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Abstract—This  paper addresses collective rotating
consensus problem of second-order multi-agent system.
We first define rotating consensus problem of leader-
following multi-agent system in a circular orbit, and
through the mapping relationship between ellipse and
circle, extend rotating consensus problem to elliptical orbit,
and propose a new protocol for second-order leader-
following multi-agent system in an elliptical orbit. Then,
based on the protocol for rotating consensus in an
elliptical orbit, we transform the original system into an
equivalent system by performing a model transformation
and transform the rotating consensus problem to a
stability problem. Based on the stable theory of Hurwitz,
we verify the stability of this system and derive sufficient
conditions that guarantee all leader-following multi-agents
achieve rotating consensus in an elliptical orbit. Finally,
the simulation results are provided to show the
effectiveness of the obtained theoretical results.
Keywords-second-order multi-agent system; model
transformation; elliptical orbit; rotating consensus

l. INTRODUCTION

Due to the technological advances in communication
and computation, distributed coordination of networks of
dynamic agents has attracted several researchers in
recent years in many fields such as biology, physics and
robotics and many results have been obtained in [1-7].
Li [1] et al. has dealed with L, —L_ control for leader—

following coordination. Hong [2] et al. was concerned
with a leader-following problem for a multi-agent
system with a switching interconnection topology. In [3],
Zhang et al. investigated the leader-following problems
of second-order multi-agent systems without relative
velocity measurement. These studies [1-3], mainly
through the introduction of the leader, proposed a
decentralized control strategy, and enabled the leader-
following multi-agent systems achieve consensus.
Recently, we have witnessed a growing interest in
the study of the formation control of multi-agent systems
due to the development of communication and computer.
In [4], Sepulchre et al. proposed a design methodology
to stabilize isolated relative equilibria in a model of
identical, steered particles moving in the plane at unit
speed. In [5], Pavone et al. studied this kind of collective
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motions and proposed a cyclic pursuit policy. Based on
the work of [4], Lin [7] investigated collective rotating
motions of second-order multi-agent system.

In this paper, motivated by the work of [7], a new
feedback dynamic protocol was introduced and derived
sufficient conditions that the leader-following multi-
agent system reach rotating consensus in an elliptical
orbit.

l. GRAPH THEORY

The communication network is modeled through an
undirected weighted graph G = (S, e, A) of order » with
aset o f nodes S =(s,,s,,---,5,), and a set ec SxS of
edges , and a weighted adjacency matrix
A=[a,]eR™ with non-negative elements a, for all
i,jel={,2,---,n} . An edge of G is denoted by
e; =(s;,5;), where the first element s, of ¢, is said to
be the tail of the edge and the other, s, to be the head.
Then the set of neighbours of node s, is denoted by
N, ={s; €S:a, >0} The adjacency elements
associated with the edges are positive, that is,
e; ee<>a, >0 . Moreover, we assume a,=0 and
a;=a; for all A diagonal matrix

A=diag[A,4,,...,4,] is a degree matrix of G, whose

ijel

diagonal elements 4, :Z“z/ for all i=1,2,---,n .Then,
j=1

the Laplacian of the undirected graph G is defined as

L=A4-A4. An undirected path is a sequence of ordered

edges of the form (s,,s,,),(5,.8:,)+(s,,.5,) where

s; e S'in an undirected graph. An undirected graph is

cal- led connected if there is a path from every node to
every other node.

In this paper, we consider another graph G |,
associated with the system consisting of » following
agents and one leader (labeled 0). Similarly, we define a
diagonal matrix D e R™ to be a leader adjacency

matrix associated with G with diagonal elements d, ,



where d, = a,, for some constant a,, >0 if node 0 is a
neighbor of node i ,otherwise, a,, =0.

