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Abstract

The transition from Eulerian to Lagrangian coordinates is a nonlocal transformation.
In general, isomorphism should not take place between basic Lie groups of studied
equations. Besides, in the case of plane and rotational symmetric motion hydrody-
namic equations in Lagrangian coordinates are partially integrated. This fact intro-
duces arbitrary functions, initial data, to the resulting systems and makes cuurently
central the problem of group classification. It is stated that under a transition to
Lagrangian coordinates, the main group becomes infinite-dimensional as well in space
coordinates. The exclusive values of arbitrary functions of Lagrange coordinates (vor-
ticity, momentum), at which the further group widening takes place, are found in

).

In this paper, the group properties of equations in Lagrange variables for nonuniform liquid
are studied. The problem of group classification of these equations on functions of initial
density is solved. Exact invariant solutions are obtained. As a rule, new obtained exact so-
lutions describe nonstationary vortex motions. The solution representations in Lagrangian
coordinates include arbitrary functions of time and space coordinates. This allows us to
consider different invariant initial boundary problems. We emphasize that the majority
of these solutions could hardly be found considering the equations of hydrodynamics in
Euler variables.

1. Let us consider the equations of nonuniform heavy liquid
1 1
Ut + uug + vuy + ;pm =0, v+ uvy +vvy + ;py = —g, (1)

pt"‘up:c"‘vpyzov ux+vy:07

where p(z,y,t) is the liquid density, g = const > 0 is the acceleration of gravity, (u,v) is
the velocity vector, and p(z,y,t) is the pressure of liquid. It is of common knowledge that
there are nine infinitesimal generators of a finite symmetry group [1]

X1 = 83:7 Xo = aya X3 =0y + ta:m Xy =0y + taya X5 = 6157
X6 = t0; + 220, + 2y0y + u0y + +v0, + 2p0p,
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1
Xo = (y+ 591°) 00 — 20, + (v + g1)0u — udh, (2)

1
Xg =t0: + 20, + (y — §gt2)8y — gtdy, Xg = pd, + pOp.
Additionaly, there is a generator Xig(¢) = ¢(t)0, which depends on one arbitrary

function of time.

2. Now we rewrite equations (1) in a more convenient form using the Lagrangian coordi-
nates £ and 1 which are defined by a solution of the Cauchy problem

dx d
E = U(l‘,y,t)’ % = U($7y7t)7x|t=0 = £>y|t=O =1. (3)

In such a case, the third equation of system (1) is integrable and we have

p(x(&,m,t),  y(&n.t)=po(&,n) = R(Em), (4)

where pg(&,n) is an initial density.
By substituting the functions z(§,n,t), y(&,n,t),p(&,n,t) and (4) in Eq. (1), we get
a new system

zy + R(E, ) (Yype — yepy) =0, yie + R(§,m) (xepy — ope) = 0, (5)
TelYn — Yeky = 1.

Here we put g = 0.

In order to construct the group on the solution, one should first of all find the point
transformation group that is admitted by the differential manifold given by system (5).
An infinitesimal operator of this point group

Y = pto, + ,u28§ + y38n + 718p + 720, + 738y

is calculated from the determining equation for coordinates p' and 7¢ following the scheme
standard for the group analysis. However, here we have to solve the problem of group
classification with respect to the function R(&,n) > 0. After some computations, from the
determining equations, the following representations for u* and 7¢ have been found

,Ul1 =+ CQt; ,U/Z = ,U'2(§7 77)7 Mg = /1’3(57 77)7

=1t 2, y.p), TP =csx+cay+ qi(t), ©

= c3y — cax + ga(t),

where ¢1(t),g2(t) € C* are arbitrary functions, ci,...,cq are arbitrary constants. The
functions u', 42, 71 are the solution of the determining system

u? + ,u,27 =2c3, M Re+ PR, = (2c3 — 2c9 — T;)R, (7)

Rl 4 gi(t) =0, RTy1 + g2(t) = 0.
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It can be easily shown that general equivalence transformations for system (5) are

t= a1t+a2, 520304(5,77)’ ﬁ:a3ﬁ(£an)a

T =as(zrcosay +ysinay) + ast + ag, Y= az(ycosay — xsinay) + art + as, (8)

2a3ay'p+p(t), R=agR(E,7),

p=ap
where aq, ..., ag are constants and as > 0,a3 > 0,a9 > 0.
Using the equivalence transformations (8), structures of solutions of the determining
system (7) is investigated. The result of the group classification obtained here is shown in
Table 1.

