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Classical ideas and methods developed by Sophus Lie provide us with a powerful tool for
constructing exact solutions of partial differential equations (PDE) (see, e.g., [1–4]). In
the present paper we apply the above methods to obtain new explicit solutions of the
nonlinear Yang-Mills equations (YME). By the classical YME, we mean the following
nonlinear system of twelve second-order PDE:

∂ν∂
ν ~Aµ − ∂µ∂ν

~Aν + e[(∂ν
~Aν)× ~Aµ − 2(∂ν

~Aµ)× ~Aν + (∂µ ~Aν)× ~Aν ]+ (1)

e2 ~Aν × ( ~Aν × ~Aµ) = ~0.

Here ∂ν = ∂
∂xν

, µ = 0, 3, e = const, ~Aµ = ~Aµ(x) = ~Aµ(x0, x1, x2, x3) is a three-compo-
nent vector-potential of the Yang-Mills field. Hereafter, the summation over the repeated
indices µ, ν from 0 to 3 is supposed. Raising and lowering the vector indices are peformed
with the aid of the metric tensor gµν , i.e., ∂µ = gµν∂ν (gµν = 1 if µ = ν = 0, gµν = −1 if
µ = ν = 1, 2, 3 and gµν = 0 if µ 6= ν).

It should be said that there were several reviews devoted to classical solutions of YME.
The solutions were obtained with the help of ad hoc substitutions suggested by Wu and
Yang, Rosen, ’t Hooft, Corrigan and Fairlie, Wilczek, Witten (for more detail see review
[5] and references cited therein). But, in fact, symmetry properties of YME were not used.

It was known [6] that YME are invariant under the group C(1, 3)
⊗

SU(2), where
C(1, 3) is the 15-parameter conformal group and SU(2) is the infinite-parameter special
unitary group.

Symmetry properties of YME were used and some new exact solutions of equation(1)
were obtained by W. Fushchych and W.Shtelen in [7] (see also [3]).

The present report is a continuation of the investigations which were realized by the
author together with R. Zhdanov and W. Fushchych. With the aid of P (1, 3)-inequivalent
ansatzes for the Yang-Mills field, which are invariant under three-dimensional subgroups
of the Poincaré group, reduction of YME to systems of ordinary differential equations
is carried out and wide families of their exact solutions are constructed in [8, 9]. Here
we carry out symmetry reduction of YME on four-dimensional subgroups of the Poincaré
group to functional equations.

The symmetry group of YME contains as a subgroup the Poincaré group P (1, 3) having
the following generators:
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Pµ = ∂µ, Jαβ = xα∂β − xβ∂α + Aaα∂Aa
β
−Aaβ∂Aa

α
, (2)

where ∂Aa
µ

= ∂
∂Aa

µ

, µ, α, β = 0, 3, a = 1, 3.

The method of symmetry reduction is described in [1, 2]. A key idea of the symmetry
approach to the problem of reduction of PDE is a special choice of the form of a solution.
This choice is dictated by a structure of the symmetry group admitted by the equation
under study.

In the case involved, to reduce YME by N variables, one has to construct ansatzes
for the Yang-Mills field Aa

µ(2) invariant under N -dimensional subalgebras of the algebra
with the basis elements (2) [1–4]. Hence, for Poincaré-invariant ansatzes reducing YME
to systems of functional equations, N is equal to 4. Due to invariance of YME under
the conformal group C(1, 3), it is sufficient to consider only subalgebras which can not
be transformed one into another by group transformation, i.e., C(1, 3)-inequivalent sub-
algebras. Complete description of the Poincaré algebra was obtained in [10] (see also
[11]).

As basis elements of the Poincaré algebra AP (1, 3), Pµ, Jαβ from (2) have the form

Xa = ξaµ(x)∂µ + ρbc
aµν(x)Ac

ν∂Ab
µ
,

so the invariant ansatz for the field Aa
µ(x) is searched for in the form [3, 4]

Aa
µ(x) = Qab

µν(x)Bb
ν . (3)

We make the symmetry reduction using 4-dimensional subalgebras of the Poincaré al-
gebra AP (1, 3) and, consequently, in (3) Bb

