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Abstract

It is shown that solutions to the intermediate surface diffusion flow are real analytic
in space and time, provided the initial surface is real diffeomorphic to a Euclidean
sphere.

1 Introduction and main result

Of concern is the following nonlocal geometric evolution problem. Given a compact closed
orientable immersed M hypersurface of R™*! find a family M = {M(t);t > 0} of
surfaces such that

V(t) = AM(t)<5 — MAM(t))leM(t) on M(t) fort >0,
M@O)=M at t=0. (1.1)

Here V' is the normal velocity of M and A,/ and Hyy() stand for the Laplace-Beltrami
operator and the mean curvature of M(t). Furthermore, 6 and p are positive constants.
The evolution equation (1.1) does not depend on the local choice of orientation. However,
if M(t) encloses a domain Q(t) (which is the physical relevant case), we always choose the
orientation such that V() is positive if Q(t) grows and such that H(t) is positive if M (t)
is convex with respect to €2(¢). We mention that in the plane case sometimes the opposite
orientation is used.

Equation (1.1) is called intermediate surface diffusion flow and was first proposed by
J W Cahn and J E Taylor [8] to describe a geometric growth law for a moving interface
where surface diffusion is the only transport mechanism and the reduction of total sur-
face energy is the only driving force for surface motion, cf. [8, 22|. In this framework,
the constants 1/6 and 1/u are called the diffusion coefficient and the mobility constant,
respectively. Formally, as 6 — 0 and p — 0 the evolution law (1.1) connects the averaged
mean curvarutre flow V = FM(t) — Hyy (), where HM(t) is the spatial average of H)y(y),
and the surface diffusion flow V(t) = AprHps(p), see [8, 14]. This explains the name
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of (1.1). For the case 4 = 1 and 6 — 0 it is rigorously shown in [10] that the solutions
to (1.1) converge in C12+ to the corresponding solution of the averaged mean curvature
flow. The limit p — 0 is still open.

The first mathematical results for (1.1) was presented by C M Elliott and H Garcke [9].
They prove both global existence and stabilty results for plane curves when M is close to
a circle. These results were extended in [14] to the multi-dimensional case. More precisely,
writing h® for the little Holder spaces of order s > 0, see Section 2, we have

Theorem 1.1. (i) Let M be a surface of class h*>t8 with 3 € (0,1). Then the intermediate
surface diffusion flow (1.1) possesses a unique classical solution M = {M(t); t € [0,tT)},
where tT :=t* (M) > 0 is the maximal existence time. The mapping [t — M (t)] is smooth
on (0,tT) with respect to the C*-topology and continuous on [0,t) with respect to the
h2*B _topolgy.

(ii) Let S be a fived Euclidean sphere and let S denote the set of all spheres which are
sufficiently C**tP-close to S Then S attracts at an exponential rate all solutions which are
C?**tB_close to S. In particular, all solutions starting from such a neighbourhood exists
globally and converge exponentially fast to some sphere ast — oco. The convergence is in
the C*-topology for any fized k € N.

The purpose of this paper is to extend the existence and uniqueness part of Theorem 1.1
to At initial data and to show that the solutions to (1.1) are actually real analytic,
provided M is chosen suitably. More precisely, we shall prove the following result:

Theorem 1.2. (i) Let ¥ be a smooth compact closed immersed oriented hypersurface
of R™*Y and assume that M is the graph over ¥ of a h'*®-function with o € (1/2,1).
Then (1.1) possesses a unique solution {M(t); t € [0,tT)} in

C([0,t7), hIToE)) nCl(jo, t1), e H(X)).

The mapping [(t, M) — M (t)] is a continuous semiflow on an open subset of h!T(X).
(ii) Assume that ¥ is real analytically diffeomorphic to the Euclidean sphere S™. Then

U () = M)

te(0,t1)
is a real analytic manifold.

Theorem 1.2 is obtained by applying a recent result on the smoothing property of
abstract fully nonlinear parabolic evolution equations on symmetric spaces, cf. [15]. We
present this general framework in Section 4. It is based on the concept of continuous
maximal regularity which will be introduced in Section 2. In Section 3 we provide a suitable
parametrization of a tubular neighbourhood R of ¥ which allows to translate (1.1) in R
into a nonlinear nonlocal parabolic evolution equation on the reference manifold 3.

2 Continuous maximal regularity

In this section we briefly introduce the notion of maximal regularity in the sense of
Da Prato—Grisvard. For this let Fy and F; be Banach spaces such that FE; is conti-
nuously injected and dense in Ey. Let H(E1, Fy) denote the subset of all A € L(Fy, Ey)
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such that — A, considered as a, in general, unbounded operator in Ej, generates a strongly
continuous analytic semigroup on Ey. Let B C Fp be open and assume that

P eC¥(B,Ey) with OP(v) € H(Ey, Ey), v€EB (2.1)

where OP(v)h := d%P(v + €h)|:=0 denotes the Fréchet derivative of P at v € B.
Given T > 0, set

Eq := C([0,T], Ey), E, := C([0,T], E1) n C*([0,T), Ey),

and let v : Eg — Ep, u+— u(0) denote the trace operator in Eg. We assume that (Eg,Eq)
is a pair of maximal regularity for 9P (v), this means we assume that