I1. PROBLEM DESCRIPTION

In nature, there exist numbers collective motions
such as the motion of celestial bodies and flocks of birds
flying around a closed-loop system and schools of fish
swimming along an approximately circular orbit, which
can find important potential applications in formation
flight of satellites around the earth, spacecraft docking,
circular mobile sensor networks, and so on.

Due to the limited capacity of detection and amount
of agents in the group, each agent can only use its
neighbors information. In this paper, we considered
second-order leader-following multi-agent system with

the graph G . Suppose the dynamics of the ith (ie 1)
agent is:

’;i:vi, ‘}i:ui’ i=12,..,n Q)

where the vectors r,,v, € C ~ R* denote the position
and velocity of the agent s, and u,(¢) € C is the control

input. Some followers in G are impressed by the leader
and other neighbour agents, while the motion of the
leader is independent.

The dynamics of the leader is described as follows:

s =V 2)

where r, is the position and v, is the desired

constant velocity.

In this paper, our main objective was to design rules
to make all leader-following multi-agents achieve
rotating consensus in an elliptical orbit .Firstly, we
assumed each agent moves in anti-clockwise direction.
Before giving the main results, we needed to make the
following Definition 1 in a circular orbit.

Definition 1. The leader-following multi-agent
system (1 and 2) achieve rotating consensus in a circular
orbit if

lim|r, ()1 (] =0 (3a)
lim[r,, (1), (1] =0 (3b)
lim|y, (1) ~v,, ()] =0 (30)
lim|y, (1) ~v,, (1] =0 (3d)

(MY, (2) + V0 (1) = (¥, (1) + 902 (D] =0 (38)

impy,;, (2) + jv, (1) = jeo v,y (1) + jv,, ()] =0 (3f)
forall i kel ,where r, =r

eil + Jr

ei2 !

Vi =Veir TWVeiz 0 Yoo =Vept T Iepz> Voo =Veor T IVes2+

Fig. 1 shows the vector relation with one agent
(labeled P) in a circular orbit , while the condition (3e)
and (3f) guarantee that each agent surround a common
point with a constant angular e , where jv, can be
regarded as the vector obtained after a rotation of the
vector v, through 90° in the anti-clockwise direction.
Accordingly, the circle center and radius of the circle are

r.+ jvo’and v, 0 l" :

A
vei
P
[2]
ot I 7,
0 >
Figure 1. Vector relation in a circular orbit.

Noted that there exist a mapping relation between
circle and ellipse as (4a) and (4b) if we denote

r,—d r,— . v,
r, =-2 5 e = = and obtain v, = 7” )
v, . . .
Vv, = ? by simply calculation, where r, = r, + jr,, s

Vi=Vut Vi B =P+l Vy=Vy+JVy.

Ly L el (4a)
a b
vy =iy jle (4b)
a b

So we can get Definition 2 according to the mapping
relation.

Definition 2. The leader-following multi-agent
system (1 and 2) achieve rotating consensus in an
elliptical orbit if
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!L“Q[Vi(t)—ro 0]=0 (52)
!Lna][ri(t)—rk 0]=0 (5b)
!L@[vi (6)-v,()]=0 (5¢)
lim[v, (1) =v, ()] =0 (5d)

"m{v'o, 0,560 _juld, (r))} o 0

t—® a b

Iim[‘}“ ©W,; ”'”b(t) ot v (t))} —0 (50
a b

t—x a

forall i kel.

The position and velocity of all following agents
achieve consensus with the leader and surround a
common point in an elliptical orbit. Then, this paper will
only discuss the rotating consensus of Definition2.

V. ROTATING CONSENSUS

In this section, we studied rotating consensus
problems of the multi-agent system (1 and 2). For
simplicity of the following analysis, we assumed o =1
and used the following consensus algorithm.

