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Abstract

Generalized self-duality equations for the supersymmetric Yang-Mills theory with a
scalar multiplet are presented in terms of component fields and superfields as well.

1 Generalized self-duality equations in component fields

In the ordinary non-supersymmetric Yang-Mills theory the self-duality equations read

Fmn =∗Fmn ≡
1
2
εmnklF

kl, (1)

where
Fmn = ∂mVn − ∂nVm + ig [Vm , Vn ].

Going from vector indices to spinor indices: xm → xαα̇ = σm
αα̇xm, one obtains the

Yang-Mills strength in the following form

Fαα̇,ββ̇ ≡ σm
αα̇σ

n
ββ̇
Fmn =

1
2
εαβfα̇β̇ +

1
2
εα̇β̇fαβ ,

where
fα̇β̇ ≡ Fα

α̇,αβ̇
, fαβ ≡ F β̇

α ,ββ̇
.

Now the self-duality equations (1) take the form

fαβ = 0. (2)

In the supersymmetric Yang-Mills theory the equations (2) must be supplemented
by equations for superpartners and auxiliary field. So one obtains the following system
of super self-duality equations in terms of the component fields belonging to a vector
multiplet [4]

fαβ = 0,
Dαα̇λ̄

α̇ = 0,
λα = 0, D = 0,

(3)

which is invariant under supersymmetric transformations.

In this report we consider the supersymmetric Yang-Mills theory with a scalar multi-
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plet. It is described by two multiplets of the component fields: the vector multiplet

V = (Vm ; λ ; D) ,

and scalar one
Φ = (A , B ; ψ ; F , G) .

A gauge-invariant supersymmetric Lagrangian of the theory, whose fields belong to the
adjoint representation of a gauge group, has the form [7]

L = Tr
{
−1

4F
2
mn + i

2 λ̄γ
mDmλ− 1

2(DmA)2 − 1
2(DmB)2 + i

2 ψ̄γ
mDmψ+

igλ̄ [A+ γ5B , ψ ] + igD [A , B ] + 1
2D

2 + 1
2F

2 + 1
2G

2
}
,

(4)

where
Fmn = ∂mVn − ∂nVm + ig [Vm , Vn ] ,

DmA = ∂mA+ ig [Vm , A ] .

A 4-component Majorana spinor λ consists of 2-component Weyl spinors

λ =

(
λα

λ̄α̇

)
,

and its conjugate is λ̄ = λ+γ0 = −(λα, λ̄α̇) . Similarly, for a Majorana spinor ψ . Here
γ-matrices are taken in the Weyl representation

γm =

(
0 σm

σm 0

)
, γ5 = γ0γ1γ2γ3 =

(
−i 0
0 i

)
.

The equations of motion look as follows (in 2-spinor notation)

D α̇
α fα̇β̇ +Dβ

β̇
fαβ + 8g({λα , λ̄β̇}+ {ψα , ψ̄β̇})−

2ig([A− iB , Dαβ̇(A+ iB) ] + [A+ iB , Dαβ̇(A− iB) ]) = 0,

Dαβ̇D
αβ̇(A− iB)− 4ig{λα, ψα } − 2g [D , A− iB ] = 0,

Dαβ̇D
αβ̇(A+ iB)− 4ig{ λ̄α̇ , ψ̄

α̇ }+ 2g [D , A+ iB ] = 0,

D + ig [A , B ] = 0,

F = G = 0,

Dαβ̇λα − g [ ψ̄β̇ , A− iB ] = 0,

Dαβ̇λ̄
β̇ − g [ψα , A+ iB ] = 0,

Dαβ̇ψα + g [ λ̄β̇ , A− iB ] = 0,

Dαβ̇ψ̄
β̇ + g [λα , A+ iB ] = 0 .

(5)
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These equations of motion are covariant under usual supersymmetric transformations:

δξ(A− iB) = 2ξψ,

δξVm = iξσmλ̄+ iξ̄σmλ,

δξλα = −1
2ξ

βfαβ + iξαD,

δξψα = iξ̄α̇Dαα̇(A− iB) + ξα(F + iG),

δξD = −ξσmDmλ̄+ ξ̄σmDmλ,

δξ(F + iG) = 2iξ̄β̇(Dαβ̇ψα + g [ λ̄β̇ , A− iB ]) ,

(6)

where ξα , ξ̄α̇ are the parameters of the supersymmetry transformations.

The equations of motion (5) are the second-order equations. Here we postulate the
system of first-order equations, which lead to the equations of motion (5)

fαβ = 2gcαβ [A , B ],

(D1α̇ − k1D2α̇)(A− iB) = 0,

(D1α̇ − k2D2α̇)(A+ iB) = 0,

D + ig [A , B ] = 0,

F = G = 0,

Dαβ̇λ̄
β̇ − g [ψα , A+ iB ] = 0,

Dαβ̇ψα + g [ λ̄β̇ , A− iB ] = 0,

λα = ψ̄α̇ = 0,

ψ1 = k1ψ2 ,

(7)

where the coefficients cαβ , k1 , k2 are complex numbers and cαβ is symmetric in α , β .
The coefficients are connected by the relations

c12 − k1c22 = −1 , c12 − k2c22 = 1,

c11 − k1c12 = −k1 , c11 − k2c22 = k2 .
(8)

It is easy to see that among five coefficients only two of them are independent. The sys-
tem (7) is covariant under usual supersymmetric transformations (6) if there exists the
following relation between the parameters of supersymmetry

ξ1 = k2ξ2. (9)

We call the system (7) generalized self-duality equations. Generalization means that in
absence of a scalar multiplet we obtain super self-duality equations in component fields
for the supersymmetric Yang-Mills theory.
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2 Generalized self-duality equations in superfield
formulation

A superfield formulation of the generalized self-duality equations (7) can be obtained in
the superspace (xm ; θα ; θ̄α̇) with the fixed Grassmanian variable θ1 = k2 θ2 . A spinor
chiral superfield is defined by

Wα = − 1
8g
DD(e−2gVDαe

2gV ) ,

where V is a vector superfield:

V = −θαθ̄α̇Vαα̇ + iθθθ̄λ̄− iθ̄θ̄θλ+
1
2
θθθ̄θ̄D

and the covariant derivatives are

Dα =
∂

∂θα
+ iθ̄α̇∂αα̇ , Dα̇ = − ∂

∂θ̄α̇
− iθα∂αα̇ .

A scalar chiral superfield is defined by the condition Dα̇Φ = 0 and has the following form
in components

Φ =
1
2
(A−iB)+θψ+

i

2
θαθ̄α̇∂αα̇(A−iB)+

i

2
θθθ̄α̇∂αα̇ψ

α+
1
8
θθθ̄θ̄tu(A−iB)+

1
2
θθ(F+iG) .

Consequently its Hermite conjugate Φ+ is given by DαΦ+ = 0 . The gauge-covariant
spinor derivatives are

∇α = Dα + i [Aα , · ] , ∇α̇ = Dα̇ + i [Aα̇ , · ] ,

where
Aα = −ie−2gVDαe

2gV , Aα̇ = iDα̇e
2gV · e−2gV .

The system of the generalized self-duality equations (7) can be written in terms of
superfields in the sub-superspace θ1 = k2θ2 in the following form

∇αWβ = 2gραβ [ Φ , Φ+ − 2g [V , Φ+ ]],

∇1Φ = k1∇2Φ,

∇α̇Φ+ = 0 ,

(10)

where the coefficients ραβ are expressed through cαβ and can be organized into the
following matrix

ρ = −
(

c11 −1 + c12

1 + c12 c22

)
with zero determinant.
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