<% + 8P(v),7> € Isom(E1,Eg x Ey), v€ B. (22)

We are now ready to formulate the following existence and uniqueness result:

Theorem 2.1. Assume that (2.1) and (2.2) hold true. Then, given any uy € B and
f € C¥Ry, Ey), there exist tT :=tT(ug) > 0 and a unique mazimal solution

u = u(-,up) € C([0,t7), B) N C([0,tT), Ey) (2.3)

of the initial value problem

d

o + P(u) = f, u(0) = up. (2.4)
Remarks 2.2. a) Theorem 2.1 essentially goes back to Da Prato and Grisvard [7]. For
some refinements and generalizations see also [4].

b) Observe that assumption (2.2) and Theorem 2.1 coincide in the linear case, i.e., if
B = Ej and P € L(E1, Ey). Nevertheless, it is not at all clear whether or not property (2.2)
can be verified if Fy # Ey. In fact, it follows from a result of Baillon [6] that, in case E; #
Ey, property (2.3) can only be expected if Ey contains an isomorphic copy of the sequence
space cg. In particular, (2.3) will never be true in reflexive Banach spaces. However, in [7]
the continuous interpolation functor (-,-)) . was introduced, an interpolation method
producing non-reflexive Banach spaces for which condition (2.2) can be verified.

c) Let us briefly introduce an important scale of Banach spaces, which may be realized
as continuous interpolation spaces. Given s € R, define the little Holder to be

buc®(R™) := closure of BUC™(R™) in BZ, ,(R™),

where B, (R™) stands for the Besov spaces as defined in [23]. Note that the spaces
B3, (R™) coincides with the ususal Holder spaces BUC®(R™), provided s > 0 is not an
integer, see Theorem 2.5.7 and Remark 2.2.2.3 in [23]. Then it is shown in [19], Theorem
1.2.17 that

(BUC(R™), BUC™(R™))§ o, = buc’"(R™)

for all n € N and 0 € (0,1) such that On ¢ N.
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d) Assume that M is a smooth Riemannian manifold with bounded curvature and
positive radius of injectivity. Then Lemma 2.26 in [5] ensures the existence of a uniformly
locally finite covering of geodesic balls M (p;,0) with p; € M, j € N and § > 0. As before
the spaces buc®(M) are defined to be the closure of BUC*™ (M) in BUC®*(M). Again we
have that

(BUC(M), BUC™(M))§ o, = buc®™ (M)
for all n € N and 0 € (0, 1) such that On ¢ N, cf. the proof of Corollary 1.2.19 in [19]. For
simplicity we write h*(M) = buc®(M) for s € R if M is compact.

e) A further scale of Banach spaces for which maximal regularity can be verified are the
so called little Nikol’skii spaces. They can be realized as continuous interpolation spaces
of Bessel potential spaces, cf. [7], Section 6 and [21], Section 6.

f) Consider again the “linear” case B = Ej and P € L(E, Ep) and suppose in addition
that f = 0. Then problem (2.4) has for each uy € Ej a unique solution in the class E; (for
any T' > 0, of course), provided — P generates a strongly continuous semigroup, which does
not need to be analytic. However, it is shown in [7] that the semigroup is automatically
analytic if condition (2.2) is supposed to hold, see also Proposition I11.3.1.1 in [2].

g) A well-known characterization of generators of analytic semigroups yields that A €
L(E1, Ey) belongs to H(E1, Ep) if there are positive constants £ and w such that [Re A >
w] C p(—A) and

M+ A) 2 < 5 Rel > w.

h) Finally, we mention that Theorem 2.1 remains true under a much weaker regularity
assumption for P. Indeed, it suffices to assume that P is continuously Fréchet differen-
tiable. Under these regularity assumption it can also be shown that the mapping

U (0.7 (@) x {&}) = B, (t,2) — u(t,z)

z€eB
is a semiflow on B, provided f does not depend on t. However, since we are looking for
possible smoothing properties of solutions, we presuppose analyticity of P from the very
beginning.

3 Parametrization

We parametrize (1.1) in a neighbourhood of an analytic compact closed immersed oriented
hypersurface ¥ in R™*!. To make this precise, let v denote the unit outer normal field
on X. Moreover, given a > 0, choose a localization system {(Uj,¢;); 1 = 1,...,n} for ¥
such that ¥ = Uj";U; and

o1 (—a,a)™ = U, Le{l,...,n},
is an analytic parametrization of U;. Shrinking a > 0 if necessary, we may assume that

X, : Uy x (—a,a) — R™ Xi(s,7) :=s+rv(s)
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is a smooth diffeomorphism onto its image R; := im(X;), i.e.
X € Diﬁw(Ul X (—a,a),Rl).

The inverse of X; can be decomposed in the following way. Writing S; € C*(R;, U;) and
A € C¥(Ry, (—a,a)) for the metric projection of R; onto U; and for the signed distance
function with respect to U;, respectively, we have Xfl = (S}, Ay). In particular, observe
that R := U} ;R consists of those points in R™*! with distance less than a to 3.

