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Abstract—We develop a distributed control policy to achieve 
composite-rotating consensus around the moving centers 
whose trajectories form a circle in this paper. It is assumed 
that the communication topology among agents is undirected 
network and all agents move on a plane perpendicular to a 
specified vector in counterclockwise direction. The distributed 
control protocol is divided into two parts: one part is the local 
velocity feedback that makes each agent surround the moving 
centers and the other is the distributed feedback that 
eliminates the disagreement among the agents. The control 
protocol is extended to a 3-D space by introduced a rotating 
matrix. Based on the stable theory of Hurwitz, we verify the 
stability of the multi-agent system. Finally, Simulation 
examples are provided to demonstrate the effectiveness of our 
theoretical results. 

Keywords-multi-agent system, composite-rotating consensus, 
3-D space, moving centers. 

I INTRODUCTION 
Consensus problem of multi-agent system has received 

considerable attention by many researchers. Pavone et al. [1] 
proposed a decentralized control policy for symmetric 
formations in multi-agent systems that all agents eventually 
converged to a single point, a circle or a logarithmic spiral 
pattern. Motivated by the application of autonomous 
underwater vehicles (AUVs) as mobile sensors to collect 
oceanographic measurements in formations or patterns that 
yield maximally information-rich data sets, Sepulchre[2] et 
al. studied a control strategy to make all multi-agents move 
in a plane at unit speed. However, these content of 
researches are confined to 2-D dimension. Motivated by the 
work of [1], Ren[3] et al. provided the collective motions of 
a team of vehicles in 3D by introducing a rotation matrix. In 
[4], Sonia Hernandez et al. studied decentralized controls to 
stabilize three-dimensional collective motion of autonomous 
vehicles and achieved parallel, helical, and circular 
formations. YANG et al. studied distributed rotating 
consensus in networks of second-order multi-agent systems 
using only local position information in three-dimensional 
(3-D) space in [5]. Lin[6] et al. investigated collective 
rotating motions of second-order multi-agent system . 
However, this paper is just in 2-D space. Lin et al. addressed 
collective rotating motions of second-order multi-agent 
systems in 3-D space in [7]. 

In this paper, our main objective is to design a distributed 
control protocol that has guaranteed all agents achieve 

composite-rotating consensus in a circular orbit and extended 
it to 3-D space.  

II. PRELIMINARIES 

A. Graph theory 
For convenience, we suppose the communication in 

multi-agent system is modeled through an undirected 
weighted graph ( , )G = S e  of order n  with a set of nodes 

1 2( , , , )nS s s s= L , and a set e S S⊆ ×  of edges , and the 
edges represent the communication links if node i  can get 
information from node k . The set of neighbors of node is  
is denoted by { ( , ) , }kN k i k e i k= ∈ ≠ .The relation of the 
communication links can be described by a weighted 
adjacency matrix [ ] n n

ika R ×= ∈Α
 

with non-negative 
elements ika  for all {1,2, , }i,k I n∈ = L . The adjacency 
elements associated with the edges are positive, that is, 

0ik ike e a∈ ⇔ > . Moreover, we assume 0iia = and 

ik kia a=  for all i,k I∈ . A diagonal matrix 

1 2[ , , , ]ndiag= KΔ Δ Δ Δ  is a degree matrix of G , whose 

diagonal elements
1

n

i ik
k

a
=

=∑Δ for all 1,2, ,i n= L . Then, the 

Laplacian of the undirected graph G  is defined as 
= −L AΔ . 
Lemma 1: If an undirected graph G is connected, then 

the matrix L is positive.  
Lemma 2: Let kєR3 be a unit vector whose coordinate 

representation in 1Γ  is [ , , ]T
x y zk k k k= , and 3Γ be a new 

coordinate system obtained by rotating 1Γ  about the axis 
k  with an angle θ . Then the rotation matrix of 3Γ  with 
respect to 1Γ  is  

3( ) (cos ) (1 cos ) (sin ) ( )T
kR I kk S kθ θ θ θ= + − +  

where 
 0  -   

( )     0   - 
-      0

z y

z x

y x

k k

S k k k
k k

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

� . 

