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Abstract—A novel fusion algorithm, termed as the multi-state
model fusion filter (MSMF), was established for the global
navigation satellite systems (GNSS) navigation. Firstly, a new
state space model was presented by adopting the polynomial
predictive idea and state dimension expansion. It was
established without the knowledge of the original state
dynamics, that is, no matter the original state propagation was
known or not. Then two local estimation results were obtained
based on the original model and the proposed model.
Whereafter, the local results were fused to get the global
estimation. The simulation results of the global positioning
system (GPS) navigation verified the effectiveness of the
proposed method.
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l. INTRODUCTION

The global navigation satellite systems (GNSS) may
provide user’s position and velocity from the delay and
Doppler of direct-sequence signals sent by satellites [1]. In
the last decade, the applications that utilize GNSS have
expanded amazingly, especially the use of global
positioning system (GPS), one of the famous GNSS,
because of its usefulness and low cost. Recently a number of
filtering algorithms have been presented and used for GNSS
navigation. Usually they offer efficient and iterative means
of combining information from sensor(s) to estimate the
state such as the position, velocity and acceleration of the
user. Among the algorithms, a process model is commonly
adopted to predict the future state. Then the estimate of the
state is updated by using the measurements. For example,
the Kalman filter (KF) was used for the purpose of
improvement of the GPS positioning precision under small
number of satellites used for calculating in [2]. The authors
adapted the KF to GPS positioning calculating when they
could see only 3 satellites in the sky. It is concluded that the
positioning precision of the proposed method was improved
as compared with the algorithm of least mean square. In [3],
the particle filter (PF) was applied to the relative position
estimation using GPS carrier-phase measurements. The
probability density function of the position was estimate by
sampling from the position space with the particle filter. In
[4], the KF was used for GPS/magnetometer integrated
navigation system, which improved the accuracy. In [5], the
KF was adopted for GPS measurement of a motorcycle
trajectory, where the trajectory with excellent continuity and
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stability were obtained even in the situation that the
observation data were missed within a few seconds. In
addition, the EKF was used to make the trajectory smooth
and the trajectory with high accuracy. Also the extended
Kalman filter (EKF) was used in a GNSS, gyro and
odometer loosely coupled data fusion architecture for a road
vehicle [6].

Note that the existed KF, EKF, PF work well only if the
state transition density is known well. Otherwise, the filters
may be divergent, i.e., they could not provide the user’s
correct position or velocity in GNSS navigation. However,
the user’s path may be uncertain in practice. Furthermore
the existed filtering algorithms use only one process model
so that there have been no estimation fusion in GNSS
navigation.

In this paper, the multi-state model fusion filter (MSMF)
is proposed to solve the above problems. We firstly adopt
the idea of the polynomial predictive filtering to construct a
new process model for GNSS navigation by expanding the
dimension of the state, i.e., the expanded state, which
consists the original state at the current time step and those
of several backward time steps. In this way, we may obtain
the expanded state dynamics for GNSS navigation whether
the original state transition density is known or not. Then
two local estimation results were obtained based on the
original model and the proposed model. Whereafter, the
global estimation is obtained by fusing the two local results.
Simulation results show that when the true state dynamics
are not known well, the proposed method still works well
while the existed central difference filter does not.

Il.  THE EXISTED POLYNOMIAL PREDICTIVE FILTER

According to Weierstrass approximation theorem, for a
continuous real-valued signal, it can always be divided into
lots of sequential closed and bounded intervals in which the
signal can be uniformly approximated by low degree
polynomials to any degree of accuracy. Suppose that the
signal x, can be modeled as a polynomial with low degree

L, then we have [7]
L
X = z pk', @
1=0

where p, is the polynomial coefficients. We may have

L
Xk:Zplk'+Wk, (2)
-0



when signal x, does not fit the polynomial model
exactly and w, is an error term.

