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Topology structures of the families of gray
images

N. Wu!

Abstract. Let L be a subspace of Euclidean Space E'. | USC(X,L) denote all
regions below of upper semi-continuous maps from X to L and { C(X,L) denote
all regions below of continuous maps from X to L. For an infinite compact metric
space X, { USC(X,I) with Vietoris topology is homeomorphic to Hilbert cube Q
and | C(X,I) is its subspace, where Q=[-1, 1]e=. + USC(X, I) could be regarded
as a mathematical model of all gray images. In the present paper, the following
result is proved: | USC(X, [0,1)) is homeomorphic to Q\{(0)}. Therefore the
topological structure of | C(X, [0,1)) is also clear.

Keywords: Upper semi-continuous maps. Continuous maps. Vietoris topology.
Regions below of maps. Hilbert cube.

1.1 Introduction

For a Tychonoff space X, the hyperspace Cld(X) is the set consisting of all non-
empty closed subsets of X endowed with the Vietoris topology which is generated
by the subbase {U”, U* : UCX is open }, where U™ = {AE€CId(X) | ANU #= @}
and U™ = {AE€Cld(X) | ACU}, where U is open in X. Thus {< Uy, U,, ..., U, >:
Ui is open in X} is a base for this topology, where < Uy, Uy, ... , U, >={AE

n
cld(X): AC | JU, and ANU;= @ for each i =1, 2, ..., n}.
i=1
It is well-known that Cld(X) with this topology is metrizable if and only if X is
compact and metrizable [1, Theorem 1.3.4]. For a compact space X and for any
admissible metric d on X, the Vietoris topology of CId(X) is induced by the
Hausdorff metric dy defined as follows:
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dy, (A,B) =Max{Sup,_,inf,_ d(a,b), Sup,_ginf,_, d(a b)}
for any A, B e Cld (X).

Let AL =(L, AL )beaLawson semilattice L with the Lawson topology A L.
Let | USC(X,L) denote all lower closed sets including XX {0} in the product
space XX AL (a such set is called an upper-semi-continuous set). | C(X,L)
denotes all regions below of continuous maps from X to A L. In what follows, {
USC(X, L) and | C(X,L) are considered as subspaces of Cld (XX AL).

Pattern analysis and image management is one of practical undergrounds of
the research on | USC(X, L). In mathematical morphology which is one of the
most important mathematical theories of pattern analysis and image management,
2-value image is thought to be a closed set of a fixed compact space which usually
is a compact subspace of 3-dimensional Euclidean space and interval-value image
a lower closed set of the product of the compact space and the unit interval. Hence
1 USC(X, L) could be regarded as a mathematical model of all colored images.

For example, | USC(X, I3) stands for the family of all three primary colored
images. Moreover, the approach of images is just the Vietoris convergence of their
mathematical Models (see [2], [3]). In fact, the topological structure of the
family of all colored image is Hilbert cube (see [4, Theorem 1]).

A (single-valued) function f : X — R iscalled upper semi-continuous if f *(—oo,

t) is open in X for every t € R. For a Tychonoff space X and LR, let USC(X,L)
and C(X,L) denote the family of all upper semi-continuous maps from X to L and
the family of all continuous maps form X to L respectively .For every f € USC
(X, 1), let { f be the region below of f, that is, | f ={(x, ) e XXL: A<f () }
then | f eCld (XX1I). Hence 1 USC (X, ) = {{f: feUSC (X, 1)} and
VC (X, )={IffeC(X 1} They are all subspaces of the hyperspace Cld(X
X 1). For convenience , let USC(X)=USC(X,l), C(X)=C(X,l). For any
ACUSC(X), let } A={ V £ fe A}. Let USC,(X)=USC(X)\USC(X,[0, 1)). In this
paper, we mainly research the topological structures of | USC(X, [0, 1)).

For two pairs of spaces (Xi, Y1) and (X;, Y>) with Y;C X; and Y, C X,, the
symbol (X3, Y1)=(X,, Y,) means that there exists a homeomorphism h: X;—X,
such that h(Y1)=Y..

For a metric space X, we use X, and cly( * ) to denote the set of all isolated
points of X and the closure-operator in X, respectively.

In [5], there was the following result.

Theorem 1. For a Tychonoff space X, the following conditions are equivalent:

(a) X is a compactum and clx(X,) # X;

(b) LCCX, 1) = co;

(©) (QUSC(X, 1), LC(X, 1)) = (Q, co)
where Q=[-1, 1]o is Hilbert cube and ¢,={x € (-1,1)” :limx, =0} is a

n—o0

subspace of Q.
In the present paper we mainly prove the following results.
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Theorem 2. If X is an infinite compact metric space, then

(V USC(X), { USCy(X)=(1XQ, {1} XQ).
It is well-known that [0,1) X Q=Q\{(0)} (where (0)=(0,...,0,...) €Q), hence
we have the following corollary.