B. Transformation of Coordinates 
In this subsection, we introduce some concepts and 

results of transformation of coordinates. Suppose two 
coordinates in three space and share a common origin, 
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denoted by ( , , )m x y zΓ  and ( , , )n α β γΓ . Consider an 
arbitrary vector ξ  expressed in terms of the components 
along the , ,x y z axes and the , ,α β γ  axes. Thus we have 
the equivalent representations: 

m x y zxi yi ziξ = + +     n i i iα β γξ α β γ= + +      (1) 

where 3, ,x y zi i i ∈�  and 3, ,i i iα β γ ∈�  are two sets of 
orthogonal unit vectors parallel to their respective 
coordinate axes. The subscript of ξ is corresponding to the 
relevant coordinate system. For convenience, the vector can 
be written in the manner of matrix: 

[ , , ]T
m m m mx y zξ =    [ , , ]T

n n n nξ α β γ=     (2) 

The two vectors above can transform mutually by a 
rotation matrix R .Then, we obtain 

   or   T
n nm m m nm nR RΓ = Γ Γ = Γ           (3) 

where 3 3R ×∈� and it has the property that 
3

T TRR R R I= = . 

III. PROBLEM DESCRIPTION 
The distributed system investigated in this paper consists 

of n autonomous agents. Agent is  can be regard as a node 
in an undirected graph G  and an edge e S S⊆ ×  of graph 
G  corresponds to an information link between agent is  
and ks . Suppose the dynamics of the ith  agent are given 
by follows: 

, , 1, 2, ,i i i ir v v u i n= = =& & L               (4) 

where 3
1 2 3[ , , ]T

i i i ir r r r= ∈ �  and 
3

1 2 3[ , , ]T
i i i iv v v v= ∈ �  are respectively the position and 

speed of agent is  in three dimension and 3
iu ∈ �  is the 

control protocol. Note that all the vectors are represented in 
an inertial rectangular coordinate system, denoted by oΓ  
in this paper. Due to the application of distributed system in 
satellite and unmanned aerial vehicle control, etc., 
composite-rotating consensus of second-order multi-agent 
system is studied in this paper and extended into three 
dimension .That is to say ,each agent not only moves around 
a common axis but also on its own axis. 

Definition 1 The multi-agent system (4) achieves 
composite-rotating consensus if every agent satisfies  

lim ( ) 0                                                  (5)

lim[ ( ) ( )] 0                                         (6)

lim[ ( ) ( )] 0                                       (

T
it

i kt

i kt

i t

r t r t

t t

ρυ

υ υ

→+∞

→+∞

→+∞

=

− =

− = 7)

 

1
1 2

1
1

lim[ ( ) ( ) ( ( )

( ))] 0 

T T
i no no i no no it

T
no no i

r t R R R t R R R r t

R R R t

ω υ ω

ω υ

− ⊥ ⊥

→+∞

− ⊥

+ −

+ =

&&
   (8) 

for any ,i k I∈ , where 3iρ ∈ � is a specified vector , 

1ω 、 2ω  are positive constants and 1 2ω ω� ,  
0    -1     0
1      0      0
0      0       1

R⊥

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦ . 

For convenience in discussion, we assume that all agents 
move in anticlockwise direction. Besides, we recommend a 
new rectangular coordinate system nΓ  whose third 
coordinate axis is parallel to the specified vector 3iρ ∈ � . 
Meanwhile, oΓ and nΓ  share the common origin. Thus 
the rotation matrix that transforms oΓ  to nΓ  is denoted 
as 3 3

noR ×∈ � . Here, we do not give any definition of the 
other two axes for nΓ  so that the rotation matrix noR  can 
take different values which have no influence on results. 