We now fix a > 1/2, let

W(2) = Wa(2) = {p € (D)5 Ipllors) < a/2},

and define
M, = [ J{Xi(s, p(s)); s € U}
=1

for p € W(X). Then M, is a compact closed oriented immersed hypersurface in R™*1 of
class h!'T®, which can be seen as a graph in normal direction over 3. Of course, p measures
the signed distance of X to M,. For convenience let us also introduce the mapping

0, : X — M, s— Xi(s,p(s) for seU.

Then 6, is a well-defined global diffeomorphism of class e from ¥ onto M,. By means
of this diffeomorphism we can pull back the Euclidean metric on M, to ¥, producing
in that way a Riemannian manifold which we denote in the following by ¥(p). We now
consider a family of hypersurfaces in R. More precisely, let T > 0 be given, and define
I:=10,T], as well as

W(Sr) := Wa(Sr) := {p € C(LE'(2); lplea.ors) < a/2}-

Then, given p € W(Xr), we transform the evolution equation (1.1) for the family {M;
t € [0,7} into an evolution equation on X. For this we first calculate the normal velocity
of [t +— M,)]. We have, cf. [11],

V(t,s) = dup(t, s) / Vo®p(@,t)]omg (o) for (ts) €T x5,
where we used the function
(I)P PR x [OvT] _>R7 (:U>t) l—>A($)—p(t,S(.T))

to represent M, as the 0—level set of ®,(,1), i.e. M,y = ®7(-,1)(0). To shorten our
notation, let

L(p)(ta S) = ‘vxq)p(xvt)’:czep(t)(s)? (ta S) el xX.

Moreover, we write K(p) := 0,H and A, for the mean curvature and Laplace-Beltrami
operator of X(p), respectively. Here, 0; denotes the pull-back operator induced by the
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diffeomorphism 6,, i.e. 67f = fo6, for f € C(M,). This means in particular that we
have

UANY;

P o = APGZ'

Given py € W, (X)), consider now the following nonlinear nonlocal partial differential equa-

tion

d .
d—f = L(p)A,(6 — uA) 'K(p) in Ix3,  p0)=py on 3. (3.1)

In order to treat (3.1) in the framework of Theorem 2.1, we set
P(p) := L(p)A,(6 — pdp) 'K(p) for peW(T)nh*(%).

Our first result in this section shows that P can be extended to an analytic mapping with
values in h*~1(X).

Lemma 3.1. There exists an extension of P, again denoted by P, which belongs to the
space P € C¥(W (%), ho~1(%)).

Proof. (i) We first express the terms L(p), K(p), and A, in local coordinates. To make
this precise, let

ﬁl(s) = p(@l(s))’ XZ(S,T) = Xl(sol(s)’r)v (S’T) € (_ava)m—&-l’

be the local representations of p; and X; with respect to U;. In the following we do not
always distinguish between p;, X; and their local representations py, Xl, as well as between
local coordinates s € (—a,a)™ and the corresponding points ¢;(s) on U;. Moreover, we
suppress the index [ € {1,...,n} if no confusion seems likely. Given p € W (X), define

w]k(p)(s) = (6JX|8kX)|(s,p(s))7 s € (_a7a)m’

for j, k € {1,...,m}, where (-|-) stands for the Euclidean metric in R™*! and 9; denotes
the partial derivative with respect to the j-th variable of s. Since p belongs to W(X), the
matrix [wj,(p)] is invertible and we write w/*(p) for the entries of its inverse. Then we
have

L(p) = /1 + w3k ()9 p1p (3.2)

cf. (2.3) in [13]. In (3.2) and in what follows we use summation convention over repeated
indices. Moreover, we write

. 1.
ir(p) = §wzl(P) (Ok(01X10;X) — 0(0; X |0k X) + 0;(Ok X109, X)) |,

('710)

for the corresponding Christoffel symbols. Then Lemma 2.1 in [13] shows that K (p) carries
a quasi-linear structure, i.e. given p € W(X), there are

Ki(p) € LIBFH(D),he(D)) and  Ka(p) € he(T) (3.3)
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such that
K(p) = Ki(p)p+ Ka(p) for pe W(Z)nh**(D). (3.4)

In the chosen local coordinates these mappings are represented as:

Ka(p) = s [ = LGP0 0) + w7 (o) (0100, 001
+ { LoPw ™ ()T (p) + ' (o) ()T (p)Oup
+ 20" (p)T,, 4 1)k (0)Onp — W' (p)w*™ (p) %(p)@zp@np}&} (3.5)
and
Kolp) =~z ()T ). (3.6)

In order to express A, in local coordinates, let 7 be the Euclidean metric and write
o(p) = On for the Riemannian metric on ¥ induced by the diffeomorphism ¢,. This means
that, using the above introduced notation, we have X(p) = (X,0(p)). Let further o;1(p)
denote the components of o(p) in local coordinates and write o7*(p) for the components
of the inverse of [0j;(p)]. Using again summation convention over repeated indices, the
Christoffel symbols of o(p) in the chosen coordinates are given by

o (p) [ Ookn(p) L 99inlp) _ 9osn(p)
2 0si Osk ost |’