Corollary 1. For a compact metric space X,

} USC(X, [0, 1)) { [0, Xisfinite
Q\{(0)}, others

where |X| denotes the cardinal of X.

A closed subset A of X is said to be a Z-set of X if the identity idy can be
approximated by continuous maps from X to X\A.

The following theorem is due to [6, Theorem 5.4.12 , Lemma 5.5.4, Lemma
5.5.12].

Theorem 3. If Ais a Z-set in Q, then (Q, c\A) = (Q, Co).

Note that {1} X QisaZ-setof 1xQ . Hence by Theorems 1, 2 and 3, there is
the following Corollary.

Corollary 2. If X is a compact metric space with clyx(Xo) # X, then
lC(Xr[O!l)) =~ Co

1.2 Preliminaries

All spaces under discussion are assumed to be separable and metrizable spaces.

If X is a metric space, we can give another equivalent definition for upper semi-
continuous map.
Definition 1. A map f: X—R is called a upper semi-continuous, if for every x, €
X and & >0, there exists § > 0, such that for every x€U(Xo, O ), f (Xo)>f (X)- & .
Definition 2. A space X is called an absolute retract, abbreviated AR, provided
that for every space Y containing X as a closed subspace, X is a retract of Y, that
is, there exists a continuous map r:Y —X such that r|x=idy.
Definition 3. A subset A of a space Y is called homotopy densein Y if there exists
a homotopy h:Y X 1—Y such that hy=idy and hi(Y) < A for every t >0.
Definition 4. A topological semilattice is a topological space S equipped with a
continuous operator V : S X S— S which is idempotent, commutative and
associative (i.e., XVx =x, xVy =yVx;, XVy)Vz=xV(yVz) forany x,y, z€
S). A topological semilattice S is called a Lawson semilattice if S admits an open
basis consisting of subsemilattices.
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Definition 5. Let X be a space. A subset Y < X is relatively LC® in X if for every
XE X, each neighborhood U of x in X contains a smaller neighborhood V of x
such that every two points of VN'Y can be joined by apathinUNY .
Lemma 1. ([7, Theorem 5.1]) Let X be a metrizable Lawson semilattice with
Y C X a dense subsemilattice. If Y is relatively LC® in X and path-connected, then
Xisan AR and Y is homotopy dense in X, hence Y is also an AR.
Definition 6. We say a space (X, d) has the disjoint-cells property, if for any & >
0, k € N and continuous functions f, g: I — X, there exist continuous functions
f1, gy such that d(f,f)< &, d(g,g) <& and f, (I N g, (1) =2 .
Lemma 2. (The Toru'nczyk’s Characterization Theorem ) [8] (cf. [9, Corollary
7.8.4] ) : A space X is homeomorphic to the Hilbert cube Q if and only if itis a
compact AR with the disjoint-cells property.

The above lemma is a key to prove Theorem 2.
Lemma 3. [9, Theorem 6.4.6]Let E, F be Z-sets of Q, £>0, and h: E—~F be a

homeomorphism such that ,5 (X, h(x))< & for every x € E. Then there exists a
homeomorphism H:Q—Q, such that H|g=h and ,5 (x, H(x))< & for every xe Q.

Let¢: A—B be a map from a set A to a set B. If Ac USC (X) and/or
B C USC (Y) for spaces X and Y, we may define a corresponding map | ¢: 1 A
—{Borl ¢g:A—=1Bor i ¢g: VA—=Bas i g (=1 (g () or | ¢
(H=1 (@ (H)or | @ (VH=¢(F), respectively.

1.3 Proof of theorem 2

In follows, we always consider that p is the metric of the metric space 1XQ,

0 2
Z%fm every x= X, )in Y= Vi)ien € 1XQ.
i=0
Lemma4. {1} XQisaZ-setin IXQ.
Proof. It is easy to check.
Lemma 5. Let A be a space of 1 XQ, then (I1XQ, A)= (1XQ, {1} XQ)ifand
only if A'is a copy of Q and a Z-set of I x Q.
Proof. The essentiality is trivial. The sufficiency follows form lemmas 3 and 4.

In this section we always assume that X is an infinite compact space and p is
an admissible metric of X. d is the metric on X x | defined by

d((x1,t),(X2,t2))= max{ o (X1, X2), |t~ t[}-

Lemma 6. } USCy(X) is closed in § USC (X).
Proof. Let {f,} be a sequence in USC,(X) and | f,— | f (n— ). It suffices to
prove that f € USCy(X). For every n € N, there exists x, € X such that

where p (x,y)=
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fo(xn)=1since f, € USC,(X). By the compactness of X, {x,} has a convergence
subsequence {Xn }. Assume Xy—Y, k— ®, then (Xp, 1)—=(y, 1)(k— ®). It
follows from (X, 1) € { fycand | fy— | f (k= ) that (y, 1) € | f. That is
f(y)=1. We are done.