IV. MAIN RESULTS 
In this section, we investigate the composite- rotating 

consensus control of the multi-agent system (4) and obtain 
the following consensus protocol: 

1 2i i iu u u= +                     (9) 

where  
1

1 1 1 2 1( )        T T
i no no i i no no iu R R R r R R Rω υ ωω ω υ⊥ − ⊥= − +  

and  
1

2 1[ ] [( )
k i k i

T
i ik i k ik i no no i

s N s N

u a a r R R Rυ υ ω υ− ⊥

∈ ∈

= − − − +∑ ∑
 

1
1( )]T

k no no kr R R Rω υ− ⊥− + ， for all {1,2, , }i,k I n∈ = L  

and 
0  -1  0
1    0  0
0   0  -1

R⊥

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

. In the protocol (9), 1iu is a local 

velocity feedback that makes all agents surround a moving 
point on a plane perpendicular to the vector iρ  and the 
trajectory of the point is a circle, while 2iu  is a distributed 
state information feedback that eliminates the disagreement 
dynamics of the multi-agent system. 

Let 1 1[ , , , , ]T T T T T
n nr rξ υ υ= L , 

3

1 2 3 1 2

0                 

     ( ) T
no no

I
A

I R R Rωω ω ω ⊥

⎡ ⎤
= ⎢ ⎥

− −⎣ ⎦
 

And 

1
3 3 1

0            0 
     T

no no

B
I I R R Rω− ⊥

⎡ ⎤
= ⎢ ⎥+⎣ ⎦

 

Then using the protocol (9) for system (4), the 
closed-loop system can be written in a vector form as 
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( )nI A L Bξ ξ= ⊗ − ⊗&                 (10) 

where L is the Laplacian of the graph G . 
Lemma3: Denote  

2 11 12 13 11 12 13 1 2 3

6
1 2 3

( ) [ , , , , , , , , , ,

, , ]

T T T T T T T T T
n no n n n

T T T T n
n n n

I R r r r r r rξ ξ υ υ υ

υ υ υ

= ⊗ =

∈

L

�
, 

where ,ij ijr υ ∈� .Then the system (10) can be replaced 
by  

( )nI A L Bξ ξ= ⊗ − ⊗&                          (11) 

Where 
3

1 2 3 1 2

0                    

    ( )

I
A

I Rωω ω ω ⊥

⎡ ⎤
= ⎢ ⎥

− −⎣ ⎦  
and  

1
3 3 1

0            0 
     

B
I I Rω− ⊥

⎡ ⎤
= ⎢ ⎥+⎣ ⎦

. 

Further, let 
4

1 11 12 11 12 1 2 1 2[ , , , , , , , , ]T T T T T T T T T n
n n n nr r r rρ υ υ υ υ= ∈L �  and 

2
2 13 13 3 3[ , , , , ]T T T T T n

n nr rρ υ υ= ∈L � .Then the system (11) can 
be decomposed into the following two systems, 

1 1( )nI C L Dρ ρ= ⊗ − ⊗&              (12) 

2 2( )nI E L Fρ ρ= ⊗ − ⊗&             (13) 

where  

1 2 2 1

1 2 1 2

0            0           1         0         
0            0           0         1

     0           0       -  
0           -       0   

C
ω ω ω ω

ωω ω ω

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥−
⎢ ⎥

−⎢ ⎥⎣ ⎦

,

1

1

0     0      0        0         
0     0      0        0

11     0      1      -  

10    1           1   

D
ω

ω

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

, 

1 2 2 1

0            1
   -  

E
ωω ω ω

⎡ ⎤
= ⎢ ⎥−⎣ ⎦

 and 

1

0       0
11    +1 

F
ω

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

. 

In fact, the system (12) and (13) are the substitutes for 
system (11) in the rectangular coordinate System nΓ . 

Lemma 4: All roots of the equation 

2 ( ) 0cs a b c s ab c
a

+ − + + + + =           (14) 

have negative real parts, where 0, 0a b c> > > . 
Proof : Take s jω=  into the equation (14), where ω  

is a positive number. Then Eq. (14) is transformed into the 
following two equations, 

2 0                                           (15)

 ( ) 0                                     (16)

ab c
ca b c
a

ω

ω

− + + =

− + + =
 

Form (16), we obtain 0   ω = and substitute it into (15), 
we get 

0 ab c+ =              (17) 

It is easy to see that the equation (15) cannot hold 
when 0, 0a b c> > > . That is, the Eq. (14) has no roots on 
the imaginary axis. What’s more, since 0, 0a b c> > > , the 
coefficients of Eq. (14) are positive. According to the theory 
of Hurwitz, all roots of Eq. (14) have negative real parts. 