Table 1
R(&,n) generators remarks
1. arbitrary L= Yl,YQ,YEg,n,Y&YG,Y%Yw
2. 1 L,Ys,Yy,Yy,, Vs ideal liquid
3. 57 (Rf 750) L7}/97Y1071/E)

Y1 =0, Yo = t0; — 2p0p, Y3 = yOp — 20y, Y4 = t0,,
Ys = 0., Y6 = t0y, Y7 = 0y, Y, = @(t)0p, Yz = {0+
+n0y + x0z + YOy + 2p0p, Yy, (t)0r — §1(t)x0p,
Yo, = 92(t)0y — G2(t)y0p, Yi = Yy O¢ — 10y,
Yy = 00y, — £0¢ + poy, Y10 = 2£0¢ — 200y +
+20z +y0y, ¥y = b(€) 0y,
where (t), g1(t), g2(t),¥(&,n),b(§) are arbitrary functions and ¢; # 0, g2 # 0.

Now we shall claim the invariance of the initial data (3) = £,y = n,t = 0. It gives
us a more detailed group classification of system (5) with respect to the function R(&,n).

Complete results are given in Table 2.

Of course, the cases 6 or 7 are more convenient to be studied in polar coordinates.

4. Let us consider several examples of exact solutions of equations (1) and (5).

Example 1. Let R = R(7n), then system (5) admits the two—dimensional subgroup
< O¢, 0; >. The partially-invariant solution of rank 2 and defect 1 is sought in the form

T = x(éa 777t)7 Yy = y(n7t)7 p= p(ﬁt)' (9)

By substituting the invariant forms of solution (10) into Eqs. (5), we obtain
1+ ao(dle +bo()ts = [ 7 (10)
xr = a , = ,
o\”n (Ui Yy 1+ aO(n)t

_ po(n)ye(n, t)dn
B _/ 1+ ap(n)t )
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with arbitrary functions ag(n), bo(n), po(n) = R~1(n), ¢(t). It describes unsteady rotational
flows of liquid in the plane layer with one or two free surfaces.

Remark 1. The initial manifold is not invariant with respect to the subgroup < d¢, 0, >,
however, as follows from (11), z = &,y = n when t = 0.

Table 2
R(&,n) generators

1. arbitrary L={Y1,Y4,Y,Y,
2. 1 homogeneous liquid L)Y, Y3, Y5, Yy
3. F(m& + Bin) exp(y2€ + B2n) L, 1Ys — Y7 + (11B2 — 7201)Ys
4. exp(v€ + (1) L,Ys — Y5, Y7 — BYs
5. (v€ + Bn)* ) L,Y; — aYs,vY7r — BY5

F(pyarctan({/n) + mln(¢® + _ _
6. +n2)(€2 + ,’72)7 exp(ﬁg arctan(g/n)) L,3Ys5 271Y3 + 2(’7152 72/81)}/8
7. | (€2 +n?)Y exp(Barctan(&/n)) L,Y5 — 2vYg, Y3 — BYy

Y1 = t0; — 2p0y, Ya = £0¢ + 10y + 20y + y0Oy + 2p0y,
YEJ) = 7785 - far] + yax - xay7Y4 = taxa}{:) = a{ + 8&27Y6 = ta:ta
Y = ta@p Yr = 67] + aya Yy = papa Y<p = @(t)a[ﬁ

F € C% is an arbitrary function; 3,~, 61,71, B2, 72, @ are constants,
a#0,82+92#£0,0f +9% #0;if Br-y1- B2 - 72 # 0 then 281 + 7182 = 0

Example 2. If R = exp(7{ + (3n), then the subgroup < 0¢ 4+ 9, — ypdp > is admitted
(see the case 4 from Table 2, where v # 0). The invariant solution has the form

$:€+X(nvt)7 y:Y(nvt)’ P:P(W)GXP(—Vf)v
and, hence, we get from Egs.(5)
Y=ft)+n, [f0)=0, Xu—~e""P=0, X,Xy+ fu+e’P,=0.

