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Abstract—In order to describe the car-following behavior more
actually in real traffic, an extended car-following model
incorporating the headway of arbitrary number of vehicles
that proceed and the relative velocity is proposed from the
viewpoint of control. The stability condition of the extended
model is obtained by using the linear stability theory. The
modified control signals will play an effect only if the traffic is
in congested state. The results of simulation are accordance
with our theoretical analysis.
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l. INTRODUCTION

Suppression of the traffic congestion has attracted much
attention [1-2]. An increasing number of traffic models have
been developed and empirically tested. In 1995, Bando et
al.[3] proposed an optimal velocity (OV) model for
characterizing the car-following behavior. We recognize the
OV model as a basic model for studying the phenomena of
the traffic flow. In 1999, Konishi et al. [4] proposed a
coupled-map (CM) car-following model (KKH model),
which introduced the version of the decentralized delayed-
feedback control scheme for suppressing the traffic jam.
What is worth pointing out is that Zhao and Gao [6]
presented another simple strategy to suppress the congested
state in the traffic system with a control signal, which
incorporates the effect of velocity difference between the
preceding and the considered vehicle. Some research related
to the control signal is carried out [4,5].

In order to improve the model with the control signal
taking into account the two velocity differences, we
investigate the property of extended optimal velocity model
in which a driver considers arbitrary number of vehicles that
proceed with extended control method.

Il.  MODEL
In the paper, we extended the OV model as following
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d\gt(t) = a{\/ * (yi+1 (t), yi+2 (t)v ] yi+n (t)) B Vi (t)}
% - Vi+1(t) -V (t)
% =V, () V., (1)
dy, () _ _
T = ViJrn (t) Vi+n—1 (t)

Where a > 0 is the sensitivity of a driver with response
to the difference between the optimal and current velocities,

v, (t) is velocity of the ith vehicle at timetand

Yiin (t) =X (t) — X (t)
for n=1,2,3,...,N are headway of the (i+n)th vehicle.
Vehicles are numbered such that the (i+2)th vehicle

precedes the second vehicle. The model with n=2is that
proposed by Ge [12]. The extended OV function is

VoY, (@), Y., ),y (1) represents an optimal
velocity of the ith vehicle and is described as

V® (y(t)) = tanh(y(t) — h*) + tanh(h?)
Where yzzn:ak y, (t) which is named as the weighted
k=1

headway and a, is the weighted coefficients of y, (t). We
assume that a_have the following properties:
(1) a (k=12,3,---,N) decrease monotonically with

increasing K and @, > @, ,,. As the distance between the

car ahead and the considered car increases, the effect of cars
ahead on the car motion reduces gradually.

©) zn:ak =1Here we selecta, =6/7"(k = n) and
k=1

a, =1/7""fork =n.
We suppose the desired velocity of wvehicles and
comprehensive distance isV and y*, so the steady state of

the system can be expressed as



v, y)=(,y)" . 1)

IIl.  LINEAR STABILITY ANALYSIS

We apply the linear stability theory to analyze the
extended model which is described by above Eq. Let model
Eq. be linearized around steady state and the linearized
vehicular dynamics can be rewritten as follows:

dv’(t
L 2y O+ A0+ A OV 0)
% = V|0+1 (t) - V|O (t)
Al v,
Al -,
where
A = ov (yi+1(t)! yi+z (t)’ Tty yi+n (t))|
1 ..., (1) o0
A= OV (Y., (1), Vi, (), Y, (D)
2 y, 71(t) Yo (O=Y - Yin=y"
N 8V(yi+1(t)' yi+2(t)!”'- yi+n (t))|
T 8yi+2 (t) Yo =Y Y=y
A — ov (yi+l(t)l yi+2 (t)v R yi+n (t))|
" (9y 1(t) IYn+1(t):y*w“:yi+n:y* '

V() =v,t) =V, v, ) =V, )=V,
v, )=V, )=V andy’ )=y, ) -y,
yi0+2 (t) = VYi2 (t) =Y. yi0+n (t) = Yiin (t) -y .
According to the control theory, the vehicular dynamics

described by above Eq can be rewritten as a linear time-
invariant system as follows:

v (t)
dt
dy;, (1)
dt
dy;, ()
dt

al || v(t)
0 [y
0 |y

—a ajA, aA,
-1 0 0
=0 O 0

: 0 0 0 Jy.®
dy;, (t)
dt

0 0 0
1 0 0
=1V (@) {1V, () -+ [0V (1)

0 0 1
Taking Laplace transformation as L, we have

V°(s)| |—a aA, aA, aA,
Y@ [-1 0 0 - 0
slY’,(s))=|0 0 0 - 0
\ANO) 0 0 o - 0
AOIEE 0 0
Yo (s)| |1 0 0

(Y2 (8) |+ =LV (8) | LV (8) + -+ |0V, (5)

OINK: 0 1

WhereV;(, (s) = L(v, (1) Y.2,(s) = L(¥:.. (1)

From the above Eq we can obtain the transfer relationship

a(A, —A,) a(A, —A,)
VO(s) = ——1—2V° (S) + ——2—3—
) s’ 4-as+aA, () s’ 4as+ah,
aA a

