. Expanding the potential for wave
motion in Fourier series, we express explicitly the coefficients of the first two harmonics
as quadratic polynomials of Bessel functions. One may speculate that the obtained
expressions are only the first two terms of an exact solution to the nonlinear wave
equations.

1 Introduction

Separation of variables is one of the most important and old methods for solving the wave
equation

−κ
2φtt + △φ = 0 (1.1)

for potential φ (x1, x2, x3, t). The method was first used by L’Hospital in 1750. Because
of boundary conditions, a success requires choice of an appropriate coordinate system.
The wave equation can be solved by separation of variables in only 11 coordinate sys-
tems: Cartesian, confocal ellipsoidal, confocal paraboloidal, conical, cylindrical, elliptic
cylindrical, oblate spheroidal, paraboloidal, parabolic cylindrical, prolate spheroidal, and
spherical coordinates (Eisenhart 1934).

Our general aim is to generalize the method of separation of variables for nonlinear
wave equation:
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2φtt + △φ +
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2
α (∇φ·∇φ)t +

1

2
β

(

φ2

t

)

t
= 0 (1.2)

considered in the 11 special coordinate systems. In this communication, we focus our at-
tention on the case of cylindrical coordinates. The cases of elliptic cylindrical and parabolic
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cylindrical coordinates, where Mathieu functions and functions of parabolic cylinder are
involved, are essentially more difficult.

In the case of Cartesian coordinates, we can calculate the quadratic nonlinear correction
to any monochromatic solution of (1.1). However for cylinder coordinates, an attempt to
find a quadratic correction in terms of quadratic expressions of Bessel functions inevitably
leads to the overdetermined systems of linear algebraic equations for unknown coefficients.
The main author’s result is that these overdetermined systems are compatible in a series of
important cases which allow to construct explicit solution of (1.2) with the same accuracy
as the equation is derived.

In two-dimensional case, equation (1.2) is the shallow water equation (see [1]) describing
the long surface water waves.

In three-dimensional case, this is the nonlinear acoustic wave equation describing the
waves in an isentropic gas flow for the non-dissipative case (see [2], [3], and [4]).

2 Shallow water equation

Two classic types of nonlinear wave motion in shallow water are studied using the two-
dimensional version of (1.2).

The first type is the periodic nonlinear waves climbing a sloping beach. The center of
vertical coordinate system is located in the intersection of line of still water and of sloping
bottom.

The second type is the axisymmetric waves (caused by periodic source of energy) and
the simplest unsymmetric waves propagating over a horizontal bottom and considered in
the horizontal coordinate system.

Waves on a sloping beach

Computer algebra system is used for deriving and studying the high-order nonlinear sur-
face wave equations for long periodic nonlinear waves climbing on a beach. Potential is
expanded in Fourier series up to the fourth harmonic inclusively. Coefficients of these
series are explicitly presented as polynomials of Bessel functions. One may speculate that
the obtained expressions are the first terms of the expanded exact solution to the surface
wave equation over a sloping bottom. The first fourth harmonics for waves over a sloping
beach are given in [5], [6] and [7].

Waves in horizontal polar coordinates

In the classic book “Hydrodynamics”, §§ 191-195, [8] at least two special cases of long
linear waves over a horizontal bottom in polar coordinates (θ, r) are considered. The
first one is axisymmetric waves caused by periodic source of energy. The second one
is the simplest unsymmetrical wave motion used there for describing the unsymmetrical
waves in a circular basin. In this note we present two solutions of the nonlinear shallow
water equations in polar coordinates which are next order corrections to these well known
linear solutions. (Axisymmetric nonlinear waves were subject of numerical investigations
in series of papers. See bibliography in [9])

The potential at the bottom is expanded in Fourier series in time:
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f(r, θ, t) = ε2U(r, θ) + εS1(r, θ) sin (ωt) + εC1(r, θ) cos (ωt)

+ ε2S2(r, θ) sin (2ωt) + ε2C2(r, θ) cos (2ωt) + ... (2.1)

The explicit expressions for functions U , S1, C1, S2, and C2 up to the order ε2 are derived,
which are the homogenous polynomials of Bessel functions and trigonometric functions of
variable θ. Their coefficients are polynomials in r. The two linear solutions used in the
book of [8] are the following:

f(r, θ, t) = εJ0(ωr) sin (ωt) + εY0(ωr) cos (ωt) , (2.2)

f(r, θ, t) = εJ1(ωr) cos θ sin (ωt) . (2.3)

Nonlinear axisymmetric waves with periodic source

Below we denote by S = S (r) and C = C (r) two solutions of the equation rZrr + Zr +
ω2rZ = 0, and by S′ and C ′ theirs derivatives. Functions S and C can be expressed as
linear combination of Bessel functions.

f(r, t) = εS sin (ωt) + εC cos (ωt) + ε2

(

ω

2

(
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)

+
3ω

4
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)

sin (2ωt)
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(
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4
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)

cos (2ωt) (2.4)

Nonlinear unsymmetric case, standing waves

f(r, θ, t) = εC ′ cos θ cos (ωt)

+ ε2

(
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8
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3ω3

8
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8
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)

cos 2θ

)

sin (2ωt) . (2.5)

The presented nonlinear corrections alter dramatically the topology of contours of sur-
face waves. In particular, the contours vary in time in contrast with Lamb solution and
the surface is never flat.

