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Abstract

New exact solutions are obtained for the systems of classical electrodynamics equa-
tions.

Motion of a classical spinless particle moving in electromagnetic field is described by the
system of ordinary differential equations (Lorentz) and of partial differential equations
(Maxwell) [1]

muµ = eFµνu
ν , uµ ≡ ẋµ =

dxµ

dτ
, (1)

where Fµν = ∂Aν
∂xµ − ∂Aµ

∂xν is the tensor of electromagnetic field

∂ν∂
νAµ − ∂µ (∂νAν) = jµ, jµ = euµ, (2)

uµu
µ = 1, (3)

Aµ is the potential of electromagnetic field. Some exact solutions of system (1) ,(2) are
found in [2].

In the present paper using symmetry properties of (1),(2), we have obtained new classes
of exact solutions of the Lorentz-Maxwell system.

1. We choose the electromagnetic potential Aµ as follows:

A0 = ρ(ω)θ + σ(ω)θ−1, A1 = A1(ω), A2 = A2(ω),

A3 = ρ(ω)θ − σ(ω)θ−1, θ = x0 + x3, ω = x1 − α ln |θ|,
(4)

where ρ, σ,A1, A2 are arbitrary smooth enough functions depending on the variable ω only.
The Lagrangian L of equation (1)

L =
m

2
ẋµẋ

µ + eẋµAµ (5)

for the field (4) is invariant under the three-dimensional Lie algebra having the basis
elements

< x0∂3 + x3∂0 + α∂1, ∂0 − ∂3, ∂2 > . (6)

It follows from the Noether theorem that the functions
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mu3 + eA3 +mu0 + eA0 = C1, −mu2 − eA2 = C2,

x0 (−mu3 − eA3) + x3 (mu0 +A0) + α (−mu1 − eA1) = C3,
(7)

where C1, C2, C3 are arbitrary constants, are integrals of motion of equation (1) for the
field (4).

Equations (2) for the field (4) are of the form

eu0 = −ρ′′θ + θ−1 {−σ′′ + α(2ρ′ − 2αρ′′ +A′′
1)} ,

eu1 = 2(ρ′ − αρ′′), eu2 = −A′′
2,

eu3 = −ρ′′θ + θ−1 {−σ′′ + α(2ρ′ − 2αρ′′ +A′′
1)} .

(8)

Using the motion integral (7), we rewrite system (8) as follows:

A′′
2 = m

e − eA2 = C2, ρ′′me − eρ = 0, C1 = 0,

(αA1 − σ)′′me − e(αA1 − σ) = C3.
(9)

By direct verification one can become convinced of the fact that the functions

αA1 − σ = a0 exp
{

e√
m
ω

}
+ b0 exp

{
− e√

m
ω

}
− C3

e ,

ρ = a1 exp
{

e√
m
ω

}
+ b1 exp

{
− e√

m
ω

}
,

A2 = a2 exp
{

e√
m
ω

}
+ b2 exp

{
− e√

m
ω

}
− C2

e

(10)

satisfy system (9).
As the vector uµ satisfy relation (3) we should impose an additional condition on the

functions ρ, σ,A1, A2

4ρ′′(σ′′ − αA′′
1) + 4ρ′′2α2 − 4ρ′2 −A′′

2
2 = e2. (11)

Substituting expressions (10) into (11), we get the relations for constants ai, bi

4a1a0 + 4(α2 −m)a2
1 − a2

2 = 0, a1b1 6= 0,

4b1b0 + 4(α2 −m)b21 − b22 = 0,

4a1b0 + 4b1a0 + 8a1b1(α2 +m)− 2b2a2 = m2

e2
.

(12)

To construct solutions of equation (1), (4), we make the change of variables

y0 = x0 + x3, y1 = x1 − α ln |x0 + x3|, y2 = x2, y3 = x0 − x3. (13)

Then the motion equations take the form

dy0
dτ = u0 + u3 = −2ρ′′y0

e , dy1
dτ = 2ρ′

e , dy2
dτ = u2 = −A

′′
2
e ,

dy3
dτ = 2

ey0
{−σ′′ + αA′′

1 + α(2ρ′ − 2αρ′′)} .
(14)
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Solutions of (14) are given by the quadratures

∫ dy1

2ρ′ = τ
e + C0, y0 = C4

ρ′
, y2 = −

∫ A′′
2dy1

2ρ′ + C6,

y3 = 1
C4

{−σ′ + αA′
1 + α(2ρ− 2αρ′)}+ C5,

(15)

where C0, C4, C5, C6 are integration constants.
Thus, exact solutions of system (1), (2) are given by formulae (4), (10), (12), (15).