Lemma5: If the graph G  is connected, then 
3 3lim[ ( ) ( )] 0i kt

r t r t
→+∞

− =  and 3lim ( ) 0it
tυ

→+∞
= for any 

,i k I∈ .That is, all agents finally converge to a plane 
perpendicular to the vector iρ . 

Proof: Consider the system (13). By Lemma 1, there 
exist an orthogonal matrix n nR ×∈W  such that 

1 2{ , , , }T
ndiag λ λ λ= KW LW with 1 20 nλ λ λ< ≤ ≤ ≤L .It 

follows that  

1 2

( )( )( )
{ , , , }

T

n

L
diag λ λ λ

⊗ ⊗ − ⊗ ⊗

= − − −

 

L

3 n 3W I I E F W I
E F E F E F

       (18) 

The characteristic polynomial of each iλ−E F  is 

2
1 2 1 2

1

det s ) ( )

0,  1, 2, ,

i
i i is s

i n

λ
λ ω ω λ ωω λ

ω
− + = + − + + + +

= = K

( I E F
 

Then, according to lemma 4, system (18) is Hurwitz 
stable. In addition, by simple calculation we can obtain that 
( ) (1 [1,0]) 0T T

nL⊗ − ⊗ × ⊗ =nI E F .Then by linear system 
theory, we have 3lim ( ) 0it

tυ
→+∞

=  and 3lim[ ( )it
r t

→+∞  
3 ( )] 0kr t− = for any ,i k I∈ . Thus, we can know all agents 

finally move on a plane perpendicular to the vector iρ . 
Lemma 6: All roots of the equation 

4 3 2 2 2

2

2 [ 2( ) ( ) ]

2 ( ) ( ) 0

cs cs c ab c a b s
a

c ab c s ab c

+ + + + + − −

+ + + + =
     (19) 

have negative real parts, where 0, 0a b c> > > . 
Proof : Take s jω=  into the equation (19), where ω  
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is a positive number. Then Eq. (19) is transformed into the 
following two equations, 

4 2 2 2 2

3

[ 2( ) ( ) ] ( ) 0   (20)

2 2 ( ) 0                                              (21)

cc ab c a b ab c
a

c c ab c

ω ω

ω ω

− + + + − − + + =

− + + =  

From (21) , we have 20 or ab cω ω= = + . Substituting 
20 or ab cω ω= = +  into (20), we get 

2( ) 0  ab c+ =  or 2 2( ) 0cc a b
a

+ − − =        (22) 

It’s easy to see that the equation (20) cannot hold when 
0, 0a b c> > > .That is, the equation (19) has no roots on 

the imaginary axis. Additionally, with regard to (19), we can 
get the all coefficients of equation (19) as follows 0 1a = , 

1 2a c= , 2 2
2 2( ) ( )ca c ab c a b

a
= + + + − − , 

3 2 ( )a c ab c= +  , 2
4 ( )a ab c= +  

then we can obtain (23) and (24) 

3
2 1 2 0 3

2

2 2 *2( )

2 ( ) 2 ( ) 0

a a a a c c ab c
cc a b c ab c
a

Δ = − = + +

+ − − − + >
       (23) 

and              

2 2 2
1 4

2
3

4 ( ) 2 ( )
2 ( )

a a c ab c c ab c
a c ab c

+
Δ > = = +

+
              (24)

 

Therefore, by the theory of Hurwiz, the system (19) is 
stable. 

Theorem 1: Consider a multi-agent system with a fixed 
topology that is connected. The multi-agent system (4) with 
protocol (9) can reach composite- rotating consensus. 

