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Abstract

The different second-order nonlinear partial equations are found that are invariant
under the representation D(1

2 , 0)
⊕
D(0, 12) of the Poincaré group P (1, 3) and also

under conformal group C(1, 3). The some exact solutions are constructed for the one
of these equations.

1 Introduction

It is well-known that the Dirac equation (DE)

(iγµ∂µ −m)ψ = 0 (1)

(where ψ = ψ(x) is a four-component complex function (column), µ = 0, 3, ∂0 ≡ ∂
∂x0

, ∂i ≡

− ∂
∂xi

, i = 1, 3 and γµ are 4×4 Dirac matrices) describes a spinor field, since DE is invariant

under the representation D
(
1
2 , 0

) ⊕
D

(
0, 12

)
of the Poincaré algebra AP (1, 3) with the

generators

Pµ =
∂

∂xµ
, Jµν = xν∂µ − xµ∂ν −

1
4
[γµ, γν ]. (2)

Any component of a solution of the DE (1) satisfies the D’Alembert equation

(∂µ∂µ +m2)ψ = 0. (3)

System (3) may describe fields with different spins (for example, s = 0, when γµ = 0 in
operators (2)). Then system (3) cannot be considered as describing a spinor field.

2 The system (3) with additional conditions

For system (3) to describe a spinor field it is necessary to put an additional condition on
the function ψ(x). A simplest Poincare–invariant condition has one of the forms [1]

λ1∂µ(ψγµψ) + λ2∂µ(ψγ4γµψ) = G(ψψ,ψγ4ψ), (4)

λ1ψ(iγµ∂µ −m)ψ + λ2ψγ
4(iγµ∂µ −m)ψ = H(ψψ,ψγ4ψ), (5)

Copyright c© 1996 by Mathematical Ukraina Publisher.

All rights of reproduction in any form reserved.
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λ1ψ
>γ0γ2γµ∂µψ + λ2ψ

>γ3γ1γµ∂µψ = R(ψψ,ψγ4ψ), (6)

where γ4 = γ0γ1γ2γ3, and so on.
Let us consider system (3), (5), when λ2 = 0, H ≡ 0. It is evident that any solution

of DE (1) satisfies that system but the reverse is not true. The function ψ = (γ0 +
γ1){exp(−imγ3x3)χ+ exp(imγ3x3)η}, where χ , η are constant spinors, is the solution of
system (3), (5), but doesn’t of DE (1). Then it is possible to pick out among solutions of
the D’Alembert equations (3) such a Poincaré-invariant set, corresponding to a field with
s = 1

2, that is more wide than the set of solutions of DE.
It is interesting to note that system (3) together with the additional condition

iψγµ∂µψ − i(∂µψ)γµψ = 2λψψ,

where λ =
√
m2 + 1 is invariant under the Poincaré algebra with the second-order (non-

local) differential operators with matrix coeficients

Pµ = ∂µ,

J̆01 = J01 + 1
2 iγ

0γ2ψ̃∂ψ − 1
2 iγ

0γ2ψ∂ψ̃,

J̆02 = J02 + 1
2γ

0γ2ψ̃∂ψ + 1
2γ

0γ2ψ∂ψ̃,

J̆03 = J03 + 1
2γ

5(iγµ∂µ − λ)ψ∂ψ + 1
2γ

5(i(γµ)>∂µ + λ)ψ̃∂ψ̃,

J̆12 = J12 − 1
2 iψ∂ψ + 1

2 iψ̃∂ψ̃,

J̆13 = J13 + 1
2γ

3γ1(i(γµ)>∂µ + λ)ψ̃∂ψ + 1
2γ

1γ3(iγµ∂µ − λ)ψ∂ψ̃,

J̆23 = J23 + 1
2 iγ

1γ3(i(γµ)>∂µ + λ)ψ̃∂ψ + 1
2 iγ

1γ3(iγµ∂µ − λ)ψ∂ψ̃,

(7)

where ψ̃ = γ0ψ∗, Jµν are the operators (2).
It is important to note that the operators (7) satisfy commutation relations for the

Poincaré algebras on the set of solutions of system (3) only, in contrast to operators (2).

3 The generalization of system (3)

Another way for describing of fields with s = 1
2 is to generalize system (3):

∂µ∂
µψ + F (ψ,ψ, ∂αψ, ∂βψ)ψ = 0, (8)

where F is a matrix function of ψ and its derivations. Evidently, for equation (8) to be
invariant under the representation (2) only, it is necessary that F depend on derivatives
of ψ. Here we have considered the restricted class of the equations (8) [2,3] (although the
more wide class has been found)

∂µ∂
µψ + F 1(u, v, jµ, j̃µ)γµ∂µψ + F 2(u, v, jµ, j̃µ)ψ = 0, (9)

where u = ψψ, v = ψγ4ψ, jµ = ∂µ(ψψ), j̃µ = ∂µ(ψγ4ψ).