ν are arbitrary constants, Qab
µν(x) are particular

solutions of the system of PDE (ξaν∂ν−ρbc
aµα)Qcd

αβ = 0, µ, ν, α, β = 0, 3, a = 1, 4, b, d = 1, 3,
and the condition

rank ||ξaµ(x)||4 3
a=1µ=0 = 4 (4)

holds (for the detail, see [1,4,9]).
General form of the ansatz invariant under a 4-dimensional subalgebra of the algebra

AP (1, 3) with generators (2) is the following:

~Aµ(x) = aµν(x) ~Bν , (5)

where
aµν(x) = (aµaν − dµdν)chθ0 + (dµaν − dνaµ)shθ0 + 2(aµ + dµ)[(θ1 cos θ3+

θ2 sin θ3)bν + (θ2 cos θ3 − θ1 sin θ3)cν + (θ2
1 + θ2

2)(aν + dν)e−θ0 ]+

(bµcν − bνcµ) sin θ3 − (cµcν + bµbν) cos θ3 − 2(θ1bµ + θ2cµ)(aν + dν)e−θ0 ,

aµ, bµ, cµ, dµ are components of the constant 4-vectors a, b, c, d which form orthonormal
basis of the Minkowski space-time, i.e. aµaµ = −bµbµ = −cµcµ = −dµdµ = 1, aµbµ =
aµcµ = aµdµ = bµcµ = bµdµ = cµdµ = 0 and θ0, θ1, θ2, θ3 are smooth functions of x, whose
explicit form is determined by the choice of the 4-dimensional subalgebras of the algebra
AP (1, 3).

Below, we adduce a complete list of 4-dimensional C(1, 3)-inequivalent subalgebras of
the Poincaré algebra, which satisfy the condition (4).
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L1 =< P0, P1, P2, P3 >, L2 =< J03,M, P1, P2 >,

L3 =< J12 + αJ03,M, P1, P2 >, L4 =< G1, J03,M, P2 >,

L5 =< G1, J03,M, P1 + αP2 >, L6 =< G1, G2, J03,M >,

L7 =< G1, G2, J12 + αJ03,M >, L8 =< J12 + P0, P1, P2, P3 >,

L9 =< J12 + P3, P0, P1, P2 >, L10 =< J12 + P0 − P3,M, P1, P2 >,

L11 =< J03 + P1, P0, P2, P3 >, L12 =< G1 + P2, P0, P1, P3 >,

L13 =< G1 + P0 − P3,M, P1, P2 >, L14 =< G1 + αP2, G2 + P0 − P3,M, P1 >,

L15 =< G1, J03 + P2,M, P1 + αP2 >, L16 =< G1, J03 + P1,M, P2 >,

L17 =< G1, G2, J03 + P1,M > .

Here M = P0 + P3, Gi = J0i − Ji3(i = 1, 2), α > 0.
Ansatzes for the Yang-Mills field Aa

µ(x) are of the form (5), non-zero functions θµ(x),
µ = 0, 3 being determined by one of the following formulae:

L2 : θ0 = − ln |kx|;

L3 : θ0 = − ln |kx|, θ3 = 1
α ln |kx|;

L4 : θ0 = − ln |kx|, θ1 = 1
2bx(kx)−1;

L5 : θ0 = − ln |kx|, θ1 = 1
2

(
bx− 1

αcx
)
(kx)−1;

L6 : θ0 = − ln |kx|, θ1 = 1
2bx(kx)−1, θ2 = 1

2cx(kx)−1, θ3 = 1
α ln |kx|;

L8 : θ3 = −ax;

L9 : θ3 = dx; (6)

L10 : θ3 = −1
2kx;

L11 : θ0 = −cx;

L12 : θ1 = 1
2cx;

L13 : θ1 = −1
4kx;

L14 : θ1 = 1
8α(4cx + (kx)2), θ2 = −1

4kx;

L15 : θ0 = − ln |kx|, θ1 = 1
2

[
bx− 1

αcx + 1
α ln |kx|

]
(kx)−1;

L16 : θ0 = − ln |kx|, θ1 = 1
2[bx− ln |kx|](kx)−1;

L17 : θ0 = − ln |kx|, θ1 = 1
2[bx− ln |kx|](kx)−1, θ2 = 1

2cx(kx)−1.
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Here ax = aµxµ, bx = bµxµ, cx = cµxµ, dx = dµxµ, µ = 0, 3, kx = ax + dx.
In order to reduce YME to functional equations, it is necessary to substitute ansatz (5)

into (1) and convolute the expression obtained with aµ
α(x). As a result, we get a system

of twelve nonlinear equations for Ba
ν of the form

mµγ
~Bγ + ehµνγ( ~Bν × ~Bγ) + e2( ~Bγ × ( ~Bγ × ~Bµ)) = 0. (7)

