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Abstract—Compressive sensing (CS) is a new signal acquisition
framework for sparse and compressible signals with a
sampling rate much below the Nyquist rate. In this work, we
consider the problem of perturbed compressive sensing (CS)
with uncertainty in the measurement matrix as well as in the
measurements. In order to eliminate the effects of
measurement matrix uncertainty, this paper proposed a robust
reconstruction method based on max-min residual
regularization. We also deduced the solver of the optimization
model with the sub-gradient algorithm. Simulation and
numerical results shown that the proposed recovery method
performs better than the traditional reconstruction methods.
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l. INTRODUCTION

The recently emerged theory of compressed sensing (CS)
[1-2] introduced an alternative data acquisition framework
to traditional signal acquisition scheme based on Shannon-
Nyquist sampling theory. CS theory enables the acquisition
and recovery of sparse signals in some transform domain at
a rate proportional to their information content that much
below the Nyquist rate.

The problem of reconstructing an unknown sparse vector
from a limited number of observations arises throughout
engineering and the mathematical sciences. In most
applications, these problems are ill-conditioned or
underdetermined. Up to now, many mature algorithms have
been proposed to resolve this reconstruction problems,
including interior-point algorithms [3-4], gradient projection
[5], iterative thresholding [6-7], and greedy approaches such
as orthogonal matching pursuit (OMP) [8-9]. And these
reconstruction algorithms are based on the accurately known
dictionary, and most of these recovery algorithms did not
considered these uncertainties in the measurement matrix.
However in some practices the measurement matrix of
compressed sensing may be perturbed. For example,
imperfections in the practical signal acquisition hardware,
mismatch of system model and parameter discretization, and
others.

Some authors have addressed the related problem and
analyzed the measurement-matrix uncertainty effect on
existing CS reconstruction algorithms. In[10]-[11], the
authors analyze the effect of additive perturbations on the
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Basis Pursuit and CoSaMP algorithms, In[12] the authors
study the worst-case effects on established algorithms. And
there are only a few methods that explicitly address
measurement-matrix uncertainty. In [13], Zhu et al. extends
the classical TLS approach to 7, regularization, and propose
the Sparsity-cognizant Total = Least Squares FS LS%
algorithm. In this paper we propose a robust sparse signal
recovery method based on max-min residual regularization
for perturbed compressed sensing. Numerical experiments
demonstrate that the dpr_opose method has a better
performance than the traditional way.

Il.  PERTURBED COMPRESSED SENSING

A. The Perturbed compressed sensing System Model

Consider a generalized compressed sensing system,
supposed the input signal X is K-sparse. And the
measurement matrix is @ with M xN , M [J N .the
compressed sensing measurements can be expressed as:

y = ®x (1)

Where®@is a M x N matrix, and it does not depend on

the signal x and it can be constructed as a random matrix
such as Gaussian matrix.

However, in practical applications, the measurement
vector is often contaminated by noise, thus a perturbed
compressed sensing system can be expressed as.

y=®x+b

Where b denotes the measurement noise.

Furthermore, as we know when measuring an unknown
system, in addition to the measurement noise, the sensing
matrix may. Thus the perturbed compressed sensing process
c?n5|der|ng with the perturbed sensing matrix is in the form
0

2

y=®x+b=(®+E)x+b A3)
B. The Perturbed RIP

~ However the perturbed matrix @ cannot be too
dissimilar with the original measurement matrix @, it still
need to satlsfi/ the canditions of compressed sensing, Here
we give the RIP for @ [10].

Fix K=1,2, Given the RIC ¢, associated with
matrix ® and the relative perturbation £ associated with
(possibly unknown) matrix E , fix the constant

2

e = (143 (1+680) -1

4)
Then the RIC &, for matrix ® = @ +Eis the smallest



nonnegative number such that

(1 5 )|x|| "(I)x" <l+5k)||x||z

Holds for any K-sparse vector x where 5k < 5K

®)

Ill. PERTURBED COMPRESSED SENSING RECOVERY

ALGORITHM BASED ON MAX-MIN RESIDUAL
REGULARIZATION

A. The error limits of perturbed compressed sensing

Here we assume the perturbations to be quantified with
the following relative bounds

el __, L
o, " ol || L°

Where |@), ||<I>||2 Iy, #0and &85 6, <1.

While in the practical application we often do not know
the exact nature of E and b .Here we suppose that E is
simply a scaled version of the random measurement matrix
@, so thatE = a® with 0 < <1. Denote &; as the RIC

associated with the matrix ® , then for all K-sparse x the
RIP for matrix E asserts

(6)

o (102 I < [xl; < (st )l; )
Then we can get
B[ <aff1+o) ®
Thus
[l O3
< = B ©
o J2-5,)

B. recovery algorithm based on MMR

First we consider the classical compressed sensing
problem, given the measurement vector y and matrix @, we

need to recover the signal x , we can solve the optimization
problem:

(10)