Proof : By Lemma 1, we can express L to 
1 20 nλ λ λ< ≤ ≤ ≤L .Then, there exist an orthogonal matrix 

n nR ×∈W  such that 1 2{ , , , }T
ndiag λ λ λ= KW LW  .Then, 

we have 

1 2

( )( )( )
{ , , , }

T

n

L
diag λ λ λ

⊗ ⊗ − ⊗ ⊗
= − − −
 

L

2 n 2W I I C D W I
C D C D C D

         (25) 

The characteristic polynomial of each iλ−C D  is 

4 3 2
1 2 1 2

2 2 2
1 2 1 2

1

det( ) 2 [ 2( ) (

) ] 2 ( ) ( ) 0,  1, 2, ,

i i i i

i
i i i

s s s

s s i n

λ λ λ ω ω λ ω ω
λ

λ ω ω λ ω ω λ
ω

− = + + + + + −

− + + + + = =

 

K

I C + D

Then, according to Lemma 6, the system (25) is Hurwitz 
stable. Besides, by simple calculations, we have 

1 1
1 2 1lim[ ( ) ( ) ( ( )

( ))] 0

T T T
i no no i no no i no not

i

r t R R R t R R R r t R R R

t

ω υ ω ω

υ

− ⊥ ⊥ − ⊥

→∞
+ − +

=

&&

for any i I∈ .Thus, the multi-agent system (4) with the 
protocol (9) can achieve composite rotating consensus.

 V. SIMULATION 
In this section, we study the composite-rotating 

consensus using protocol (9). Suppose that the 
communication topology of undirected network with four 
agents is given by Fig.1. The problem of composite- 
rotating consensus is extended to 3-D space by introduced a 
rotating matrix. The initial condition of system (4) is given 
as  

11 12 13 11 12 13 21 22 23 21 22

23 31 32 33 31 32 33 41 42 43 41 42 43

[ , , , , , , , , , , ,

, , , , , , , , , , , , ]
[4 2 -1 0 1 0 -1 2 2 0 -1 0 -2 1 3 1 0 0 2 -1 -2 -1 1 0]

T T T T T T T T T T T

T T T T T T T T T T T T T T

r r r r r r

r r r r r r

υ υ υ υ υ

υ υ υ υ υ υ υ
=  

and iρ is taken as [2 / 3, 2 / 3, 2 / 3]T .Let 1 1ω =  
and  

2
1

16
ω = , then we can obtain that,  

0            0           1         0         
0            0           0         1

1 15      0           0            
16 16

1 150                     0   
16 16

C

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥= − −⎢ ⎥
⎢ ⎥
⎢ ⎥−⎢ ⎥⎣ ⎦

,

0     0      0       0 
0     0      0       0
1     0      1      -1
0    1       1       1

D

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦ ,

   0          1
1 15    

16 16
E

⎡ ⎤
⎢ ⎥=
⎢ ⎥− −
⎢ ⎥⎣ ⎦ ,

0    0
1    2

F
⎡ ⎤

= ⎢ ⎥
⎣ ⎦ .

 

Clearly, it has been shown in Fig.2 that the moving 
centers of the four agents reach rotating consensus in a 
circular orbit. Besides, the multi-agent system finally 
achieve composite- rotating consensus in a circular orbit 
around the moving centers and all the agents move in the 
counterclockwise direction on the plane perpendicular to the 
vector iρ . Therefore, simulation results have shown the 
effectiveness of theoretical results. 

 
Figure.1 The communication topology of undirected network. 

VI. CONCLUSIONS 
The main contribution of this paper is to provide a 

distributed control policy that allows the agents to achieve 
composite-rotating consensus in a circular orbit around the 
moving centers whose trajectories also form a common 
circle. The control policy is divided into two parts: one part 
is feedback from itself so that the trajectories of all agents 
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finally form a circle and the other is distributed feedback to 
alleviate divergence among different agents. It’s studied in 
3-D space by introduced a rotating matrix and all the agents 
move on a plane perpendicular to the vector iρ . We have 
proved the effectiveness of the policy proposed in this paper 
by Hurwitz theory. 
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Figure.2 The position trajectories of the multi-agents system. 
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