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Abstract—This paper is devoted to the study of rotating
consensus problem for leader-following multi-agent system
with and without multiple time-delays in an elliptical orbit and
both switching topology which is kept connected. We first
define rotating consensus problem of leader-following
multi-agent system in a circular orbit, and through the
mapping relationship between ellipse and circular, extend
rotating consensus problem to elliptical orbit. Then, we
propose two new protocols for leader-following multi-agent
system with and without multiple time-delays. The main
results provide sufficient conditions for existence of rotating
consensus for leader-following multi-agent with and without
multiple time-delays in an elliptical orbit.. Simulations are
provided to show the effectiveness of the obtained theoretical
results.
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I.  INTRODUCTION

Due to the technological advances in communication
and computation, distributed coordination of networks of
dynamic agents has attracted several researchers in many
fields in recent years and many results have been obtained
in [1-9]. In real systems, information interchange between
each agent is often associated with time delays and the
network graph should be switching as communication
links in a multi-agent system may experience failures or
recons- tructions. Among many of the researches, the
consensus problem is one of the most widely studied
issues which is that each agent updates its control input
based on the information of its neighbors in such a way
that all agents get to a common value in final.
Leader-following multi agent consensus has been actively
studied and get a series of splendid achievements [1-3]. In
[1], Gang et al. investigated distributed controller design
for a leader-follower network with communication delays.
Hong[2] et al. was concerned with a leader-follower
problem for a multi-agent system with a switching
interconnection topology. In [3], Hu et al. investigated a
leader-following consensus problem with time-varying
coupling delays. Cooperative control for multi agent
systems has been applied to formation control, mobile
robots, unmanned air vehicles, satellites, etc. For example,
Zhao[4] investigated the consensus problem of
data-sampled multi-agent systems with Markovian
switching topologies. Liu[5] studied the consensus
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problems of multi-agent systems on directed networks. In
[6], Sepulchre et al. proposed a methodology to stabilize
isolated relative equilibria in a model of identical, steered
particles moving in the plane at unit speed. In [7], Pavone
et al. proposed decentralized control policy for symmetric
formations in multi-agent systems. Based on the work of
[7], Lin[8] investigated collective rotating motions of
second-order multi-agent system. Ren [9] extended the
results of Pavone[10] et al. to 3D by introducing a rotating
formation matrix in consensus arithmetic. In [10], YANG
et al. studied distributed rotating consensus in networks of
second-order agents using only local position information
in three-dimensional space by extending the results of [8].

1. GRAPH THEORY

The communication network can be modeled through
an undirected weighted graphG=(S,e, A) of order n
with aseto fnodes S=(s,s,,":-,5,), andaset ecSxS
of edges, and a weighted adjacency matrix A=[g,]eR™
with  non-negative  elements a, for  all
i,jel ={L,2,---,n}. An edge of G is denoted by
e; = (s;,s;) , where the first element s of e, is said to be
the tail of the edge and the other, s; to be the head. Then
the set of neighbors of node s is denoted by
N; ={s; € S:q; >0}. The adjacency elements associated
with the edges are positive, that is, e ee<>a;>0.
Moreover, we assume a, =0 and a;=a; for all
i,jel. A diagonal matrix A=diag[4,4,,...,4] is a
degree matrix ~of G , whose  diagonal
elements 4 :Zn:aij for all i=12,---,n .Then, the

j=1

Laplacian of theJ undirected graph G is defined as

L=A-A4. An undirected path is a sequence of

ordered edges of the form(si,skl),(skl,skz),--~,(sk,,S,—),
where s, €S in an undirected graph. A undirected graph is
called connected if there is a path from every node to
every other node.

In this paper, we consider another graph G, associated

with the system consisting of n following agents and one
leader (labeled 0). Similarly, we define a diagonal matrix
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DecR™ to be a leader adjacency matrix associated
with G with diagonal elements d,, where d, =a, for
some constant a,, > 0if node O is a neighbor of node i,
otherwise, a, =0.

Lemma 1: If a undirected graph G is strongly
connected, zero is one eigenvalue of L, and 1 is the
corresponding eigenvector, i.e.,, LI=0 , where 1 represents
[L,2,---,1] .