It turns out that predictions using polynomial models can
be done by taking a weighted average of the past few values
of the signal and that the weighted coefficients are not
dependent on the signal, but only on the values assigned to
polynomial degree, number of prediction steps and the
length of the filter [7, 8], i.e., for exactly polynomial signals,
a future value x,,, can be obtained as

M-1
= zhmxk—m ! (3)
m=0
where, N and M denote the number of prediction steps
and the length of the filter respectively, h,, are the filter
coefficients. For example, with N=1,L=1, h,, becomes[7, 8]
4M —6m -4

Xk+N

= 4
0= MM -3 @)
I1l.  THE NEw MODEL
A. The process model
Suppose that the true model is
Xgs1 = fk(xk)+ Ny, ®)

where, n, is the process noise and f,(-) is unknown. By

the knowledge of polynomial predictive filter reviewed in
last section, we rewrite (5) as
M-1
Xyu= Z thk—m + Vi (6)
m=0

where, v,,, is a noise term and it is zero if x, is a

strictly polynomial signal. Further more, (6) can be
rewritten as an expanded form
Xk+l =Fou X +Vk+1 ) )
where,
Xy = [kaxkfv"'vxkfmu]T , 8
hy by LY
1 0 0
Fppf: e e e e ! (9)
0 1 0
\7k = [Vklvk-ll"'vvk-mn]T ' (10)

Suppose that v, is white Gaussian with mean zero and
covariance Q, and it is independent at different time steps.
Then V, is also white Gaussian with mean zero and

covariance Q. , i

Qppf = blkdiag(Q""’Q)MlxMI J
where, | is the dimension of the original state.

(11)

B. The measurement model

Suppose that the original pseudorange measurement
model is as follows [9]

Y, = H(x)+W,, (12)
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)= \/(XSk — X )2 + (Yo — Vi )2 + (24 - Zk)2 b (9
\/(X4k ) + (y4k ) + (Z4k —Z )2

where, X, Y., Z, are the X, y, z positions of the user,
Xa » Y » Zy are the X, y, z positions of ith satellites,
i=12,34, cis the light speed, t is the clock bias, W, is
white Gaussian with mean zero and covariance R. Then we

may rewrite (12) in an expanded form corresponding to (8),
i.e.,

Yo = H(X, )+ W,, (14)
where,
ﬁ(xk):[H (Xk) H(Xk—l) H(kaMu)]T. (15)
Vvk = I:\A/k'Wk—l""’Wk—M+l]T

Suppose that W, is independent at different time steps,
the covariance of W, can be expressed as

R, = blkdiag(R,- (16)

)4M x4M *

IV. THE PROPOSED MULTI-STATE MODEL FUSION FILTER
(MSMPF)

A. The existed model
Suppose that the existed model is as follows [10],

X =FRX .+, an

where, x =[px. Py, Pz, VX Wy, vz ], pX ,
py, and py, are the user position in X, y, z axes
respectively , vx, , vy, and vy, are the corresponding

speed, and
100 dT 0 0
010 0 dT
001 0 0 dT
Fo= , (18)
000 1 0 0
000 0 1
000 0 0 |
[dT?/2 0 0 |
0 dT?2 0
r, - 0 0 dT2/2, (19)
T 0 0
0 T 0
| 0 0 T |

dT is the time step interval.



B. The MSMF

By applying the extended Kalman filter (EKF) to the
proposed equation (7) and (14), we have

Xk+1|k = Fppf Xk|k
Pk+1|k = Fo Pk|kaTpf + Qppf
=1 ([ — — 1
Kk+1 = Pk+1|kH ;pf (H ppf Pk+1|kH ;pf + Rk+1) , (20)

A

X = Ko T Kk+1(Yk+l —H ot X

Pk+1|k+l = (l - Kk+lﬁppf)Pk+l|k

where, )?Mk’ )Tk+uk+l are the state prediction and
estimate respectively, B, , B, are the predict

covariance and estimate covariance respectively, K,,, is
the Kalman gain and

H(x,)
H{(x
1] Hi)
' @ 0 0]
— M6 0
PPt X X=Xk ’
0 ak—m_
m=0,---,M -1, (21)
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_HemeTXem | Yeme T¥em Zeme T Zem
a = Teom2 T om2 Tk om2 | !
K ~ Xem3 " Xem Yeems “Yeem Zems T Zem c =Xkt
rk—m,3 |Pk—m,fﬁ rk—m,s
_ Xe-ma ~ Xeom _ Yi-ma = Ykom _ Zma ~ Zeem c
r‘kfm‘A rkfm,A rk—m,4
(22)
D6 el Ay Hes e
rI-<—mj - X(—mj _X(—m yk—mj _yk—m Zk—mj _Zk—m )
m=0,--,M -1 j=1234, (23)
Suppose that
~1 _ ol
k+1 = “Mk+1]k+1
X X : (24)