Uy =y +y (6)
where u, = j(ﬁ+ jk) and
a b

up =k Y, 4 [+ )~ (A )

il
Py a
v, .V v R
+ap[(FE+j-2) - (FE+j -}
a b a b

hh—¢ .h —-d . Vit . Viy
- A[FE—+j—)+j(-*+j-=
A a{l( P ) J(a ]b)]

sieN;

G ey ey
a b a b

r,—c r,—=d, .v, .V
+a,-o{[(”T+JZT)+J(;’+172)]

Fy—C

[ +j%)+j(%+j”f)]}}

Denote

6:[§Il’llvfzvﬂzvv§nl’7n]r =[S, +JSu My + i

. ) Jj J
N I +J”"2]T ’ A= {0 0:| o

0
B= . | Vielandk. k, e R™ >0,
-k, k,+ jk,
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where ¢ and n, are respectively
g ==y jlady du=c, ;= and
a b a b
r—c .r,—d, .V, .V r,—c .t,—d. v, .V
n=[—+j==)+j A+ )+ )]
a b a b a b a " b

Then using the protocol (6), the closed-loop network

dynamics can be written as

5=(I,04- L ®B)s @

Where, L=L+D.

V. STABILITY ANALYSIS

Lemma 1: The matrix L = L+ D is positive if the

graph G is connected.
Lemma 2: The roots of the equation

s*+s(a, +a,j)+a, =0 (8)

have negative real parts, where a,a,,a,€R ,
a,>0,a,>0.
Proof: Denote the roots of (8) bys =4 +b,;.Then,

the real part and the imaginative part of the Eq.(8) is
equal to (9) and (10)

bl —b’ +ab, —a,b, +a, =0 9)
2bb,j+ab,j+ba,j=0 (10)
. ba,
From (10), we can obtain b, =———— . Then
Lt a
substituting &, into (9), we have
(2 +a)° b —a;b +(ab +a)(2h +a) +ab(2b +a) a1

= (2b +a)’ b +(ab +a,)(2b +a)’ +ab (b +a) =0

Noting that @, >0,4, >0, we have the Eq. (11)
cannot hold if b, >0 .Therefore, the real part of each
root of (8) is negative.

Theorem: Consider a network of second-order agents
with fixed topology G that is connected. The multi-
agent system (1 and 2) with the protocol (6) reaches a
rotating consensus.

Proof: By Lemma 1, we can regard L as
0<A £4,<---< 4, .Then there exists an orthogonal



matrix W eR™ such that
W'LW = diag{,,4,,...,2,} and we have
W' QIL)I,@A-LOB)W ®I,) 12)

= diag{A-/,B, A~ ,B,---, A~ 2, B}

By calculating, the characteristic polynomial of each
A-AB is

det(s] — A+ AB) =5° + (kA + jk, A, — j)s
+k,A =0,i=12,...,n

Then by Lemma 2, the system I, ® A—-L® B is
Hurwitz stable. Hence, limé(t) =0.

t—0

VI. SIMULATIONS

In this section, we will provide a numerical
simulation to illustrate our theoretical results derived in
the above sections. Consider a second-order multi-agent
system with four agents and one leader. Suppose that the
weight of each edge is 1. Fig.2 shows connected
undirected graph with five nodes. Figs. 3 and 4
respectively show the position trajectories of the leader
and following multi-agents and we can see the leader-

following multi-agent system achieve a rotating
consensus in an elliptical orbit under protocol (6).
Figure 2. Network topology.
2 i
151 —
A i
05F —
o i
-0.5F B
b 3 1 0 1 2 3 ) 5

Figure 3. Position trajectories of the leader.
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Figure 4. Position trajectories of the following multi-agents.

VII. CONCLUSIONS

This paper investigated rotating consensus of
second-order leader-following multi-agent system in an
elliptical orbit. We define consensus problem of leader -
following multi-agents and propose rotating consensus
protocol. By performing a model transformation, give
conditions that guarantee all leader-following multi-
agents achieve rotating consensus in an elliptical orbit.
Finally, Simulation results are provided to demonstrate
the effectiveness of our theoretical results.
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