Lemma 2: For a given symmetric matrix
S, S
S :{ noTe } Wwhere S, eR™ , §,eR"""

SZ]. 22
S,, e RS, eR™ ™ Then S<0 holds if and
only if S,<0, S,-S,S.S,<0 or S,<0,
S11 - S1282721821 <0.

I1l. STATE DESCRIPTION

In this paper, we considered second-order leader
following multi-agent system with the graph G . Suppose
the dynamics of the ith (iel)agentis:

F=v,

1 1

v =u,i=12,..,n @

where the vectors r,v, e C ~ R® respectively denote
the position and velocity of the agent s; and u;(t)eC

is the control input. Some followers in G are impressed
by the leader and other neighbor agents, while the motion
of the leader is independent.

The dynamics of the leader is described as follows:

) =V, (2)

where r, are the position and v, is the desired

constant velocity. So our main objective was to design
rules to make all leader-following multi-agent achieve
rotating consensus in an elliptical orbit. Firstly, we
assumed that each agent moves in anti-clockwise direction.
Before giving the main results, we needed to make the
following Definition 1 in a circular orbit.

Definition 1. The leader-following multi-agent system
achie -ves rotating consensus in a circular orbit if

tim[r, (t)~r,, (©)] =0 (32)
lim[r, (t) ~r,, (©)] = 0 (3b)
lim[v,, (0 v,,(©)] =0 (3c)
lim [y, (0 -5, (0] =0 (3d)
3,41 (1) + 5y () = (0, () + iy O] =0 (3€)
3,1, () + v (O = jeo (v O+ O] =0 (3)

For all i, kel , where r,, =r

eit ¥ iz Ve =Vair

FJViz o Fog =y F Jluy s Vg = Vo + Vo -
Note that there exist a mapping relation between circle
and ellipse as
r,—Cc .r,—d v, R
rei:'l_+112— vei:_”+];2 (4)
a b a b

if we denote r, =(r,-d)/b, r,=(r,—d)/b and
obtain v, =v,/a, v, =v,/b by simple calculations,

where r =r, +jr, V=V v, o B =Hy g,
V) =V + V-

We can get definition 2 according to the mapping
relation.

Definition 2. The leader-following multi-agent system

1 and 2 achieves rotating consensus in an elliptical orbit if

tim[r, (t) -, (©] =0 (52)
tim[r, ()~ 1, (9] =0 (5h)
!Lré[v,(t)—v,,(t)] =0 (50)
lim[v, (©)- v, (] =0 (5d)

|im[‘}”'(t) 42O 2u® j”'”(t))} ~0 (5¢)
toe| @ b a b
[ 50, 50

v, () v, (), |_
fim| 201220y 200 )}—o &)

forall i,kel.

The position and velocity of all following agents
achieve consensus with the leader and surround a common
point in an elliptical orbit. Then, this paper will only
discuss the rotating consensus of Definition2.

IV. ROTATING CONSENSUS

We assumed w=1and used the following consensus
algorithm.

A Zero communication time-delay

U =U +U, (6)

where u, = j(ﬁ+ jk) and
a " b

Vit Vit

a

ui2 = _kl{ z au [(

sceN; a

(2 T kA Y adl _C”%)”‘(%”%)]

s eN; a

. Viy Vir | Va2
2} _ (kL _k2. a
+J b) (4 b )1+ 8, [(

)
+ —_—
a I b)

i

r—C -riz_d
+ L E—
a J b )

VLV r,—C .r,—d v Y
()] [+ ) + (B}
a b a b a b

_[(L_CJrjM) Ny
a b a

j”f)ma.o{[(
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B Multiple communication time-delays

U =Uu, +U,

(7

where u, = j(i+ jﬁ) and

i2 (t Tig Viz (t Tig

vkl(t Tik )+J

.2=—1{Za.1[<”'(t %), jre(tondy )

+al( '“a”+ ety (“(t it )+J“”“ oDy Y

seeN;

et T) jr.«z(t*;ik)fd) (v,(t W) z(t 7y,

S ;'k)_c* el O')U.(vk,(tal Ti)+1vk2(t “p
(L fuo) c ]r,-z(t*;.o)fd) (,t W, ; 2(t )
(fm ;,o) °+jruz(t—;.o)—d)+j(vy,(t T,)+jv,,z(tb r,o))]}}

where 7; are the communication time-delays between
agent 1 and its neighbor agent K and satisfy 7,
vizk Tio the
time-delays between agent 1 and the leader (labeled 0).

