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The convergence of gradient method for the network training with one output 
unit has been considered by many authors [9-14]. The convergence of the online 
and batch gradient algorithm with a penalty term for feedforward neural network 
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Abstract. In this paper, we study an offline gradient method with inner-penalty 
for training multi-output feedforward neural networks. The monotonicity of the er-
ror function and weight boundedness for the offline gradient with inner-penalty 
are presented, both weak and strong convergence results are proved, which will be 
very meaningful for theoretical research or applications on multi-output neural 
networks.  
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1.1 Introduction 

Feedforward neural networks have been widely used in many applications [1-5]. 
The generalization ability is very essential for network performance, the generali-
zation capability refers to the ratios of correctly classified untrained samples. A 
rule of thumb for improving the generalization is to choose the smallest network 
that fit the training examples. However, a simple but efficient way to restrict 
weight magnitude is to add some penalty terms to error function. So punishing 
term methods are often introduce into the neural networks training process and 
have proved to reduce the magnitude of the network weights and to effectively 
improve the generalization capability of the network [6-8]. 
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has been also discussed [9,12,15-17]. In addition, multi-output feedforward neural 
network is widely used in classification problems. The experimental results show 
that the out representation is also important for the network performance. So the 
convergence of multi-output neural network is very meaningful. In this paper, we 
study a multi-output BP neural network with inner-penalty and define a relation 
formula between the penalty parameter and the learning rate parameter, then use it 
to prove the weak and strong convergences of the offline gradient algorithm with 
inner-penalty. Additionally, the boundness of the new error function with inner-
penalty is also guaranteed. 

1.2 Network Struction and Learning Method with Inner -penalty 

In this section, we consider a two-layer network consisting of P input nodes, 
T output nodes. Fig.1.1 illustrates the structure of a two-layer multi-output feed-
forward neural network.  

 
Fig. 1.1 Multi-output feedforward neural network. 

Denote the weight matrix by TPijwW )(= and ),,,( 21 tPttt wwww = . 

Assume that the transfer function RRg →: is a sigmoid function. Sup-
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Our error function with a penalty term has the following form 
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Where 0>µ  is a penalty coefficient. Then gradient function is given by  
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Let 0W  be arbitrary initial weights. We proceed to refine it iteratively by the 
following rule  
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Here, where the learning rate 0>η  is a constant. The following assumptions 
are needed for our boundedness and convergence results. 
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1.3 Preliminary Theorem 

Theorem 1: Suppose that assumptions A1), A2) hold. that the weight sequence 
}{ nW  is generated by the algorithm (2.3) for any initial value 0W .Then we have  

(a) ,2,1,0)()( 1 =≤+ nWEWE nn ; 

(b) There is 0* ≥E  such that *)(lim EWE n

n
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Proof: By the Taylor expansion and the learn rule (2.3) 

∑∑ ∑∑
= = = =

+++ ⋅−⋅+⋅−⋅=−
J

j

T

t

J

j

T

t

jn
t

jn
t

jn
tjt

jn
tjt

nn wwwgwgWEWE
1 1 1 1

22111 ))()((
2

))()(()()( ξξµξξ

∑∑∑∑∑∑
= == == =

⋅∆+⋅∆′′+⋅∆⋅+⋅′=
J

j

T

t

jn
t

J

j

T

t

jn
tjtjt

J

j

T

t

jn
t

jn
t

jn
tjt wwgwwwg

1

2

1 1

2
,

1 1
)(

2
))((

2
1)]()([ ξµξνξξµξ

∑∑
==

∆++∆−=
T

t

n
t

T

t

n
t wCCw

1

2

1
1

2
)(1 µ

η
 

∑
=

∆−−−=
T

t

n
twCC

1

2

1 )1( µ
η

                                                                      (3.1) 

Here， 2,2 2
231

2
2 CJCCJCC == 。 

By assume A2, we have  
 ,2,1,0)()( 1 =≤+ nWEWE nn                           (3.2) 

Since the nonnegative sequence )( nWE is monotone and bounded below, there 

must be a limit value 0* ≥E  such that *)(lim EWE n
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Theorem 2 Suppose that Assumptions (A1) ,(A2) are valid. that the weight se-
quence }{ nW  is generated by the algorithm (2.3) for arbitrary initial value 0W . 

Then we have ),2,1;,2,1(  == nTtwn
t are uniformly bounded, i.e., there 

exist a bounded closed region mR⊂Φ such that Φ⊂}{ n
tw .  

Proof: By (3.2) 
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From (2.1) and (3.3) we get  
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Let the second part of above equatio be n
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Because },,,{ 21 Kξξξ  is a base, the coefficient determinant is not equal to 
zero, thus the system of linear equations have an unique solution. Suppose the 
coefficient determinant equals to D, then the solution is as follows: 
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Theorem 3 Suppose that Assumptions (A1) ,(A2) are valid, 
}0)({0 =∇=Φ WEW  is a finite point sets, that the weight sequence }{ nW  is 

generated by the algorithm (2.3) for arbitrary initial value 0W , we have 
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proof: Let 11 CC −−= µηγ , by Assumptions (A2), we have 0>γ . In 
view of (3.1), there holds  
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Combining (2.2.) and (2.3) gives 
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This together with (3.12) and (3.13) leads to: existing 0
* Φ∈W such that 

*lim WW n

n
=

∞→
. This completes the proof. 

1.4 Conclusion 

In summary, we study an offline gradient method with inner-penalty for training 
multi-output feedforward neural networks. The monotonicity of the error function 
and weight boundedness for the offline gradient with inner-penalty are presented, 
both weak and strong convergence results are proved, which will provides a strong 
theoretical support for many applications on multi-output neural networks. 
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