Eliminating P from the third equation, we obtain
I} 1
XnXtt — gXtt + ;th + ftt == 0 (11)

Let us assume that flow is uniform along the y axis, i.e. f; = v9 = const. In such a, case
P = pu(t)exp(—yX) with an arbitrary p(t) and the function Z = X — n/~ is a solution
of ODE

Zy —yu(t) exp(—yZ) = 0.

For u(t) = up = const, the last equation has integrals depending on X;|i—o = uo(n):

1
ngn——ln

{ : }
v Yoleh(yd(t + ) — 1]

(12)
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if d(n) = ug(n) — 2p0 exp(6n) > 0;

Bl d
X_vn ’71{ uo[COS(V\/Td(t+c))+1]}’ (13)
if d(n) < 0;
Ié; 1

4
X=Sp—-In|————|, 14
3 ’yn[uon(HC)?} (14)

if d(n) = 0. The function ¢(n) can be determined from the initial condition X (n,0) = 0.
The density of liquid is constant on the lines v + 8n = const. During the time, these
lines are deformed according the formula

’Y[$ B X(y - U0t7 t)] + /B(y - Uot) = const,

where X is defined by (13), (14), or (15).
The another solution can be obtained if we suppose that X is linear with respect to 7.
Integrating the system (5), we have

z=¢&4aptn+b(t), y=n+f(t), b0)=f(0)=0, (15)
p= }ybtt exp(—v€ — 1) + (1),

where ag is a constant and f(t),b(t), ¢(t) are arbitrary functions with (apt —3/7)bu+ fu =
0. The line v¢ + 81 = const can be considered as a free surface one.

Example 3. For R = R(£% + 1), system (5) admits the subgroup of rotations < nde —
€0y + Y0, — 0y > (see the case 6, Table 2, where §; = (2 = 0). Introducing polar
coordinates z = rcos®, y = rsin®, § = fcosa, n = fBsina in (5), we get a new
system for the unknown functions (3, a,t), O(8,a,t), p(B,a,t)

ra(ry — r@f) + @5(r2@t)t + Rpg =0,
roa(rtt - 7’@?) + @a(TZGt)t + Rpa = 07 T(Tﬁ@a - Toz@ﬂ) - ﬂ (16)

The generator n0: — £0, + y0, — x0, transforms to the generator de + J, and an
invariant solution has the form

r:r(ﬁ,t), G):oz—i—tp(ﬂ,t), P:p</87t)

Equations (5) now imply
r= (" +CW)E o= BEE ) (17)

p= / Rr(%) (ree — ro7)dB + ()

with arbitrary functions C(t), C(0) = 0, B(3), i(t). This solution describes rotational ring
motion with free surfaces

ri(t) = (B + CEN'2, () = (85 +CHNY? 62> b 20,
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The function B(3) is connected with vorticity wg(/3) of liquid by the formula B(8) =
J pwo(p)dp.

Example 4. Let us consider arbitrary Lagrangian coordinates (a, b) defined by £ = «(a, b),
n = B(a,b). In terms of these variables, (5) become

TaZgt + YalYtt + Yag + BRpa =0,  xpx4 + Ypyie + ypg + Rpp = 0,
Talp — ToYa = S(a,b), (18)

where 1/R = py(a, b) is an initial density and S = a, 0 — apf, is the Jacobian of the map
(a,5) = (a(a,b), B(a,b)).

The system (18) admits the subgroup < %&5 — 00— 0y > when R = R(b) and S = S(b).
It is easy to verify that the invariant solution has the form

1 1
r=a-+ Z exp(kb)sink(a + ct), y=0b+ z exp(kb) cos k(a + ct),

b
p=y b/ 2 (€ = D (19)

where k, c, by are arbitrary constants, ¢ = g/k. The solution (19) describes famous Ger-
stner’s waves on a free surface of nonhomogeneous fluid.
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