’Yé’k(ﬂ) =

and we have

“hl)ga]s pEWEINID), .1

cf. the proof of Lemma 2.1 in [13].
(ii) It follows from [11, p.1037] that w;i(p) is a quadratic polynomial in p. Moreover,
we have that

[p+— 0, —ids] € L(WT(X), W1 (2, R™)).
This obviously implies that
wi € CHW(S), W), o € C2(W(S),h%(S)), (3.8)
and consequently:
w*, Th € C¥(W(R),hT(R)), o/F € C¥(W (D), h%(%)). (3.9)
(iii) Combining (3.9) and (3.2), we see that

L € CY(W(),h*(%)). (3.10)
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Recall that we have assumed that o > 1/2. Hence o > max{l —«, a—1}, and we conlcude
from [23, Theorem 2.8.2] and a localization argument that

h(2) x h*7HE) = h7HE),  (f.9) = fg (3.11)

is continuous and bilinear. Using this and Theorem 2.3.8 in [23], it follows from (3.5),
(3.6), and (3.9) that

o= K(p)] € C*(W(2), h*~H(X)). (3.12)
(iv) Let pg € W(X) be given and choose £ > 0 such that
By = Bh1+a(2)(/)0a50) C W(E)

For simplicity we set X := h*"1(X) and X; := h'T*(X), and denote the Xo-realization of
d — pA, by A(p). Shrinking ey > 0, it follows from Theorem 4.2 in [3] and a localization
argument that

Alp) € H(X1, Xo), p € Bo. (3.13)

Moreover, we conclude from Theorem 7.4.3 and Remark 7.2.5.1 in [24] that Ry belongs
to the resolvent set res(A(p)) of A(p) for all p € By. Observing (3.7), we infer from (3.13)
that

= A)A©)™Y, [pr— ApA(0)™] € C¥(Bo, L(Xa)). (3.14)
The first assertion in (3.14) yields
[p = A(0)A(p) "] € C*(Bo, £(X0)), (3.15)

since [B — B~1] € C*(L(Xy)), see Theorem VIIL.7 in [25]. From the second assertion
in (3.14) and (3.15) we thus get

[0 = A,A(p) "] € C¥(Bo, L(X0))- (3.16)

Since pointwise multiplication in A%(X) is bilinear and continuous, it remains to combi-
ne (3.10), (3.12), and (3.16) to complete the argumentation. [ |

Lemma 3.2. Given p € W(X), we have
OP(p) € H(A'T (), h*~H(D)).
Proof. Let p € W(X) be given. Then

P(p) = 3 LK (p) = S Lp)6 — ) K p)

- iup)m(p)p + iup)m(p) 60— A K (p)]

Observing (3.5), (3.6), (3.7), and (3.10) we find that there is a

R e C®(W(D), LW (D), (%)) (3.17)
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such that

1 «
OP(p)h =~ L(p)Ki(p)h+ R(p)h,  (p.h) € W(2) x h4(2).
It follows from Lemma 3.2 in [12] that Kj(p) is a strongly elliptic differential operator
with coefficient belonging to h*(X). Moreover, L(p) € h*(X) is positive. Thus we infer
from Theorem 4.2 in [3] that K;(p) € H(h!T%(X), h*"1(X)). Combining this with (3.17),

a well-known perturbation result for generators of analytic semigroups shows that 0P (p) €
H(RF(X), he~ (D). |

Corollary 3.3. Let E; := h* 'T2I(3) for j =0, 1 and B := W(X). Then the operator P
satisfies the hyptheses (2.1) and (2.2).

Proof. Let 5 € (1/2,«) be fixed. Then, given p € B, the very same arguments as in
Lemma 3.2 ensure that OP(p) € H(h'FP(X™), hP~1(X™)). Since the spaces h*(X™) are
stable under continuous interpolation and since the maximal Fy-realization of dP(p) €
L(AMHB(E™), hP=1(E™)) obviously coincides with OP(p) € L(E1, Ep), Theorem 2.3 in [21]
implies that P satisfies assumption (2.2) as well. [ |

Corollary 3.4. Let pg € W(X) be given and let M be the graph of py in normal direction.
Then there is a T = T(M) > 0 such that (1.1) possesses a unique solution {Mpy);t €
[0,T)} with

p € C(0,T), A (%)) N CH([0,T), hH(X)).

Proof. This follows from Corollary 3.3 and Theorem 2.1. |

4 The smoothing property

Let ¥ be an analytic closed Riemannian manifold of dimension m and assume that Ej
and E; are Banach spaces of functions over Y. More precisely, assume that E7 is dense
in Ey and that

El — BUC(E), El — EO — D/(E), (Al)

where D/(X) stands for the space of all distributions on X. Throughout this section we
presuppose (2.1) and (2.2) and we let u denote the solution of (2.4) on [0,¢"), where
ug € B is given and where we assume for simplicity that f = 0. Moreover, we set
a(t,q) := u(t)(q) for (t,q) € [0,t7) x 3. Our goal is to show that u enjoys a smoothing
property. Hence, subdividing the interval of existence and using the semiflow property
of u, see Remark 2.2(h), we may assume without loss of generality that ¢+ < 1. Further,
we fix T € (0,¢7) and set I :=[0,7].