Denote &(t) = [£,,1,,&, 1, =+ &0, T ’A{j -]}a

=Ty

while denote communication

0 0

0 0 .
nd B= .|, Viel and k. k,eR™ >0 ,
-k, Kk +jk,
where g and 7, are respectively
r,-¢c .r,—d. r,—-Cc .r,—d
éz(rl +] i2 )_( 01 +_] 02 ) and
a a b
R e (e e P
a b a b a b

Then using the protocol (6), the closed loop network
dynamics can be written as

O(t)=(I,® A- L, @ B)D(t) (8)
Where, L, =L_+D and o represents switching
topology. Similarly, using protocol (7) the network
dynamics is
O(t) = (I, ® A)D(t)— (L, @ B)D(t—7,)
where z,, {7, :i,k=1,2--

©)

,n} and since the graph

G is undirected, we have L_1=0 by Lemma 1.
Besides, L, = L+ D then, L_1=[a,,a,, -,a,].Thus,
I'[(I, ® A- L, ® B)d(t)] =0 and
(1, ® A)D(t) - (LOB)D(t—7)[I=0 I'(L,

®B)D(t-7,)]=0,ie, Zn:(éi ) +7,(t) =0,

i=1

1 n
which implies & = 2—2 (&) +7m.(t)=0is an
[

invariant quantity. Let &(t) = @(t) —al .Then the system
(8) and (9) can be respectively transformed into

St)=(I,®A4-L, QB)5(t)
St)=(I,® A)5(t)— (L, ® B)S(t-1,)

(10)
(11)

V. STABILITY ANALYSIS

In this section, we divided two cases to study the
efficient of the protocols: 1) networks with switching
topology and zero communication time-delay; 2) networks
with switching topology and multiple time-delays.

A Networks with zero time-delay

Theorem 1 Consider a network with switching
topology that is kept connected. Given the protocol (10),
consensus can be achieved if there exist a positive definite
Hermite matrix P e C*™*" such that

(I,®A-L ®B)'P+P(l,®A-L, ®B)<0 (12

Proof: Define a common Lyapunov function for
system (10) as V (t) = &' (t)PS(t), where P e C*™™ isa
positive Hermite matrice and
rank(P) =2n-2 .Calculating V along the trajectories
of (10), we have
V(t) =8T ()PS(t)+ 5" ()PS(t)

=[(1, ® A-L_ ®B)s(1)]' Ps(t)+ 4" (t)P(1, ® A—L, ® B)5(t)
=5" ()1, ® A-L, ®B)' PS(t)+ " ()P(I, ® A-L, ® B)S(t)
=5TW)[(1,®A-L, ®B) P+P(l,® A-L,®B)]5(t) <0

By Lyapunov theory, we have !Ln; S6(t)=0. Then, the
multi-agent system without time-delay achieve rotating
consensus control in elliptical orbit.

B Networks with multiple time-delays

Theorem 2. Consider a network of second-order
agents with multiple time-delays and switching topology
that is kept connected. Then the protocol (11) solves the
consensus problem, if there exist symmetric positive

Hermite matrices P,Q_,R_e C*™*" satisfying

m? " 'm

(13)

where

- ~ M
H,=P(I,®A-L, ®B)+(1,®A-L ®B) P+)Q,
m=1

M
+ 7, (I, ®A)R (I, ®A)
m=1
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H,, :—irm(ln ®A)R,[L,®B,L,®B, L[, ®B]
m=1