3 Nonlinear acoustic wave equation

Three-dimensional nonlinear acoustic wave equation (1.2) for potential φ (x1, x2, x3, t) de-
scribes the waves in an isentropic gas flow for the non-dissipative case (see , [2] [3]and
[4]).

We present a series of its solutions of (1.2) in the cylinder coordinates (θ, r, z). These
solutions describe periodic waves traveling in direction of axe z and have the same accuracy
as equation (1.2) is derived. Among other applications, they can be useful for describing
the nonlinear wave motion in tubes, waveguides, and resonators or the nonlinear waves
scattered by a cylinder or by a wedge. The linear versions of these solutions were studied
and used in a series of classic books (see [8], [10], and [11]). The presented solutions give
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nonlinear corrections to the classical linear solutions describing the wave propagation in
tubes and waveguides.

The potential ϕ written in the cylinder coordinates is assumed to be expanded in
Fourier series:

ϕ (r, θ, z, t) = εS1(r, θ) sin (Kz + ωt) + ε2S2(r, θ) sin (2Kz + 2ωt)

+ ... + εmSm(r, θ) sin (mKz + mωt) + ... (3.1)

The function S1 (r, θ) is periodic in θ, and we assume that it can be presented as a Fourier
series in respect to θ containing only four terms:

S1 (r, θ) = a0J0 (kr) + a1J1 (kr) exp (iθ) + a2J2 (kr) exp (2iθ) + a3J3 (kr) exp (3iθ)

because they are considered to be the most important (also because we failed to find the
general expression) and k =

√
κω2 − K2 (see, for example [10]). We can assume that

k = 1 without a loss of generality.
The main result of this work consists in the explicit expressions (3.3) - (3.12) for the

function S2, which are homogenous polynomials of Bessel functions J0(kr) and J1(kr) and
the trigonometric functions of angular variable θ. Their coefficients are polynomials of
r−1 and r. These expressions give periodic solutions to equation (1.2) within the same
accuracy as the equation is derived.

We seek a particular solution in the form

S2(r, θ) = a2

0M00 + a0a1M01 exp (iθ) + a0a2M02 exp (2iθ) + a2

1M11 exp (2iθ)

+ a0a3M03 exp (3iθ) + a1a2M12 exp (3iθ) + a1a3M13 exp (4iθ)

+ a2

2M22 exp (4iθ) + a2a3M23 exp (5iθ) + a2

3M33 exp (6iθ) (3.2)

where Mij = Qij00J
2

0
+ Qij01J0J1 + Qij11J

2

1
and Qijsl are polynomials of r−1 and r with

unknown coefficients.

The explicit expressions for Mij are following:

M00 = − (λ − µ)
r

2
J0J1 + µJ2

0 (3.3)

M01 = (λ − µ)
(r

2
J2
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2
J2

1

)
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M02 = (λ − µ) (rJ0J1) + µJ0J2 (3.5)

M11 = (λ − µ)

(

r

2
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1

2
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1

)
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1 (3.6)
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0 +
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r

2

)
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1
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M12 = (λ − µ)

(
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M22 = (λ − µ)
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(3.11)
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(3.12)

4 Conclusions

A series of nonlinear solutions (3.3) - (3.12) found with the accuracy of ε2 to the nonlinear
acoustic wave equation in the cylinder coordinates is presented. The potential ϕ (r, θ, z, t)
is a bounded function. If a1 = a2 = a3 = 0, it tends to zero when r tends to infinity. The
solution can be checked by substitution into equation (1.2).

The linear versions of these problems when the terms only of the first order in ε are
retained were studied in a number of classical books of (see [8], [10], and [11]).

The derived formulas are obtained by the method of unknown coefficients as solutions
of some overdetermined systems of algebraic linear equations. The reason for their
solvability remains obscure in the moment.

Nevertheless, I conjecture that more general solution ϕ (r, θ, z, t) can be found (with
accuracy ε2) in the following form:

(r, θ, z, t) = εS1(r, θ) sin (Kz + ωt) + ε2S2(r, θ) sin (2Kz + 2ωt) (4.1)

S1(r, θ) = b0J0 (r) + J1 (r) (b1 cos θ + c1 sin θ)

+ ... + Ji (r) (bi cos iθ + ci sin iθ) + ... (4.2)

S2(r, θ) = M0 + M1 cos θ + N1 sin θ + ... + Mi cos iθ + Ni sin iθ + ... (4.3)

where Mi and Ni are quadratic polynomials of Bessel functions: Mi = Qi00J
2
0
+Qi01J0J1+

Qi11J
2
1

and Ni = Pi00J
2
0

+Pi01J0J1 +Pi11J
2
1

whose coefficients Qi00, Qi01, Qi11, Pi00, Pi01,
and Pi11 are polynomials of r and r−1.
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