From Theorem 2.1 we know that u belongs to C(I, B)NC(I, Ey). Since we are dealing
with nonlinear equations, including fully nonlinear partial differential equations involving
nonlocal terms too, there is no reason to expect v to have any further regularity, like

we CXIN{0L, B or  we O\ {0}, (B, Ba)a), (4.1)



The Intermediate Surface Diffusion Flow on Spheres 37

where Ej stands for the domain of definition of [0 P(ug)]?, equipped with the corresponding
graph norm and where (-, ), denotes a suitable interpolation method. However, it turns
out that there is actually a strong smoothing property for solutions of problem (2.4),
provided we impose suitable symmetry properties for the manifold ¥ as well as for the
nonlinear operator P.

It should be remarked that if P carries a quasilinear structure in the sense that Theo-
rem 12.1 in [1] is applicable it can be shown that the corresponding solutions do in fact
possess a smoothing property in the sense of (4.1) without any geometrical condition on
or on P.

Concerning the manifold > we shall assume that it is analytically diffeomorphic to
a globally Riemannian symmetric space. More precisely, we assume that

there exists a globally symmetric
Riemannian space M and a ® € Diff“(M, ¥). (A2)

Recall that a Riemannian manifold M is called a globally symmetric space if it is connected
and if for each p € M there is a involutive isometry o, : M — M such that p is an isolated
fixed point of o,. Observe that o, reverses in particular geodesics passing through the
point p. This implies that M is complete and, by the Hopf-Rinow theorem, that the
group I(M) of all isometries acts transitively on M. Observe further that (Ag) implies
that (X, ®,g) is a globally symmetric Riemannian space, where g denotes the metric of M.
However, in view of applications, we prefer to keep the original metric on X.

Let now ®* and ®, denote the pull back and push forward operator induced by ®. This
means that, given v € D(X) and w € D(M), we have

v :=vod and P,w:=wod !,

where, of course, D(X) stands for the space of all test functions over X. It follows from
Theorem 2.2.26 and Corollary 2.2.21 in [17] that M has bounded curvature and a positive
radius of injectivity ¢ > 0. Hence Lemma 2.26 in [5] ensures that there exists a uniformly
locally finite covering of geodesic balls M (pj,d) on M and a smooth partition of unity
{mj;j € N} subordinated to {M(p;,d); j € N}. Using this partion of unity it is not
difficult to verify by duality that

®* € Isom(D'(X),D'(M)), &, € Isom(D'(M),D' (%)) with [®*]"! = ®,.
For j =0, 1, let now
Fp={v;ve B}, |ullg =|®wlp, we P

Then F; := (Fy; || - [|F;) are well-defined Banach spaces such that Fy is continuously
injected and dense in Fy. Moreover, we have Fy C D'(M) and Fy C BUC(M). We next
introduce

Q(w,®) := d*P(P,w), veD,
where D := {®*v; v € B}. Of course,

Disopenin F; and Q(-,®) € C¥(D, Fy), (4.2)
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because of the fact that ®* : E; — F} is an isometric isomorphism. We write 01Q(w, ®) €
L(F1, Fy) for the Fréchet derivative of Q(-, ®). Further, we need the spaces

Fo:=C(I,Fy), Fi:=C(I,F)nC'I,FR). (4.3)

The pull back and push forward operator induced by ® on Eg and Fy are defined pointwise
with respect to t € I, i.e., given v € Eg and w € Fy, let

v : [ — Fy, t+— P*v(t), Sw: I — Ey, t— w(t).

Of course we do also not distinguish notationally between ®* and ®, and restrictions of
these operators to linear subspaces of Eg and Fy, respectively.

Lemma 4.1. The following assertions hold true:
(i) ®* € Isom(E;,F;), ®. € Isom(F;,E;) and [®*]7! = &, for j =0, 1.
(ii) (F1,Fo) is a pair of mazimal regularity for hQ(-, ®), i.e.,

d
<E +01Q(w, ), ) € Tsom(Fy, Fo x F1), we D. (4.4)
Proof. The first assertion follows from the construction of the spaces F;, j = 0, 1. The
second one is a consequence of (i) and the chain rule. [ |

Let G := Io(M) be the identity component of the group (M) of Cl-isometries on M. Tt
follows from (Ag) and from Theorem 1.4.6 in [18] that G acts analytically and transitively
as a Lie transformation group on M, so that M is a homogeneous Riemannian space with
respect to G. Fix pg € M and let H := {g € G; g-po = po} denote the isotropy group
of pg, where - : G x M — M denotes the action of G on M, which is real analytic as well,
see again Theorem 1.4.6 in [18]. Furthermore, G/H admits a real analytic structure and

j:G/H—=M, g-H~g-po
is a real analytic diffeomorphism, cf. Proposition 1.4.2 in [18]. By means of this diffeomor-
phism we always identify M with the coset manifold G/H. Finally, recall that
o R™,
e the unit sphere S = SO(m + 1)/S0(m),
e products of Riemannian globally symmetric spaces

are Riemannian globally symmetric spaces.