Hy, = P(L,, ®B),P(L,, ®B),---,P(L,, ®B) ]|

M ~ ~
H,, =—diag{Q. Q.+, Qu}+ > 7, [ L1 ®B,L,, ®B, -, [, ®
m=1

Hy, =—diag{R, /7, R, /7,0 Ry /7,}

Proof: Define a common Lyapunov function for
system (11) as follows

VO =5 OPSH+ S [ 6" (5)Q8(s)ds+ ij‘) [' 8" (GR,S(s)dsdo

where, R, eC*™® is a positive definite matrix,
P,Q, € C*™*" are positive Hermite matrices and
rank (P) =rank(Q,)=2n-2 for

i=12,---,M .Calculating V along the trajectories of (8),
we get

V() <257 ()P, ® A)S(t) - 25" (t)Pi (L, ®B)S(t—7,)+ i&T (HQ,s(t

—i 5 (t-1,)Q,8(t-7,)+ f“ 7, SR, S(t) - i [ 8 (GR,S(s)ds

Then by Newton-Leibniz formula and for any vector
X,y € C"and symmetric positive definite Hermite matrix

peC™ 22Xy <X p ' x+y py
we have
26" ()P(L,,, ®B)S(t—7,) =28 (t)P(L,,, ® B)5(t)

+7,6" (t)P(L,, ® B)RA(L,,, ® B)T PS(t) + i f: 5" (s)R,3(s)ds

+ j‘; 25" ()P(L,,, ® B)S(s)ds < -26" (t)P(L,,, ® B)S(t)

n
where m=12---,M And since » [ =L , we
m=1
have
V(t)<28T (0)P(1, ® A-L, ®B)S(t) +io“ 0Q,8(t) -iﬁ (t-7,)Q,0(t-7,)

+i1mo“ (t)P(L,, ®B)RN(L,, ®B) Pg(t)+i1m[(|n ® A)S(t) - (L,, ®B)S(t—7,)]

" Hll H12
Rm[(ln®A)5(l)*(|-w®B)f>‘(T*Tm)]=77T(l){HT H }l(t)

wheren" (t) =[5" (t),8" (t-7,),8" (t—-17,),---,8" (t—7,, )],

B]

H-:[H'l; Hu}o
HlZ H22

Further, by Lemma 2, H <0 holds if and only if
H <0 .Then, we have !imé(t):o and the

leader-following multi-agent system with multiple
time-delays achieves rotating consensus in an elliptical
orbit.

VI. SIMULATION

Consider a second-order multi-agent system with four
agents and one leader. Suppose that the weight of each
edge is 1. Now, we present simulation results for the cases
of switching topology with and without time-delay. Figure.
1 shows the communication topology which is switched
from one topology to another one every 1s in the sequence
of [G,,G,,G,,G,,G,] Fig. 2 shows the position
trajectories of the leader following multi-agent using
protocol (6) without time delay. Fig. 3 and 4 show the

)position trajectories of the leader-following multi-agent
using protocol @) respectively with
7=[0.150.150.10.10.150.150.10.10.20.20.2

0.20.10.10.10.1]
and 7 =[0.15 0.15 0.3 0.3 0.15 0.15 0.1 0.1 0.2 0.2 0.2
0.20.10.10.30.3]

We can see that Fig. 2 and 3 achieve leader-following
rotating consensus in an elliptical orbit . However, the
system will diverge when the time-delay is not small
enough such as the case in Fig.4. We need further research
to confirm a specific time-delays.

VII. CONCLUSIONS

This paper investigated rotating consensus of
second-order leader-following multi-agent system with
switching topology and with and without time-delays in an
elliptical orbit. We define consensus problem of
leader-following multi-agent and propose rotating
consensus protocols in two cases. In each case, we present
a condition under which all leader-following multi-agent
achieve rotating consensus in an elliptical orbit.
Simulation results are provided to demonstrate the
effectiveness of our theoretical results.

M M
H,=P(I,®A-L[ ®B)+(I,®A-L[ ®B)' P+> Q,+> 7, (I,®A) R (I,®A)
m=1 m=1

W [1
+>r,PIL,®B,[,®B, L, ®BIR',®B,[,®8, L[, ®B]P
™ u ) i ) [2]
H,=->"7,(1,®A'R,[L,®B,[,®B, L, ®8]
m=1
3 M . - ~ T [3]
Hy = _dlag{Qszv"' vQM}+ZTm [L(rl ®B,L,,®B,- L,y ® B:I Ra
[(,®B,L,®8,,L[, ®B] [4]
Then, a sufficient condition for V (t) <0 is that
[l
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Fig.1. Network topology.
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Fig.3. Position trajectories with multiple time-delays.
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Fig.4. Position trajectories with multiple time-delays.