Theorem 1 The system of equations (9) is invariant under the Poincaré group with the
generators (2) if and only if

F 1 = g1 + g2γ
4 + γµjµ(g3 + g4γ

4) + γµj̃µ(g5 + g6γ
4),

F 2 = f1 + f2γ
4 + γµjµ(f3 + f4γ

4) + γµj̃µ(f5 + f6γ
4),

(10)
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where gi, fi, i = 1, 6 are arbitrary functions of the Poincaré-group invariants u, v, jµjµ,
j̃µj̃µ, j̃µjµ.

It is known that among nonlinear Dirac equations there are conformally-invariant ones.
The generators of the conformal group C(1, 3) are (2) and such ones

D = xµ∂µ + k, (the dilatation)
Kµ = 2xµD − (xνxν)∂µ − 1

2[γµ, γν ]xν , µ, ν = 0, 3 (the conformals).
(11)

Similarly, there is the class of the conformally–invariant equations (9), (10).

Theorem 2 The system of equations (9), (10) is invariant under the conformal group
C(1, 3) with the generators (2), (11) if and only if

F 1 = −1
3(ψψ)−1γµjµ + (h1 + h2γ

4)
(
γµjµ

ψψ
− γµj̃µ

ψγ4ψ

)
+ (ψψ)

1
3 (h3 + h4γ

4),

F 2 = (ψψ)
1
3 (q1 + q2γ

4)
(
γµjµ

ψψ
− γµj̃µ

ψγ4ψ

)
+ (ψψ)

2
3 (q3 + q4γ

4),
(12)

where hi, qi, i = 1, 4 are smooth arbitrary functions of the conformal invariants

(ψψ)(ψγ4ψ)−1 and {(ψψ)2j̃µj̃µ + (ψγ4ψ)2jµjµ − 2(ψψ)(ψγ4ψ)j̃µjµ}(ψψ)
−14

3 ,
and the conformal power k = 3

2 .

Making the substitution [2, 4]

ψ = (ξξ)s, s =
1
2k

(
3
2
− k)

in equations (9), (12), we obtain the C(1, 3)-invariant ones with an arbitrary conformal
power k, for example

DµD
µξ − (2s+ 1)

3
γµjµ

ξξ
γµDµξ = 0,

where Dµ = ∂µ + s∂µ(ln ξξ), jµ = ∂µ(ξξ).

4 The some exact solutions

Let we consider the simplest conformally-invariant equation (9), (12)

∂µ∂
µψ − 1

3

{
(ψψ)−1γµ∂µ(ψψ)

}
γµ∂µψ = 0 (13)

Take the ansatz [4] that is invariant under 3-dimensional subalgebras < J01+J31, J03, P2 >
of the Poincaré algebra

ψ(x) = exp
{

x1
2(x0 + x3)

(γ0 + γ3)γ1

}
exp

{
1
2γ

0γ3 ln(x0 + x3)
}
ϕ(ω),

ω = x0
2 − x1

2 − x3
2.

(14)
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Substituting this ansatz into (13) we obtain the reduced equation

4ωϕ′′ + 2(3 + γ0γ3)ϕ′ − 1
3

(ϕϕ)′

ϕϕ
[2(1 + γ0γ3)ϕ+ 4ωϕ′] = 0. (15)

For example,

ϕ = ω
−3

4 exp
{
−1

4
γ0γ3 lnω

}
(16)

is the solution of equation (15). Evidently any solution of the massless DE is a solution
of (13). But the solution (14), (16) does not satisfy the DE.

Take the substitution

ϕ(ω) = exp {−1
2
(1 + γ0γ3) lnω}ξ(ω). (17)

Substituting (17) into (15), we obtain the equation for ξ which can be integrated once:

ξ′ =
1
2
{ω−

1
3 (γ0 − γ3) + ω

−4
3 (γ0 + γ3)}(ξξ)

1
3χ,

where χ is a constant spinor. Looking for solutions in the form

ξ = [(γ0 − γ3)ϕ1(ω) + (γ0 + γ3)ϕ2(ω)]χ, (18)

and substituting this expression into the last equation, we obtain the system of ODEs for
the scalar functions ϕ1, ϕ2

ϕ1
′ = ω

−1
3 (ϕ1ϕ2)

1
3 c, ϕ2

′ = ω
−4

3 (ϕ1ϕ2)
1
3 c, c =

3
√

(4)(χχ)
1
3

2
.

This system is invariant under the operator Q = ω∂ω + ϕ1∂ϕ1 . Then we obtain the
substitution ϕ1 = ωf(ϕ2) as the ansatz that is invariant under Q. This substitution gives

c(f ′(ϕ2)− 1)ϕ2

1
3 + f

2
3 = 0, ϕ2

′ = ω−1[f(ϕ2)ϕ2]
1
3 c.

So, solving the first–order ODE for f(ϕ2) and then for ϕ2(ω), we obtain the solution (14),
(17), (18) of equation (13).
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