As we have mentioned before, for the permuted
compressed sensing model of(3), if we use the traditional
algorithms to recover the sparse signal, it will degrade in the
recovery performance. When the error of perturbed
compressed sensing is bounded, we can solve the problem
as follows:

min||x||, s.to y = ®@x

min|x|, stoy=dx

|®-@|, <n.[5-v], <n,

For the solution x of each step, we can get the residual
error as:

(11)

m¢+Eﬁ-Q+bm (12)

In order to reduce the Min-Max problem to a standard
minimization problem, we note that
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O+E)X- b
min max {"( *E)R-(y+b)] (13)
‘ [E][ < 7.b][ <7,

For
|[(@+E)%-(y+b)], < [@%-v], + [E], (5], + ol a4
<[[@x-y[, +7[R], +7,
We therefore conclude that the min-max problem is
equivalent to the following minimization problem. Given

the measurement matrix @ , measurements y ,and the
nonnegative real numbers (n,ny) .determine, if possible,
anx that solves:

min |@3-y]; +7|R[; +7, ) (15)

Similarly for the K-sparse signal, under the condition of
the error of the perturbed compressed sensing system model,
we establish the unconstrained optimization problems as
follows

min |5 -y] [ +,

(16)
min [x],
This can be expressed as
min (| @%-y[; + 7|3 +n, +[%],) (7
Then we define the cost function
x)=[@x-yl +nlxl, +m, + A, @8)

This is a convex optimization problem, the first three
summands of this cost are differential wrt the optimization
variables, while the non-differential third term is separable
in the entries of x . And there are many math tools to solve
it.

In order to solve the optimization problem in(17), we
define the first three summands of this cost as:

~ ~ 2 A2
%) =[@x- ], + 0[], +7, (19)
It is obvious thatg(i) is a convex continuous function in

x and hence any local minimum of ¢(X) is also a global
minimum.
Ve(x)=20" (Ox-y)+2n%
(x) =20 (0%-3) o0
:2(<I>T(I)+77I)X—Z<I)Ty
There are many settings for z' result in different

algorithm involving the gradient method, the steepest
descent method, and the Newton’s method. In this paper we
take the Newton’s method for its better convergence
performance, that is

i :((I>T(I)+77I )71/2 (21)
However the last term of the cost function ||x|, is not

differential whenx =0, as a result we define a new sub-
gradient of x(i) entries as follows



Vg (x)+sign(x;), |x;| > 7
Vg(x)+i, |xi| < U,Vg(x) <=1

Vf(x): Vg(x)—/l, |Xi|<77,Vg(x)>/1 @)
O,|xi| <nVg(x)<a
Then the gradient-based algorithm can be written as
x(i+1)=x(i)—,uiV§(x(i)) (23)

V.

In order to evaluate the performance of the algorithm we
have proposed, numerical simulations were conducted in
MATLAB as follows. The reconstruction quality of the
algorithm is assessed in terms of the relative recovery error
defined as:

SIMULATION RESULTS

[,

SNR =20log,, ||x-§||
2

(24)

In each trial the basis matrix ¥ is the identity matrix,
matrix @ of size 128x512 is randomly generated with
independent Gaussian distributed entries with zeros mean,
in order to normalize the I, norm of each column, the

variance is set as o> =1/128 . The nonzero locations of
vector s are randomly selected among all possible choices.
Figurel shows the reconstruction SNR of the traditional
BP method and as a function of different levels of sparsity K
for each e . The relative perturbation parameter ¢ are set

t0{0,0.01,0.05,0.1} , for each value of &, and K, we repeat

the simulation for 1000times. As we can see from Fig.1, the
reconstruction SNR decrease with the increase of the
perturbations parameter &. , and when KK /N =0.045, the

SNR performance has a significant drop, this is because
when the measurement M is fixed, with the increasing
number of the sparsity, the RIP condition is no longer to be
satisfied, the BP method cannot recover the sparse signal
correctly.
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Figurel reconstruction SNR of BP for different perturbation
parameter
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Figure 2 shows the Normalized Mean Squared Error
(NMSE) of the proposed method compare with the BP
algorithm with different level of measurement M. it also

give the linear estimates of the true support using @ . As we
can see from the figure2, the proposed method outperforms
the BP algorithm. And because the perturbed measurement
matrix, the classical BP method cannot achieve estimated
values of the true support. Furthermore the NMSE of all the
method decrease with the increase of the measurement
number M, this is coincide with the compressed sensing
theory.
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Figure2 the NMSE performance of the reconstruction method with
different measurement number M

V.

In this paper, the reconstruction problem of perturbed
compressed sensing is discussed. We propose a new robust
recovery method based on max-min residual regularization.
The solver of this optimization problem is also deduced
based on the sub-gradient algorithm. The reconstruction
SNR of the classical BP algorithm with different
perturbation parameter is analyzed; numerical simulations
verify that the relative recovery errors of the BP algorithms
are linear in the perturbations. The simulations also showed
our approaches performed better than the classical BP
algorithms in RMSE of signal amplitude recovery. And for
the perturbed compressed sensing situation, the proposed
method can be a good candidate of compressed sensing
recovery algorithms.

CONCLUSIONS
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