Nonlinear Mathematical Physics 1996, V.3, N 3-4, 414-416.

Conditional and Lie Symmetry of Nonlinear
Wave Equation

Victor REPETA

Kyiv International University of Civil Aviation,
Komarova Avenue 1, Kyiv 54, Ukraina

Abstract

Group classification of the nonlinear wave equation is carried out and the conditional
invariance of the wave equation with the nonlinearity F'(u) = w is found.

Let us consider the nonlinear wave equation

U F(u)u
ugo + m—2 —pi< Jur — (F(u)u1), =0, (1)
i) il

2
where u = u(xg, 1), u, = 887;2’ Upp = 2775, w=0,1, F(u) is an arbitrary differentiable
I

function, F’(u) # 0, F(u) > 0, m and p are arbitrary constants.
Eq.(1) is widely used in mathematical physics. In the case m = p = 0 we have a
well-known equation [1], namely

ugo — (F(u)uy), = 0. (2)

Besides, one can obtain Eq.(1) when the symmetry reduction of the multidimensional wave
equation

Gty — (F(u)ug), =0,

where
0, pu#v,
Juv = 1, u=v=0, uw=0,....0, a=1l+1,....n
-1, p=v>0,

to a two-dimensional wave equation is carried out. Eq.(1) has the following property: the
local substitution [ F'(u)du = v transforms Eq.(1) into the equation

®(v)vo
To

v
V11 +p;i —m (®(v)vo)y =0, (3)

where ®(v) is the function inverse to [ F'(u)du.

Transpositions of xg and z1, m and p in Eq.(3) lead to the equation from the class (1).
This property facilitates investigation of the equation.

Results of symmetry classification of Eq.(1), which is made by the Lie approach [2], are
given in Tables 1-4. It should be noted that the group properties of Eq.(2) were considered
in detail in [1].
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Case 1. m=0, p=0

Table 1
F(u) Lie Algebra
arbitrary P() = 80, P1 = 61, D1 = 13(]80 + ZL‘181
e PO,Pl,Dl,DQ = 1’181 +26u
uF Py, Py, Dy, D3 = k2101 + 2u0,
u’4 P(), Pl, Dl, D3, K = x%@o + xouﬁu
w43 Py, Pi,Dy,D3, Ko = :E%al — 3x1udy,

Case 2. m=0, p#0

Table 2

F(u) Lie Algebra
arbitrary | Py, D1
e Py, Dy, Dy
u” Py, Dy, D3

2(p—2) 2—p 1-p
u 3-p Py,D1,D3, K3 = T 01 + (p — 3).%1 udy
U74 P07D17D3aK37K1

Case 3. m#0, p=0

Table 3

Lie Algebra

arbitrary
eu
uF
2(m—2)
u 1-m

u—A/3

Py, Dy
Py, Dy, Do
Py, Dy, D3

P15D17D37K47K2

Pi,D,D3, K4 = {Eg_mao + (1 — m)

xé‘muau

Case 4. m#0, p#0

Table 4

F(u) Lie Algebra

arbitrary D,

e Dy, Dy

uk Dl, D3
2(p—2)

u 3-p Dy, D3, K3
2(m—2)

u 3-m Dl, Dg, K4
2(p—2)

u3r ,p+m=4| Dy,D3, K3, K4
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Results of the @-conditional symmetry of Eq.(1) in the case F'(u) = u are adduced in
the following theorems:

Theorem 1. FEquation

upo — (uu1); =
is Q-conditionally invariant under the following operators:
Q1 = 212301 + (220 + A\x3) Oy, A\ = const,
Q2 = 2212301 + (uzd + 322) O,
Q3 = 0y — 2x901 + 8200y,
Q4 = 200y — (62§ + 1) 01 + 2 (u -3 (x%:nf + 22173 — 241’8)) Ou,
Q5 = 22000 + (v1 — 323) O — 2 (u+ 321 — 923) Oy,
Q6 = 100y — 3z + (u+ 2723) Oy
Theorem 2. FEquation

u
ugo + m—2 — (uur); =0
o

18 Q-conditionally invariant under the following operators:
Q7 =2x101 + (u + (3= m)x%wﬁ) Oy,
Qs = 0y — 22001 + 800y.

Theorem 3. FEquation
uuq
upp — p— — (uuy); =0
T

is Q-conditionally invariant under the following operator:
Qo = (p+ 3)2301 + 6210,

The algorithm of the @-conditional symmetry is given in [3]. It should be noted that
the conditional symmetry of Eq.(2) for different F'(u) is studied in [4].
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