Let Y be a nonempty set. Given f € YM and g € G, we define g - f € YM by
g- f(p) := f(g-p). The next result contains the transformation rule for the operator @
with respect to G which will be needed in the following

Lemma 4.2. Let g € G be given. Then
(i) g-® € Diff*(M,%);
(i) g- Qw, ®) =Q(g-w,g-P), weD.
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Proof. (i) This follows from the analyticity of the group action of G on M.
(ii) Given g € G we have

(g-®)v=yg-(P"), vE€E E, (9-P)u(g9-w)=dw, weF,. (4.5)
Thus we find

Qg -w,g-®)=(g-2)"P((g9-P)«(g-w)) = (g-P)" P(Psw)
=g (2"P(P.w)) = g Q(w, P),

for any w € D. |

We call G a strongly continuous transformation group on the spaces E; if [v —
g-v] € L(E;) for all g € G and if

a, : G — Lj, g—g-v
is continuous at the unit e of G for any v € E; . We next assume that

G is a strongly continuous transformation group on Fj for j =0, 1. (As)
Writing L(G) for the Lie algebra of G, we define

Tx(t)w :=exp(tX) w for (X,t,w)e L(G) xR x Fj.
It follows from (As) that {T'x(¢); t € R} is for any X € L(G) a strongly continuous group
on Fy. We write Ax for the infinitesimal generator of {T'x(t); t € R}. It follows from
Theorem 1V.3.3 in [16] that L(G) is finite dimensional. We fix a basis B = {X1,..., Xn}
of L(G) and assume that

Fy — dom(Ax) forany X € L(G), (Ay)
where dom(Ax) is given the graph norm of Ax. Observe that (A4) implies that

Ax € L(Fy, Fp) for any X € L(G). (4.6)
Recall that, given v € F}j, we have set

ay : G — Fj, gr—g-uv.
We write dga, for the differential of a, at g € G, provided a, is differentiable, of course.

Lemma 4.3. (i) If v € F}; then a, € C(G, F}) for j =0, 1.
(ii) If v € Fy then a, € CY(G, Fy) and, given (g, X) € G x L(G), we have

dga, X = g - Axv. (4.7)
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Proof. (i) Let ¢ € G and choose a sequence (gx) in G such that g — g. Since G is
a strongly continuous transformation group on F; we find

av(gk) = ag~v(gkg_1) —g-v = av(g) in Fj.

(ii) Due to (i) and (4.6) it suffices to prove (4.7). Identifying 7.G = L(G), we have that
{g-exp(tX) t € R} is an integral curve on G through ¢ with tangent vector X. Thus (Aj3)
yields

. tX)) — tX) v —
lim au(g - exp(tX)) — av(9) =g -lim —exp( ) v-v =g-Axv in Fy,
t—0 t t—0 t
since v belongs to F; C dom(Ax). [ ]

Remark 4.4. Let M = ¥ = R and E; = BUCY(R) for j = 0, 1. Then F; = E; for
j =0, 1 and, given v € F; and A € R, we have that a,(\) = 7\v, where 7\v denotes the
left translation by A € R of v. This shows that the regularity of a, with respect to G as
stated in Lemma 4.3 is optimal.

Recall that B = {X7, ..., Xx} denotes a fixed basis of L(G). Given (u1,...,un} € RV,
we write

N

pB =Y Xy, Tu(t):=Tup(t), Au:=Aup.
=1

Let B, F, and G be Banach spaces. Writing £2(E x F,G) for the Banach space of all
bilinear continuous mappings from F x F' to GG, we have

Corollary 4.5. [(u,w) — A,w] € L2(RY x Fy,Fy).
Proof. It follows easily from Lemma 4.3 that [(u,w) — Ajw] is bilinear. Let C' :=

N
> Il Ax, |l 2(r,Fy) and observe that (4.6) implies that C' < co. Now, given w € Fy, p € RY,
k=1

and t € I, we have

N N
1A R = lldeawy D e Xillry < lulen Y 1Ax,w(®)llr < Clulllwllr, -
k=1 k=1
Taking the maximum over ¢ € I, we get the assertion. |

We shall now formulate the compatibility condition for the operator P with respect
to G. For this we first have to introduce the following assumption:

D is invariant under T}, (t) for all (4,t) € (—e9,c0)" x 1. (As)
Further, let Dy := C(I, D) N CY(I, Fy), pick (1, w) € (—e0,20)" x Dy, and define

Qp, w)(t) = Qw(t), T,(H)®),  tel,
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where T),(t)® := exp(tuB) - ® for (t,n) € R x RN, Observe that (A5) ensures that this
definition is meaningful. Moreover, we have

Q(p, w)(t) = (T (0)2)" P((T,(1)®)sw(t)), tel.
Hence Q(u,w) € FOI . We need that this function belongs to Fy and that the operator
Q(u,w) depends analytically on (u,w). For this we first observe that

D; is an open subset of F. (4.8)

Indeed, this follows from the compactness of I and the fact that D is open in Fy. We now
assume that there is a 7 € (0, &) such that