1
Rea= Pk+l|k+1
where 1denotes local estimate 1.
Similarly, by applying the extended Kalman filter (EKF)
to the existed equation (12) and (17), we may have the
expressions of state estimation and covariance for local

estimate 2, i.e., X/,,,P’,
Then we may obtain the global estimation as follows,
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w, =B, 1B,

RS, =1/[U/R., +1/P2,)

, (25)

V. SIMULATIONS IN GPS NAVIGATION

In this section we will give demonstration examples in
GPS navigation by both the proposed MSMF and the
existed EKF. The software used is Matlab R2010b, which
was installed in a notebook PC with OS Windows 7
Professional, Intel i5 CPU 2.50 GHz and 3.00G internal
storage.

The process model used in the existed EKF is the well-
known WNA model as follows shown (17)~(19)

The satellite data used are as follows [10]

TABLE | GPS SATELLITE DATA

No Q, @deg) 0, (deg)
1 326 68

2 26 340

3 146 198

4 86 271

where, the angle Q, is the right ascension of the
satellite and 6, is the angular location of the satellite in its

circular orbit. It is assumed that the satellites orbit the earth
at a constant rate @ with a period of approximately 43082s
or slightly less than half a day [10]. The equations of motion
that describe the angular phasing of the satellites are given,

as in the simulation: Q, =Q,-Qxt, 6 =6, +0xt

where, sz—”, =2—7Z. In the simulation, the
86164 43082
parameter used in the proposed method s

N=LL=2,M =3, then according to (9), we obtain
h,=3,h =-3h,=1.

A. Regular situation

Suppose that the user motion is regular with constant
acceleration a, initial velocity V, and total time simulation is
T, the time step interval dT. In the simulation: T =150s,

dT=1s,a=[ 1 1] m/s*, v=[0 0 0] m/s, the
process noise covariance in CDF is blkdiag(o2 , 62, , 0%)
with ¢, =36, 0%, =9, o =1, the measurement noise

covariance is o, =36 for each satellite. Figure 1 shows the

absolute estimation error in x position (the y position and z
position are similar), where the solid lines with dots
represent the results of the existed EKF, the solid lines
represent the results of the EKF based on the proposed
mode (called PPKF), and the solid lines with “+”s represent
the results of the propose MSMF. It can be seen from Figure
1 that all the methods work well.



B. b. Irregular situation

Suppose that the acceleration is a within time interval [0,
T,], and a; within time interval [Ty, T]. In the simulation:

T,=60s, a,=10xa , a=[3 2 1] m/s*

V =[30; 20; 10]m/s. The other simulation data are the

same as those in regular situation. Figure 2 shows the
absolute estimation error in x position (the y position and z
position are similar.), where the solid lines with dots
represent the results of the existed EKF, the solid lines
represent the results of the EKF based on the proposed
process mode (called PPKF), and the solid lines with “+”s
represent the results of the propose MSMF. It can be seen
from Figure 2 that the proposed MSMF and the PPKF still
work well when the acceleration is changed, however, the
existed EKF does not provide true estimates. Furthermore,
the covariance of the MSMF is smaller than that of the
PPKF, i.e., 4.739872 vs 5.209839 in simulation.
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Figure 1. Absolute errors in X position-regular situation
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Figure 2. Absolute errors in X position-irregular situation

425

VI. CONCLUSIONS

In this paper, firstly we establish a new state space model
for GNSS navigation by adopting the idea of state dimension
expansion and the PPF, which is an effective way to predict
future signal values. And no matter the original state
propagation was known or not, we may construct the process
model effectively. Then we obtain the two local estimation
results by applying the EKF to the original model and the
proposed model. Whereafter, according to the weights of
covariance, the local results were fused to get the global
estimation. Note that the covariance of the global results is
smaller than those of local ones. The simulation results
demonstrate the good performance of the proposed method
over the existed EKF when the state dynamics is not known
well.
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