Ve )+ 4——m——V° ) +—m——

|+2( ) SZ+aS+aA1 |+n( ) SZ+aS+aA1

TAY S (S)+ ALY, () +-+ A, Y L(s)]
Vio (s)=T(s) 'Viil (s)
a(A,—A)
s’ +as+aA,
characteristic polynomial isd (S) = s* +as + aA, .
In order to keep from the traffic congestion, we should
keepd(S) stable. The H__ norm of transfer function T (S) is

equal to or less than 1. Through derivation we can obtain the
condition

Where transfer function is and the

a>2A,, A >A,.
According to the model proposed by Ge [18], traffic
jams will never occur.
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IV.  STABILITY ANALYSIS WITH CONTROL SIGNALS
In order to effectively alleviate the traffic jams, a control
signal term, U, (t) , is added to vehicular dynamics described
as (1) by model Eq. as follows:

d\gft) =af{v® (Via (0, i (0 Vi (1)
—V, ()} +u, ()
dyi+1(t) _ i
$s® -0
dy.,(t) _
T =Vis (t) Vieo (®
dy. (©) _ _
T = Visn ®) Vi ®

The extended control signals U, (t) is

u; )= Z a (Vi+k - Viaa 1)
Wheéré U, (t) considers the headway of arbitrary number

of successive vehicles in front, a, is the feedback gains and

same to weighted coefficient of y, (t) . Around the steady

state referred to model Eq., vehicle dynamics described by
Eq.(1) with control signals defined by above Eq. can be
written as

dv(ijt(t) = a{\/ *® (yi0+1 (t)v yi0+2 (t)’ T yi0+n71 (t))
—v (O3} +u’ ()
in0+1 (t) _\0 0
—dt =Viy (t) Vi (t)
dyi0+2 (t) __/0 _\0°
T =V, (t) Vi (t)
dyi‘ln (t) 0 0
T = Vi () = Visn 1 (1)

U, (t) can be changed toy (t) :i@%-

We have the following transfer relationship as the same
way to deal with the above equations:

a(Al _Az) + (kl _ kz)svo

V°(s)= " (s)+
- s+ (a+k)s+aA, ()
ALKy 9+
s*+(a+k)s+aA,
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a(A, —A,) + (k, —K,)s
s’+(a+k)s+aA,
a(A, ,—A)+ Kk, ,—k)s
s+ (a+k)s+aA,
VL (s)=T7(s)-V.,(s)

Vi(s) 4+

Vi?rn—l (S) +

Where transfer function T°(s) is
a(A, — A )+ (k—k)s , the characteristic polynomial
s’ +(a+k)s+aA,

d"=s’+(a+k)s+aA, . In order to keep d (S) be

stable, we should confirm that a+k, >0and A, > 0in

the view of Hurwitz stability criterion. Because of the OV
function characteristics of monotonously increase (i.e.

A, >0)anda> 0, the condition for d"(S) to be stable

isk, > —a, then consider
IT°G)IL.<1

IT(S)|l.= sup IT°(s) £1 .We make transform as

wel0,00)
follows:

and

TV @A, —A)) +((k —k )wy’
T(W-T(—jw = <1
T TEm J (@ WY @tk
Let f (W) — a’ (Al _An)2 + ((kl — kn)W)2 .
(A, —w*)’ +((a+k)w)?
Obviously, we can easily get f (0) <1.
Then we should keep f(w) <1 for everyw € (0,00),

we only need make d”(s) >0 .We can get the sufficient
condition k, > A, —a/2, k >-a, k >k,

Thus, we can summarize through control signals
stability analysis as follows:

Theorem 1. The feedback control signals considered
the N-front vehicles can suppress the traffic jams effectively
under the traffic disturbance in the single lane road and the

conditionsare kK, > A, —a/2, k >—-a, k >k,.

V. NUMERICAL SIMULATIONS

In the two velocity difference model [17], it was shown
that the traffic congestion is decreased due to adding two
velocity difference effects into the model. In our model,
considering N-front velocity difference effect, the result is
better than previous one. In this paper the boundary
condition is the periodic condition and the parameters are

set as Y =7.02m , v =20m/s ,a=2s" . It is
assumed that all the vehicles have the same parameters. The



initial positions and speed which are set to be

X(0)=3y,00),v,(0)=V ,i=12,N . The

j=i+l
vehicles run without control signals for 0 < i < 2000, and

assuming the lead vehicle suddenly stops for2 <i <52,

It is shown that Fig.1 (a) is spatiotemporal pattern of the
traffic flow in an uncontrolled system and the horizontal

axis defined by Xi = X, — X, , which represents a distance

between the first vehicle and the following one. The vertical
axis notes the time. It is observed that the traffic congestion
occurs in Fig. 1. The region of traffic jams decreases with
time. In the following research, we will give the traffic
system with the extended control method signals.

It is noted that there is only smaller oscillating by our
method, compared with the new non-control system. These
simulations show that the extended car-following model
with the control method by considering the headway of
arbitrary number of vehicles that proceed can be used to
suppress the traffic congestion and the traffic system
exhibits better behavior.

VI. CONCLUSIONS

This paper proposes an extended control method for
suppression the traffic jam based on the pioneer work of Ge
[6]. The effect of our control signal on traffic congestion is
investigated. We have obtained the stability condition for
our model with the corresponding control signal. The
simulation shows that the car-following model considering
N-front vehicles has a better effect than previous ones.
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Figl. Spatiotemporal pattern of traffic system aftert = 90s: (a) is the uncontrolled system. (b) is

Additionally, the detailed analysis of parameters and the
proper number of vehicles preceded are also our future work.
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Fig.2. Spatiotemporal pattern of traffic system aftert — 90s : (a) is the controlled system. (b) is the temporal velocity of the first, 25", and50" vehicle
corresponding to (a)
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