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Abstract

In this paper we obtain the maximal Lie symmetry algebra of a system of PDEs.
We reduce this system to a system of ODEs, using some rank three subalgebras of
the finite-dimensional part of the symmetry algebra. The corresponding invariant
solutions of the PDEs are obtained.

1 Introduction

Systems of evolution equations describe various processes in physics, chemistry and biology
[1, 2]. In the papers [3, 4] classes of systems of evolution equations are selected which are
invariant with respect to some generalizations of the classical Galilei algebra. We consider
the system proposed by W. Fushchych

% + %VUVU + %muAv =0,
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Pt (Vo) — St =,

(1)

in four-dimensional time-space R(1, 3), where & is the Planck’s constant, m € R, m # 0.
System (1) is obtained from the Schrédinger equation

. h
iy = —TAw
m

by the substitution ¢ = ue/".

From Theorem 1 it follows that the maximal symmetry algebra of system (1) contains
the algebra L = AG3(3)® < Z >, where AG3(3) is the special Galilei algebra. Using
the classification of subalgebras of the algebra AG3(3), carried out in [5], we obtain all
(up to Ad L-conjugacy) I-maximal rank three subalgebras of the algebra L. For symmetry
reduction of system (1) we use only subalgebras, whose projections onto ASL(2, R) belong
to < T >. In some cases considered the reduced system can be integrated, so that all
corresponding solutions of system (1) can be constructed.
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2 Maximal symmetry algebra of system (1)

We use the following notations

0 o 0

)
5t_§7 a_5$a7 6u_7 51)_67 (a’_l)2)3)'

Theorem 1 The maximal Lie symmetry algebra of system (1) is generated by the vector

fields
S = 120, + tx,0s — Study, + |70,
D = 2t0; + 404 — %uaﬂn T =0, P,=—0,,

(2)
Gy =10y +mxa0y, Jap = a0y — 1400, M =m0y,
Z =udy, (a<b; a,b=1,3)
and the infinite-dimensional algebra
0 — h . 60—
X:p(cos hvéu—l-asin hv&,), (3)

where pair of functions u = p(t, %), (p(t,Z) > 0) and v = 0(t, %) is an arbitrary solutions
of system (1) (summation over repeated indices is assumed with a=1,2,3).

By direct calculations it is easy to verify that the operators M, P,, Gq, Jup (a,b =
1,2,3), D, S, T generate the special Galilei algebra AG3(3) of the three-dimensional
space. The operator Z commutes with each element of the algebra AG3(3). Let U =<
M, Py, Py, P3,G1,Go,Gg >. Then

AG3(3) = U B(AO(3) ® ASL(2,R)).

The algebra AG3(3) contains the Galilei algebras AG;(3) (j =0,1,2), where
AGy(3) = U DAO(3), AG1(3) =UB(AO0(B)s < T >),
AGL(3) =U B(AO0(3)8 < D, T >).

The symmetries can be used to build ansatzes which then reduce the equations of
(1) to partial differential equations with fewer independent variables or even to ordinary
differential equations. These ansatzes and reductions are based on subalgebra analysis of
a finite-dimensional part of the symmetry algebra.

3 Classification of /-maximal subalgebras

The concept of I-maximal subalgebra was introduced in the paper [6].

Theorem 2 The I[-mazimal rank three subalgebras of the algebra L = AG3(3)® < Z >,
which have zero intersection with < M,Z >, are (up to the Ad L-conjugacy):
(i) Subalgebras of the algebra AGy(3)® < Z >:

F() =< P1,P2,P3 >-EAO(3),
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Fy =< G+ aZ, P, P3, Jog >, where a =0, 1;
F,=<Gi1+P+aZ Gy +BZ,P3+~vZ > (a>0,82>0);
F3s=<Gi+aZ P+ Z,P3 >; (> 0)

Fy=<P+Z P, P3,J23 >

(ii) Subalgebras of the algebra AG1(3)® < Z > with a nonzero projection
onto < T >:

Fs =< Py, Py, T + %M 4 B2, Ja >,
where « = +m or a =0 and = 0,+1;

Fy =< PQ,Pg,T+G1 + aZ, Jog >;
16} 0
Fr=<Py+aZ Jiu+ - M+3ZT+ ~Z+) >;

Fy = AO(3)® <T+%M+ﬁZ >;
F9:<T+G1+CXZ,P2+5Z,P3> (ﬁ>0),
Fio :<T+%M+ﬂZ,P2+Z,P3>.