Coefficients of the reduced equations are given by the following formulae:

mµγ = aα
µ2aαγ − aαµaβγxβxα , (8)

where hµνγ = 1
2(gµγaανxα − gµνaαγxα)− aα

µaανxβ
aβγ − aα

ν aαγxβ
aβµ − aα

γ aαµxβ
aβν , gµν is a

metric tensor of the Minkowski space R(1, 3).
Substituting functions aµν(x) from (5), where θµ(x) are determined by one of the

formulae (6) into (8), we obtain coefficients of the corresponding systems of equations (7).
Below we restrict ourselves only to non-zero coefficients:

L2 : hµνγ = ε
2Ψ(k);

L3 : hµνγ = ε
2Ψ(k) + ε

αΦ(b, c, k);

L4 : mµγ = −kµkγ , hµνγ = εΨ(k);

L5 : mµγ = −
(
1 + 1

α2

)
kµkγ , hµνγ = εΨ(k) + ε

αΦ(b, c, k);

L6 : mµγ = −2kµkγ , hµνγ = 3ε
2 Ψ(k);

L7 : mµγ = −2kµkγ , hµνγ = 3ε
2 Ψ(k)− ε

αΦ(b, c, k);

L8 : mµγ = bµbγ + cµcγ , hµνγ = Φ(b, c, a);

L9 : mµγ = −(bµbγ + cµcγ), hµνγ = −Φ(b, c, d);

L10 : hµνγ =
1
2
Φ(b, c, k); (9)

L11 : mµγ = −(aµaγ − dµdγ), hµνγ = −Φ(a, d, c);

L12 : mµγ = kµkγ , hµνγ = −Φ(k, b, c);

L14 : mµγ = − 1
α2 kµkγ , hµνγ = − 1

αΦ(k, b, c);

L15 : mµγ = −
(
1 + 1

α2

)
kµkγ , hµνγ = εΨ(k) + ε

αΦ(k, b, c);

L16 : mµγ = −kµkγ , hµνγ = εΨ(k);

L17 : mµγ = −2kµkγ , hµνγ = 3ε
2 Ψ(k);

where kµ = aµ+dµ, Ψ(k) = gµγkν−gµνkγ , Φ(a, b, c) = (aµbν−aνbµ)cγ +(aνbγ−aγbν)cµ+
(aγbµ − aµbγ)cν , ε = 1 for kx > 0 and ε = −1 for kx < 0, α > 0.

The principal idea of our approach to solution of the systems of equations (8), (9)
is rather simple and quite natural. It is a reduction of these systems by the number of
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components with the aid of ad hoc substitutions. Using this trick, we construct particular
solutions of equations (8), (9). Below we adduce substitutions for ~Bµ and corresponding
equations:

L11 :

~Bµ = aµλ1~e1 + cµλ2~e2 + dµλ3~e3, (10)

λ1 − 2eλ2λ3 − e2λ1(λ2
2 + λ2

3) = 0,

2λ1λ3 − eλ2(λ2
3 − λ2

1) = 0, (11)

λ3 + 2eλ1λ2 − e2(λ2
2 − λ2

1)λ3 = 0,

where λ1, λ2, λ3 are arbitrary real constants, ~e1 = (1, 0, 0), ~e2 = (0, 1, 0), ~e3 = (0, 0, 1).

The system (11) has only the following real solutions: λ1 = ±e−1
√

2 + 2
√

2,

λ3 = ±e−1
√

2
√

2− 2, λ2 = −e−1 if λ1λ3 > 0 and λ2 = e−1 if λ1λ3 < 0.
Substituting the results obtained into formulae (10), (5), we obtain exact solutions of

the YME(1):

~Aµ = e−1
[
±

√
2 +

√
2(aµch(cx)− dµsh(cx))~e1 − cµ~e2 ±

√
2
√

2− 2(dµch(cx)−

aµsh(cx))~e3

]
;

~Aµ = e−1
[
±

√
2 +

√
2(aµch(cx)− dµsh(cx))~e1 + cµ~e2 ∓

√
2
√

2− 2(dµch(cx)−

aµsh(cx))~e3

]
.
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