3rd International Conference on Multimedia Technology[l ICMT 2013)

Improved Multidimensional Representation
Using Shearlets

Dewei Gong?, Jianhai Chen?, Jinliang Chai?, Jizheng Di'

Abstract. Despite effective tools in signal and image processing, traditional
wavelets methods lose the ability to process multi-dimensional data. In this paper,
we describe a new class of multidimensional representation systems, called
shearlets. Similar with wavelets, this new representation can be associated with
multiresolution analysis. The shearlet representation provides a more effective tool
for the geometric representation of multidimensional data. We introduce the affine
systems with composite dilations for the shearlet construction and give several
examples of shearlets.
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1 Introduction

Wavelet representation is thought to be one of the most effective tools in image
and signal processing. One of the most useful features of wavelets is that they are
efficient to approximate signals containing point-wise singularities[3]. Traditional
wavelet methods, however, fail to process multi-dimensional data for their
invalidation about the singularities of surfaces [5,8].

In order to overcome the limitation of traditional wavelets, several new image
representations have been proposed such as Ridgelets[9], Curvelets[8],
Contourlets[10] and Shearlets[11]. The most successful representations include
the curvelets introduced by Candes and Donoho. The curvelets are effective for
their optimal approximation for two-dimensional piecewise smooth functions.
However, they lose the ability to provide a multi-resolution representation of the
geometry that traditional wavelets possess. Therefore, it is very challenging to
make the discrete implementation of curvelets.

Recently, a new representation called shearlet has been introduced[4-7]. This
new representation is very effective in the geometric representation of
multidimensional data. Since the shearlet representation possesses a more rigorous
mathematical framework, it is easier for the implementation of shearlets[3]. An
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effective construction of shearlets, however, is still a challenging problem for us to
tackle.

The paper is organized as follows. In Section 2 we introduce the mathematical
theory of shearlet frames. In Section 3 we describe the framework of the affine
systems for the construction of shearlets and provide several examples of
shearlets. Concluding remarks are drawn in Section 4.

2 Shearlet Framework

As described in the introduction, Shearlet representation has many advantages
such as directional sensitivity and optimal approximation. Some methods to
construct shearlets have been demonstrated in some literatures. Inspired by their
work, we propose a new method to construct shearlets by obtaining their Fourier
forms on some necessary conditions.

Before constructing usable shearlets, we give the following theorem which
makes it theoretically possible to construct certain shealets.

Theorem 2.1
Let C be an nxn invertible matrix and A = ZxZ"" be an index set.
. - 117
Suppose that 17 « L™ (R"), where suppy cI'= ~3'3 C and
> [peaBM)| =[c| (@e) 2.1)
(j.hea
H 2 n
then {l//jlk}(j,l)eA,keZ" is a Parseval frame for L2(R") ,

where l//jlk('):|A|%l//(B(l)Aj'_Ck) . Thus, we have the following

reconstruction formula

f=> ><fwu>y, foralfel*R") (2.2)

(i.NeAkez"

3 Construction of Shearlets

To construct usable shearlets, we need some ancillary functions with special
properties. Some ideas of these constructions are adapted from [1] and [2]. The
results will be used later.

We start by defining an ancillary function :0 — [ as
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0 for x<O

n-1 n
O(x) =4sin 2 3”(x—1j +% for0<x<1 3.1)

2
1 for x>1

It is easy to verify that & is symmetrical around (ilj , and monotonically
2 2
increasing on [0,1]. A plot of & where n =3 is shown in Fig. 1(a).