Lemma 7. | USCy(X) is a Z-set of | USC (X).

Proof. For every & >0, pick ye (1-&, 1). Define a :1—[0, y] by « (t)=yt for
every te I. Define H:USC(X) — USC(X, [0, y]) by H(f(x))= af(X) for every
feUSC(X) and x e X. It is trivial that | H is continuous and dy( ¥ H(f), | f)<e.
Hence Lemma 7 holds by Lemma 6.

Lemma 8. | Cy(X) isdensein | USCy(X).

Proof. For every £>0 and f € | USCy(X), it suffices to prove that there exists
g € Cy(X) such that dy( ¥ g, + f)l< & . Since X is compact, there

. & .
exists{X;, X,,*++, X, } = X such that {U(xi,§)||:1,2, ..., N} covers X and none

&
of U(x;,—) could be covered by other balls.

Let 5§ =0.5xmin{ &, min{d(x;, x))] 17}, i, JE{1,2, ..., n}}}, then §>0. Let

g(x)=Sup{f(x)xEU(x;, €/2 )}, g(x)=0 for every x&X\ OU(XUO“) L f
i=1

XE UU(X" 5) it follows from the definition of & that there exists only one i € {1,

2, 7 n} such that x € U(x;, & ). Thus we can define g(x)=(1-d(x,x,)/5) 9(x). It is

trivial that g(x) € C;(X) and we only need to show the following fact.

Fact. dy({ f, | g)<e&.

On one hand, for every (x, t)€ | f. There exists i€{1, 2, ..., n} such that
XEU(Xi, £/2). Since g(x;)=sup{f(X)[x EU(X;, ¢/2) }, (x;, t) € | g. Noting that
d((x, t), (xi 1))=p X, x)< &/2. We conclude that { f €EB4(1 g, ¢/2). On the
other hand, for every (x, 1) € | g, there exists i €{1, 2, ... , n} such that x € U(x;,
£/2) and then (x;, A )€ | g by the definition of g. Since g(x;)=Sup{f(x)|x € U(x;,
£12)}, there exists y €U(x;, £/2) such that g(x;)-f(y)< /2. If g(x;) = A >f(y),
then A -f(y)< &/2, and hence d((x, 4),(y, f(y))) < d((x, 4), (xi, 4 ))+d((xi, 1),
v, fy))=p x, x)+min{ p (x, y) , A-f(y)}<el2+el2=¢. If A<f(y), then
(y1 /1) € l f and d((X, /1 )7 (yl /1 )): p (Xv y) < p (X7 Xi)+ p (y1 Xi)<
gl2+&l2=¢.Thus | g€By( | f,&). Thatisdy (| f, | g)<é&.

Lemma 9. | USCy(X) is AR and | C;(X) is homotopy dense in | USCy(X).
Proof. Define v : | USCy(X) x | USCy(X) — | USCy(X) by { f v I g

=J max{f(x), g)}=4 f v g, then v/ is continuous.
Claim 1. ( { USCy(X), Vv ) is a semi-lattice.
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It suffices to prove that { g v +he By (| f ¢) forany g |
he B, (f, &) where By (If, &)={{f € L USCX) du(}f, }g)<e}.
On one hand, for any pointpe | f, since dy(} f, | g) <&, there exists po€E + g

¥ g Vv | hsuch that d(p, po)<é& . On the other hand, if the point g€ + gv | h,
thenge { gorg€ v h.Since 1 g, | hEBy (1 f, &), there exists go € | f such
thatd(g, do)<e& . Thus tgv 1 heB; (I f ).

Claim 2. | Cy(X) is a sub semi-lattice of | USCy(X).

For any | gy, v g,€ § Cyi(X), if Vg=1 g1V | g itis easy to check that

g E Cy(X). Thus by Claim 1, | C4(X) is a sub semi-lattice of | USC,(X).

Claim 3. | Cy(X) is relatively LC%in | USCy(X) and path connected.
Forany | f e | USCy(X) and & >0, we shall prove that + U=B, (Vf, £)n

+ Cy(X) is path connected. Forany {g;, 1 g, VU, {g={lg;Vv g€ | Ubhy
Claim 1. Define + H: 1 —> { U by H(t)=(1-t)g;+tg, then { H is well defined and a
path from | g; to | g (cf. proof of [5, Lemma 6]). Similarly, there exists a path
joining ¥ g and | g, in | U. We conclude that | Cy(X) is relatively LC’.
Similarly, it can be proved that | C;(X) is path connected.

It follows from the above claims, Lemmas 1 and 8 that Lemma 9 holds. We
are done.

Lemma 10. | USC,(X) has disjoint-cells property.