[(1, w) = Q(p, w)] € C¥(Brn (0,7) x Dy, Fo). (4s)
Remarks 4.6. a) Assume that D — Fpy, v — ®*P(®,v) is equivariant with respect to G,
ie. P*P(Pug-v) = g- P*P(d,v) for (¢g,v) € G x D. Then assumption (Ag) is verified.
Indeed, recalling (3.5) we get

Q(p, w)(t) = (T ()®)" P((Tu (1) ®)sw(

— T, () P(®, T (~t)u(t))
= 0" P(@.u(t)) = Q(u(t), )

t)

for w € D and ¢ € I. Now the assertion follows from (4.2).
b) Assume that ¥ = M = R™ and that ® = id. Furthermore, set

Ey = buc®(R™), B := E; := buc*™*(R™)
for some a € (0,1). We fix a € buc®(R™) and define
P(v) :==alAv for ve Ej. (4.9)

Obviously, P is only equivariant under translation if a is constant. In order to satisfy (Ag)
for nonconstant coefficient functions a, observe that

Q(u, w)(t) = (mpa)Aw(t) for w € Eq,
where 7,4 stands for the left translation of a by the vector £ € R™. Assume now

a € BUC*™(R™) and there is a My > 0 such that
10%al| pyce mmy < Mok! for all k € N. (4.10)

Clearly, (4.10) implies that a € C¥(R™), but observe that (4.10) is in general stronger than
pointwise analyticity. If (4.10) holds then P satisfies (A4g). Indeed, given (u,w), (v,h) €
R™ x IF; we have

O*Q(p, w)[v, h* () = (1, 0%a)[tv])* AR(t), tel, keN,
and therefore
105 Q(, w) v, k¥ |lgy < |TV[fm ||2llr, 10%all prcam), k€ N.

Recall now that we have by assumption 7' < 1. Hence we conclude that (Ag) is satisfied
with r = 1.
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We next fix €9 > 0 such that A\t € [0,¢) for all A € (1 —&p,1+¢p) and all ¢ € [0,T].
Given now any (A, 1) € (1—¢eg, 1+e0) xRN, we define vy , € FJ by vy ,(t) := T,,(t)®*u(At)
fort € I.

Our next result shows that the function vy , solves a parameter dependent evolution
equation involving the operators Q and A,. In order to economize our notation, we set
T :=Tl(gp) := (1 — €0, 1 + €0) X (—e0,€0)Y

Lemma 4.7. Given (A, p) € II, we have

(Z) Uap € D;.
(1) vx,u solves the evolution equation

d

prCEs AQ(p, w) = Ayw, w(0) = vo, (4.11)
where vy := P*uyg.

Proof. (i) This follows from (2.3), the definition of D, see (4.2), assumption (As), Lem-

ma 4.3, and the analyticity of the exponential map. Furthermore Lemma 4.3 implies
that

%vk’“(t) =T, (t)Au(P u(At)) + )\(T#(t)@)*%u()\t), tel.
Observing (4.5) and the fact that 7),(¢) and A, commute on F; we get
%vk#(t) =Aua, + )\(Tﬂ(t)@)*%u(At), tel. (4.12)
(ii) Using (4.13) and (2.4) we now find
d

Zoan(t) = Auon, = ML) Pu(),  tel.

From Lemma 4.3(ii) and the definitions of the operators @) and Q we further conclude
(T, ()8)* P(@.5"u(\)) = T, () Q(P*u( D), )
= QT ()2 u(At), T, (1) @) = Q(u, vap) (t)
for t € I. This completes the proof. |

Our next lemma contains the key result to show via the implicit function theorem that
the mapping (A, ) — vy, is analytic.

Lemma 4.8. Given ((\, p),w) € II x Dy, let

F((\ p),w) = <iw + 2Q(p, w) — Ayw, w(0) — ’U()) :

dt
Then
F e C¥(II xDy,Fg x Fy) (4.13)
and
R F((1,0),w) € Isom(F1,Fo x Fy), w € Dy, (4.14)

where 0o F is the derivative of F' with respect to w € Dy.
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Proof. (i) Clearly, we have that

d
— F,F Fy).
<dt’7> € L(Fy,Fo x Fy)

Hence it follows from Corollary 3.6 that

[(A,u,w) - (%w A, w(0) — voﬂ € C¥(Fy,Fy x ).

Thus we obtain (4.13) from assumption (Ag).
(ii) Let w € Dy and h € F; be given. Then we have

d d
0F((10) )b = SLF(1,0)w+2h)_, = (1 + 00w D.1(0)).
Combining Lemma 4.2(ii) with Remark IIT 3.4.2(c) in [2] it follows that, given (f,¢) €

Fo x Fi, there is a unique solution h € F; to the inhomogeneous evolution equation

d

Sh+aQ(w(t) Db = f(1), k() =g,

(4.14) is now a consequence of the open mapping theorem. |
We are now prepared to show that vy, depends analytically on the parameter (A, u).

Proposition 4.9. There is an g9 > 0 such that [(A, p) — vy ,] € C“(I1(go), D1).