(11i) Subalgebras of the algebra AG2(3)® < Z > with a nonzero projection
onto < D >:

Fi1=<G1,Py,D+aM + 37 >; Fio=<P3,D+aM+ BZ,T >;
Fi3 =< Py, P3, Jos, D+ aM + 37 >:
Fuyu=<Jio+aM+3Z,D+~yM +02Z,T >;

Fis =< P3,Jis+aD+ M +~Z,T > (a>0);

Fi¢ =< P3, Jis+aM + pZ,D+~vM+6Z > (a>0);

Fi; = A033)® < D+ aM + pZ > .

(iv) Subalgebras of the algebra AG3(3)® < Z >, whose projections onto
ASL(2,R) coincide with < S+ T >:

F18:AO(3)@<S+T+04M+,32>;

Fig =< S+ T +2J12+aM + 8Z, G1 + Py +V2P;,Gos — P, — V2G5 > .
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4 Reduction of system (1) by subalgebras of the algebra
AG1(3)® < Z >. Exact solutions

For each of the subalgebras F}; (j = 1,10) we give the corresponding ansatz and the reduced
system. In some cases we also point out solutions of system (1), which are invariant under
F;.

j

axr

4.1. Fy : u=-exp (tl) o(w),

—m”““ww( ), w=t,

h2a?
2

Qwp+p=0, - = 0.

2mw

The corresponding invariant solution of system (1) is of the form

o) axy maz?  h2a?
= — — = —— Cs.
u \/geXp< t ) E TR TR
4.2. F5: u=-exp (t a 11131 + B% _ 7533)@(‘”),

v = $1+ $2+1/J() w=t,

20t — 1) 2

2w(w—1)p+ (2w —1)p =0,
B2 o? 8% 2) _
(0 %<(w—1)2 t 2zt ) =0
In this case we obtain the following invariant solution of system (1):

w=Cylt(t —1)|"2 exp (% + ﬁ“ —fy:z:;»,) ,

2 2 2 2
_ mwl ma3 ﬁ _a* B 2

ox ma?

4.3. F3: u=exp (tl—m)cp(w), v = Tt—i-w(w), w=t,

. FLZ 2
2 + o = 0, w-(?’J‘QH):o.

The corresponding invariant solution is of the form:

Cy D <am1 > ma? n R (12 — o?)

— — X2, v =
t 2t 2mt

+ Ch.
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4.4. Fy: u=exp(—z1)p(w), v =1 (w), w=t,

. h?
Y om

¢ =0,

The corresponding invariant solution is

h?
u = Cexp(—x1), v=—1t+ Cs.

2m
4.5. F5: u = exp(Bt)p(w), v=oat+P(w), w=um.

The corresponding reduced system is

{ 2Bmep + 29 + pp = 0,

20mep + @i? — h2p = 0.

4.6. F5: u= exp(at)p(w), v =mtr] — M3y Y(w), w=1t?—2x.

3

The corresponding reduced system is

{ ame + 4pi + 201 = 0,

—mPwe + 4@&2 —4r%p = 0.

x
4.7. F;: u=exp ()\t — aug — 7y arctan 1) o(w),
Z2
1 2 2
v = —farctan — + 0t + ¢ (w), w=z] + 5.
T2
The corresponding reduced system is

{ (A =+ 7))@ + dwir) + 201 + 2werh = 0,

(3% — 2 (02w +72)) 4 20mw) ¢ — 4h%wp — Ah2W2 G + dw?pip? = 0.

4.8. F3: u=exp(ft)p(w), v=ot+YP(w), w =22 + 23 + 13.

The corresponding reduced system is
{ mBy + 4wy + 3y + 2wy = 0,

ame + 2wei? — h2(3¢ + 2wg) = 0.
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4.9. Fy: u=exp(at — fr2)p(w),

3
vzm(tx13> + Y (w), w=1t?—2z.

The corresponding reduced system is
amp + 4 + 209 = 0,

—(m2w + B23%)p + 4pp? — 4h%G = 0.

4.10. Fyp : u = exp(ft — z2)p(w), v=at+Pw), w=x.

The corresponding reduced system is
28mep + 249 + b = 0,
(2am — h2)p + o — h%p = 0.
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