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Abstract

Generalized self-duality equations for the supersymmetric Yang-Mills theory with a
scalar multiplet are presented in terms of component fields and superfields as well.

1 Generalized self-duality equations in component fields

In the ordinary non-supersymmetric Yang-Mills theory the self-duality equations read

1
an :*an = iemnleklv (1)
where
Frn =0V — 00 Vi + 19 [ Vi, Vi |.
Going from vector indices to spinor indices: z, — Tasg = 0'44%Tm, One obtains the

Yang-Mills strength in the following form
Foops = amadanﬁﬁ'an = laagfdg + }Edgfag ,
’ 2 2
where ]
Lap=F% g fan = Faﬂﬂﬁ..
Now the self-duality equations (1) take the form

fap = 0. (2)

In the supersymmetric Yang-Mills theory the equations (2) must be supplemented
by equations for superpartners and auxiliary field. So one obtains the following system
of super self-duality equations in terms of the component fields belonging to a vector
multiplet [4]

faﬂ ?‘07
DOcC'M)\a = 07 (3)
A=0, D=0,

which is invariant under supersymmetric transformations.

In this report we consider the supersymmetric Yang-Mills theory with a scalar multi-
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plet. It is described by two multiplets of the component fields: the vector multiplet
V= (Vm; A\; D),

and scalar one
=(A,B;y; F,G).

A gauge-invariant supersymmetric Lagrangian of the theory, whose fields belong to the
adjoint representation of a gauge group, has the form [7]

L=Tef{~1F2, + 539" DA — 5(DnA)’ = §(DmB)* + §07 D+ "
igA[A+7sB, ¥]+igD[A, B+ D>+ 1F2 1 162},

where
Fon ZamVn—aan+lg[Vm, Vn]a
DA = O A +ig [Vin, Al.

A 4-component Majorana spinor A consists of 2-component Weyl spinors

()

and its conjugate is A = AT7Y = —(\*, \g). Similarly, for a Majorana spinor v . Here
~y-matrices are taken in the Weyl representation

0 o™ -1 0
m o__ 0.1.2,.3 __

The equations of motion look as follows (in 2-spinor notation)

Do fap "‘Dﬁﬂ'faﬁ +8g({Xas Agh + {¥a, ¥5})-
2ig([A—iB, D 4(A+iB)| + [A+iB, D,;(A—iB)]) =0,
D, ;D (A —iB) — 4ig{ X*, o} —2g[D, A—iB] =0,
D, ;D (A+iB) — dig{ Xa, 0%} +2g[D, A+iB] =0,
D+ig[A, B] =0,
F=G=0,
DN\ —g[p?, A—iB] =0,
DN — g, A+iB] =0,
DBy +g[ N, A—iB] =0,
D ;0% +g[Aa, A+iB]=0.
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These equations of motion are covariant under usual supersymmetric transformations:

e(A —iB) =28y,

6Vim = i€omA + i&omA,

Seda = —2&P fap +i€aD,

5ctha = 1€9Daa(A — iB) + Eu(F +iG),

6¢D = —£0™ DA + E6M D\,

0¢(F +iG) = 2i€5(D*ipo + g [N, A—iB]),

where &,, & are the parameters of the supersymmetry transformations.

The equations of motion (5) are the second-order equations. Here we postulate the
system of first-order equations, which lead to the equations of motion (5)

fap =2gcapl A, B,

(Dirg — k1Dag)(A — iB) = 0,

(D1 — kaDag)(A +iB) = 0,

D+ig[A, B] =0,

F=G=0, (7)
DN — g[ta, A+iB] =0,

DBy, +g[ N, A—iB] =0,

Aa =14 =0,

1 = k1ya,

where the coefficients c,g, k1, k2 are complex numbers and ¢,z is symmetric in «, 3.
The coeflicients are connected by the relations

ci2 — kicaa = —1, c12 — kacaa =1,

(8)

c11 — kiciz = k1, c11 — kacaa = ko

It is easy to see that among five coefficients only two of them are independent. The sys-
tem (7) is covariant under usual supersymmetric transformations (6) if there exists the
following relation between the parameters of supersymmetry

&1 = kabo. 9)

We call the system (7) generalized self-duality equations. Generalization means that in

absence of a scalar multiplet we obtain super self-duality equations in component fields
for the supersymmetric Yang-Mills theory.
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2 Generalized self-duality equations in superfield
formulation

A superfield formulation of the generalized self-duality equations (7) can be obtained in
the superspace (2™ ; 04 ; 65) with the fixed Grassmanian variable 6; = ko603 . A spinor
chiral superfield is defined by

11—
Wy = —S—DD(e—QQVDaeQQV) :
g

where V' is a vector superfield:
V = =00V + 1000 — 000X + %eaéép

and the covariant derivatives are

0 ~‘d = 0 s
Da—%+20 aaa, Da——ae—d—le &m.

A scalar chiral superfield is defined by the condition Dg® = 0 and has the following form
in components

P = %(A— iB)+ 60y + %eaédaw(A —iB)+ %aeédaww + éeae‘é O(A—iB)+ %GH(FMLG) .

Consequently its Hermite conjugate ®* is given by D,®"T = 0. The gauge-covariant
spinor derivatives are

Va:Doe"i_i[Aay‘}, vd:Dd+i[Ad7‘]a

where
. _2gV 29V .S 29V —2gV
Ay = —ie 29" Dye?” | Ay =1Dge 9" e 29",

The system of the generalized self-duality equations (7) can be written in terms of
superfields in the sub-superspace 61 = k26 in the following form

vaWﬁ = 29;%,6 [(I)v ot — 29 [Va (I)+]]7
Vid =k Vy®, (10)
Vadt =0,

where the coefficients p,g are expressed through c,z and can be organized into the

following matrix
( ci1 —l+ece )
p=—
1+ cro €22

with zero determinant.
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