Next, define a smooth bell function b: 0 — [ as

sin[£0(8|a)|—l)j for = <|w| <=
2 8 4

z 1 1 (3.2)
b =<cos| —0(4 -1 for — <=
(w) (2 (4| o] )j 4<|w| >

0 otherwise

We can easily verify that b is a non-negative real valued function axially

symmetric to the y-axis and b[iljzl . We further have
4
1 1 11 ; P—
suppb=| —=,—= 2 = | .Aplotof b is shown in Fig. 1(b).
i [ 2 s}U[ }

8'2
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Fig 1: The two auxiliary functions V and b

Up to now we have two auxiliary functions vV and b . In order to construct

shearlets, we need another two functions ;, and y,. Now we define the function
w, .0 — 0 viaits Fourier transform as

0.2 0.4 0.8

7, () =[b? (20) + b () (33)
Investigating the property of y/,, we have the following theorem.
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Theorem 3.1

The function 47, has SUppy, = [—%,—%}U[%%} and fulfills
Z|1ﬁ1(2’2ja))|2 =1 for |a)|2% (34)
>0

Since we can obtain the relation after elementary calculation, we omit the proof
for this theorem. A plot of 1/71 is shown in Fig.2.

Recalling the definitions of b and v, , we have

0 for || gi
16

' 35
;I%(z—z,w)r: sinz(%v(mla)l—l)) for%<|w|<% (3.5)

1 for || 23
8

Next, we define the function v/, :[1 —[] as

R JVQl+w) ©<0
v, (o) = (3.6)
JVQl—-®w) ©>0

In analogy with the above calculation, we have the following theorem.
Theorem 3.2

The function , defined in (11) fulfills

i, . (2ja)—|)|2 =1 for j=0,]|o|<1 37

1=-2]

We also omit the concise proof for theorem 3.2. A plot of y?z is shown in Fig.2.
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Fig. 2 The functions ‘/}1 and 1/72
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Up to now we have obtained two important functions y?l and 1/72. For the

construction of shearlets, we introduce the theory of affine systems with
composite dilations[3]. In dimension N = 2, the affine systems with composite
dilations are the collections of the form:

{’/’uk(x):|A|;W(B(|)AjX—k)Zj,|eD,keD2} (3.8)

wherey € L*(0%), A, B are 2x2 invertible matrices and det(B) =1 .

Now we introduce a theorem which provides a theoretical background for the
construction of shearlets.

Theorem 3.3

Let I'= —l’i » A= 4 01 ang B(l) = L , and suppose that
2 2 0 2 01
Y@ =1, Yl (x-| =1(ae) (39)
jez lez

where 7y, e L (R) = {f [ f], =essupe..... T =infe g ur oSUPcrir, | (x)|< oo}

Foranya):(a)l,a)z)eDA2,(01 #0 ,let ¥ be given by

V(@) =y (w,0,) =y (o), ( @ J (3.10)

If suppy cTI'?, {lek} is a Parseval frame for L*(R?), that is, for
any f € L*(R?), we have

2 D v >|2:||f||2 (3.11)

(j.Hez? kez?
We further have

f= Z Z < > v (3.12)
(j.hez? kez?
where i, is defined as above.

Inspired by theorem 3.3, we consider shearlets from a different aspect. The
following theorem allows us to construct shearlets on the cone.
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Theorem 3.4

11 4 0 11 2 0
Let r:[—?z} , A1=[0 2} : Bl(I)Z[0 J : AQ:(O 4} ,
BZ(I):G cl)) C=A=B()=1,

,

<1
w

2

,

D, ={a)=(a)l,a)z)|%s

@,
1

Sl} !D2={a)=(a)1,a)2)|%£|a)2|,

88
and suppose that

D, :[_E,ET A=A ={(iN]-2'<1<2),jez,j=0 A, ={LD)

@i =1 for|x|z% (3.13)
j=0
i 1,172(21'x—|)|2 =1 forj=>0,|x|<1 (3.14)

1=—21

where 17,1, € L” (R).