Proof. Let F' be given as in Lemma 4.9 and observe that F((\, u),w) = 0 if and only if

w € D7 is a solution to

d
Sw+ QU w) = Ay, w(0) = v,

Now the assertion follows from Lemma 4.8, Lemma 4.9, and the implicit function theorem
in Banach spaces. n

It remains to translate the above Proposition into the desired analyticity of 4, see the
beginning of this section.

Theorem 4.10. Assume that (Ay)—(Ag) hold true. Then 4 € C¥((0,t7) x ).

Proof. (i) Let © := ®*a, i.e. 9(t,p) := a(t,®(p)) for (t,p) € (0,t7) x M. It suffices
to show that & € C¥((0,t7) x M). For this we fix (to,po) € (0,7) x M. Moreover
there exists a subset {j1,...,Jm} of {1,..., N} such that {Xj,..., X, } C L(G) induces
via the integral curves [t — exp(tX,,) - po] a basis of T, M. Without loss of generality
we may assume that j; = 1,...,7, = m. Moreover, in the following we write g =
(1, s i, 0,...,0) € RN for (u1,..., ptm) € R™ and we identify

M, := I, (c0) := (1 — €0, 1 +€0) X (—€0,60)™ with TN (R™! x {0}).
Shrinking €¢ > 0 if necessary, we have that

2 Hm - (07t+) X M7 ()\7,&) = ()‘t07Tﬂ(t0) pO)
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is an analytic parametrization of an open neighborhood O of (tg,po) in (0,¢) x M.
(ii) Observe that by assumption (A1) we know that Dy C C(I, BUC(M)). Thus, given
w € Dy, the evaluation mapping

D1 =R,  w wlto)(po)
is well-defined and clearly analytic. Combining this with Proposition 4.9 we find

[(A, 1) = vau(to)(po)] € C¥ (T, R).

But ¢*0(A, i) = vx u(to)(po) for A, i € I1,,,. This shows that o € C¥(O,R) and completes
the proof. |

Proof of Theorem 1.2. (a) Assertion (i) follows from Corollary 3.4.

(b) Setting E; := h*~2/() for j = 0, 1, hypothesis (4;) is clearly satisfied.

(c) By assumption there is a isometrically real analytic diffeomorphism ® from S onto
Y. Thus hypothesis (A2) is also satisfied.

(d) It follows from (Ag) that the spaces F} coincide up to an equivalent norm with
he=1+25(S™) for j = 0, 1. Clearly, SO(m + 1) - BUC™(S™) C BUC>®(S™). Moreover, it
is not difficult to verify that SO(m + 1) is a strongly continuous transformation group on
BUCY (S™) for j = 1, 2. By Remark 2.2(c) and a density argument we therefore conclude
that SO(m+1) is a strongly continuous transformation group on h**%(S™). Using further
the fact that 1 — Agn € Isom(h'T¥(S™), h*~1(S™)) and that Agm is equivariant with
respect to SO(m+1) we conclude that SO(m+1) is a strongly continuous transformation
group on h®~1(S™) as well. This shows that hypothesis (A3) is satisfied.

(e) Let X € L(SO(m + 1)) and v € BUC?(S™) be given. Then it follows from the
mean value theorem that

exp(tX)-v—v

; — Axv in BUC(S™) as t—0.

Hence BUC?(S™) is contained in dom(Ax), implying that hypothesis (A4) is fulfiled.

(f) Let B := W(X). Then we have D = {v € h'*(S™); |lv|gycitea < a/2}. Ob-
serve further that the metric on S™ is invariant under SO(m + 1). This implies that the
transformation group on A'**(S™) induced by SO(m + 1) consists of isometries, i.e. given
R € SO(m + 1), the mapping

hl-i—a(Sm) N h1+a(Sm), Vi R-w

is an isometry. This shows that (As) is also satisfied.
(g) Finally, fix v € D and R € SO(m + 1) and set

fi=00,,0® € Diff "*(S", Ma,v), g:=0s,(rv) o P E Diff T(S™, Mg, (r.v))-

Then R*f = g and R : (S™,g*n) — (S™, f*n) is an isometry, where n denotes the
Euclidean metric on R™*!. Observe further that ®* K (®,v) and ®*K (®,(R-v)) are, with
respect to the ambient space (R™*!,n), the mean curvatures of (S, f*n) and (S™, g*n),
respectively. Thus

R-®*K(®.0) = D*K(®.(R - v)). (4.15)
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Similarly, Agm pep) = P*Ag,_, Px and Agm gepy = P* Ay, 5., P+ Thus we obtain

R (9 Ag,,, Puw) = D*Ag, ., Pu(R-w), w e hTHE™). (4.16)
Therefore, given w € h'T%(S™), we also have

R [0°(5 — 1hgg.,) " D] = B (5 — g, ) Bu(R - w). (4.17)
Finally, it follows from the chain rule and R - f = g that

O*L(P.(R-v)) =R-P"L(D,v).
Combining this with (4.15), (4.16), (4.17), we see that

O*PD, : D — h*HS™), v O [L(P,0)Ap, (6 — pAp,,) LK (D0)]

is equivariant with respect to SO(m + 1). Now the the second assertion follows from
Theorem 4.10. |
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