2. To construct another class of exact solutions of equations (1), (2), we choose the
electromagnetic potential as follows:

A0 = σ(ω)θ + θ−1
{
ψ(ω)θ1 + σ(ω)θ2

1 + ϕ(ω)
}
,

A1 = 2σ(ω)θ1 + ψ(ω), A2 = A2(ω),

A3 = σ(ω)θ + θ−1
{
ψ(ω)θ1 + σ(ω)θ2

1 − ϕ(ω)
}
,

θ = x0 + x3, θ1 = x1 − β ln |θ|, ω = x2 − α ln |θ|,

(16)

where σ, ψ, ϕ,A2 are arbitrary functions on ω.
With such a choice of the electromagnetic potential, Lagrangian (5) is invariant with

respect to the algebra

< (x0 + x3)∂1 + x1(∂0 − ∂3), x0∂3 + x3∂0 + β∂1 + α∂2, ∂0 − ∂3 >

and, consequently, equations (1) admit three integrals of motion

(x0 + x3)(−mu1 − eA1) + x1(mu0 + eA0 +mu3 + eA3) = C1,

mu0 + eA0 +mu3 + eA3 = C3,

x0(−mu3 − eA3) + x3(mu0 + eA0) + β(−mu1 − eA1)+

α(−mu2 − eA2) = C2.

(17)

Substituting (16) into (2), we find the four–vector ui

eu0 = −σ′′θ + θ−1
{
ψ′′θ1 + [−ϕ′′ − 2σ + α(A′′

2 + 4σ′ − 2ασ′′)]− θ2
1σ

′′} ,
eu1 = −2σ′′θ1 − ψ′′, eu2 = 4σ′ − 2ασ′′,

eu3 = −σ′′θ − θ−1
{
−ψ′′θ1 + [−ϕ′′ − 2σ + α(A′′

2 + 4σ′ − 2ασ′′)]− θ2
1σ

′′} .
(18)

Normalizing 4-vector uµ according to (3), we arrive at the following condition for the
functions σ, ψ, ϕ,A2 :

4σ′′(ϕ′′ − αA′′
2) + 8σ′′σ + 8α2σ′′

2 − ψ′′2 − 16σ′2 = e2. (19)

Compatibility of equations (17), (18) is ensured by the following conditions:

σ′′ − e2
mσ = 0, ψ′′ − e2

mψ = 0, C1 = 0, C2 = 0,

(ϕ− αA2)′′ − e2
m (ϕ− αA2) = C3

e
m.

(20)
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General solutions of equations (20) read

σ = a0 exp
{

e√
m
ω

}
+ b0 exp

{
− e√

m
ω

}
,

ψ = a1 exp
{

e√
m
ω

}
+ b1 exp

{
− e√

m
ω

}
,

ϕ− αA2 = a2 exp
{

e√
m
ω

}
+ b2 exp

{
− e√

m
ω

}
− C3

e

(21)

where ai, bi are arbitrary constants.
To satisfy equation (19), constants ai, bi have to obey the conditions

4
(
a0a2 + 2a2

0

(
α2 − m

e2

))
− a2

1 = 0,

4
(
b0b2 + 2b20

(
α2 − m

e2

))
− b21 = 0,

4 e
2

m2 (a0b2 + b0a2) + 16a0b0

(
3
m + e2α2

m2

)
− 2 e

2

m2a1b1 = 1.

(22)

In the curvilinear coordinate system

y0 = x0 + x3, y1 =
x1

x0 + x3
, y2 = x2 − α ln |x0 + x3|, y3 = x0 − x3

equations of motion of a particle take a form

dy0
dτ = −2σ′′y0

e , dy1
dτ = 2σ′′β ln |y0| − ψ′′

ey0
, dy2

dτ = 4σ′
e ,

dy3
dτ = 2

y0
{−ψ′′ [y1y0 − β ln |y0|] +

(−ϕ− 2σ + α(A′′
2 + 4σ′ − 2ασ′′))− (y1y0 − β ln |y0|)2σ′′

}
.

(23)

Solutions of equations (23) are given by quadratures∫ dy2

4σ′ = τ
e + C0, y0 = C4(σ′)−1/2,

y1 =
∫ {

2σ′′β ln
[
C4(σ′)−1/2

]
− ψ′′

}
dy2

4C4(σ′)−1/2 + C5 = K(y2) + C5,

y3 =
∫ {
−ψ′′

[
(K + C5)C4(σ′)−1/2 − β ln |C4(σ′)−1/2|

]
+

(−ϕ′′ − 2σ + α(A′′
2 + 4σ′ − 2ασ′′))−

σ′′
[
(K + C5)C4(σ′)−1/2 − β ln |C4(σ′)−1/2|

]2
}

dy2

2C4(σ′)−1/2 + C6.

Thus, exact solutions of equations (1), (2) are given by formulae (16), (21), (22), (24).
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