Foranyw = (w,, ®,) el?,m, #0 , let w*,w® and 7° be given by

A W,
l//‘l’(w) = l//l (601, 602) =y, (0)1)1//2 (;] (3-15)
AN a)l
14 (a)) = V/(a)i ,@,) = L4 (@, )V/Z (3.16)
v (@) = 2o, (3.17)
If supp l/}'l, supp l//2 cT?, then {yﬂ iik }(j,l)eAl 123Kz is a Parseval frame

i :
for L*(R?) , where s, (X) =|A, |2y (B, (A, x=k),4=1,2,3. Then,

A,

forany f € L*(R?), we have

=0 1221 K=o =0 12—2) K=—0 (3.18)
w 2! © 2

PIPIRA
=0 1=-2) k=—o0

We further obtain
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w 2! o0 o 21 » w
F=Y Y Skt + 2 St + X< fd o 319)
j=01=-2) k=— =0 1=—2 k=—o0 s
Especially, we have
/2 2.8
sin sin
we (X, %) = —2 4 (3.20)
TT2X, X,

By the definition of 1,1/, , one can easily observe that supp y*, supp w2

2
(a (_1%} . Consequently, we have obtained one class of shearlets on the

cone.

2
For the center part D, = [_%%} , we can define another set of functions

l/;i . The function l//3 can be defined as follows

1
(o) for|m S§,|a)2 <|w,
v (o, w,)= ] (3.21)
p(w.) for|m,|<= |o|<|o.
where
1
1 f0r|a)| <—
16
T 1 1 (3.22)
w) =<c0s| —Vv(16|w|—1 for — < |w| <=
(@) (Z(le )] 16 <lel<3
0 otherwise
Then we can obtain
1 1
1 for|w,|<—, |, | < —
16
T 1 1
- cos| —V(16|m,|-1) | for —<|o|< =, |o.|<|o| (3.23)
¢(a)1 , a)z) = 2 16 8
T 1 1
cos(—v(16|a)z —1)) for —<|w,| <=, |0 | < |w,
2 16 8
0 otherwise

Analogously, we have the following theorem from which one can obtain a new
class of shearlets on the cone.
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Theorem 3.5
Let

Ch={(a)1,a)2)eR2:|a)l|2%,a)1 > a)z} :
C":{(a)l,a)z)eRz:|a)2|2%,a)2 > a)l}.

x 1 1
C ={(a)1,a)2)eR2:|a)1|2§,a)2 Zg,a)z = a)l}

oh ={(a)1,a)z)e R? :|a)l|<%, ,

;)

<_ 1

8

A, ={(iNiz0-2'+1<1<2/ -1}, 1=12,
and suppose that

Z|z/7l(4—ix)|2 =1 for|x|2% (3.24)
j=0
22 1/72(21'x—|)|2 =1 forj>0,|x <1 (3.25)

1=—21

where vy, € L”(R).
For any a):(a)l,a)z)eDAz,a)1 #0, let ', ° ' and ™ be given by

1

A a)Z N a)l
Wy(a)ua)Z):Wl(a)l)WZ[ } ' "4 (a)uwz)zl//l(a)z)‘//z(a) J !

o = p(x—k) v (@,0) =y (@, 0)1.
Then {y* ckel*fU{y";, (1) €A, kel?, A=12}U{y" ] 20,1 =£2}

is a Parseval frame for L*(0J ?) and hence, for any f € L?(R?), we have

21

2 w 0
f :Zz z Z< fll///ljlk >l///1jlk "’Z z Z< f"//XjIk >y/XjIk +z< f'l//ak >‘//3k
A=1 j=0 |=-2] y1ke? =0 |1=£21 ke kel
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4 Conclusions

In this paper, we have succeeded in introducing the shearlet representation for the
efficient geometric representation of multidimentional data. In particular, we
present a method to construct shearlets in frequency domain. This method helped
us to construct several types of shearlets in different aspects. First, a parseval
frame of shearlets is obtained by combing different systems of cone-based
shearlets. Subsequently, we construct a family of cone-adapted shearlet frame
consisting of compactly supported shearlets. From mathematical perspective, one
can consider smoothness of constructed shearlets. Especially, we can try to
provide a new construction yielding smooth Parseval frame of shearlets. In future
research, we intend to study some implementations of shearlet transform.
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