Proof. For every n€N, let ¢: I" — | USCy(X) and ¢ : 1" — | USCy(X) are two

continuous maps. By Lemma 9, there exists a homeotopy H: | USCy(X) X1 — |
USC,(X) such that Ho=id, Hy( } USC4(X)) < | C4(X) for every t<€ (0,1]. For every

1>£>0, let ®, W:1" — | USCy(X) be two maps defined by @ (m)=H(¢ (m),
£/2) andW (m)=H( @ (m), ¢/2) for every me |", respectively. Choose a non-
isolated point X, € X arbitrarily and a point x, € U°(X,,£/3). Let the map M:

1C1(X) — I defined by M( | f )= max{f(x): d(xo, X)} < £ }. Then M is continuous
by [10, Lemma 14]. Let S:|C1(X) — I defined by S ({ f)=max {&, M( | f)} It
is trivial that S is continuous. Define two maps { a, | B: | Cy(X) — | USCy(X)

S(f), X=X,
bya M=) o xeU°(x,,e/2) 3
f(x), others
S(4 f), X =X,
B (f)(X): 0, X e U(XO, 8/2) \{Xl} for every 1fe | Cl(X) and X € X,
f(x), others

Claim1. | a, | Bare well-defined and continuous.
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It is easy to check that | a (f) and | B (f) are upper semi-continuous for
every f € Cy(X). For every f € Cy(X), there exists y € X such that f(y)=1. If

y € U(Xy,&/2), thena (f(xg)= a (A(x)=1; if ye X\U(X,,&/2), then a
A )= L (O(y)=f(y)=1. Thus, | a, | Bare well-defined. For every |f € |
Cy(X) and every y >0, we shall prove that there exists 7 >0, such that if dy( 4 f,
Vo)<t ,then |} a(f) -} a(g)l<y. By the continuity of S, there exists 7, >0,
such thatif dy ( f, ¥ g)<7;,then|S (¥ f)-S(}g)l<y.Since X is compactand f
€ Cy(X), fis uniformly continuous on X, that is, there exits 7, >0 such that |f(x)-
f(y)|<y/2for every x, ye X with p (x, y) <7,. Choose T =min{}//2,2'1,2'2 }
it suffices to prove that dy (V a (f), | a(g))<y for every | g € | Cy(X) with
du( ¥ f, tg)<7.

On one hand, for every (x, A)€ | a (g), we shall find a point (y, z) € | a (f)
such that d ((x, 4), (y, 2))<y . Consider three cases.
Case 1. If x=x,, then it follows from the continuity of the map S.
Case 2. If xeU o(xo, £12),then (x, 4)=(x,0) € | a(f). Choose (y, z)= (x, 0) as
required.
Case 3. If xEX\U (Xo, £/2), then (x, 1) € | g, there exists (x’, A") € | f such
thatd ((x, 1), (X', A" )<z . If X" €X\U(xo, &/2), then (X", A')e V a(f).We
can just choose (y, z)= (x',A") as required. If X" €U (xo, £/2), then [f(x)-
f(X' )< y/2 since d(x, X" )<z <7, . Hence there exists 4 such that | 1, -
A'l<yl2 and (x, L)€ VT Thus [A-A|S[A-A | HA-A KT +yl2 <y,
hence d((x, 1), (X, 4,))<y . Choose (y, z)= (X, 4, ), then (y, z) is as required.

Therefore, + a (g) &By( 4 a(f), ¥).

On the other hand, we can proved that | a () By ({4 a(g), ) similarly.

Thus dy (¥ a (f), | a(g))<¥. Thatis, | & is continuous. It is a similar proof
for the continuity of | B.

Putg’: |" — | USCy(X) and @' : |" — | USCy(X) by ¢’ =} a o dand ¢'=
| B oW, Itis easy to see that @' (4 USCy(X)) M @' (} USCy(X))= 0. Thus, it
suffices to prove the following claims.
Claim 2. ¢' and @' are continuous.

It follows from the continuity of the maps { a, | B, ® andW.
Claim 3. dy (? (m), @' (m))<& and dy (@ (M), ¢’ (M))<& for everyme |".

By [6, Proposition 4.1.7], without loss of generliy, we can assume that
du(@ (m), @ (M))=du(¢ (m), H(P (), £/2))< &/2 and dy (P (M), ¥(m))= dy
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(@ (M), H(P (m), € /2)) <& /2. Itis trival that dy (@ (M), ®(m))<& /2 and dy (¥
(M), @' (M)<& /2. Thus dyy (@ (M), @' (M))<& and dy (P (M), ¢ (M)<& .

Proof of Theorem 2. It follows from Lemmas 2, 6, 9 and 10 that | USC4(X) = Q.
By Lemmas 5 and 7, we conclude that Theorem 2 holds.
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