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A New Fast Algorithm for Image Denoising

Shixiu Zheng' , Zhenkuan Pan , Chunxiao Jiang ,Guodong Wang

Abstract. In this paper, the classic TV-L1 model is extended to a hybrid TV-L1
model based on first order and second order derivatives to remove image noises,
preserve geometry, contrast and overcome staircase effects. To improve efficien-
cy, a fast algorithm based on dual method which is called the Split-Dual algorithm
is designed for the model. Finally, the denoising quality and the computational
time between the proposed algorithm and some other traditional methods are
compared.
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1 Introduction

The variational models of diffusion using first order derivative can efficiently re-
move image noises with edge preserving property. The TV(Total Variation) model
or ROF model proposed by Rudin, Osher and Fatemi[1] is very popular in image
processing and has been considered as one of the most important nonlinear varia-
tional image diffusion models. The TV-L1 model was proposed by Allinet[2] for
digital signal filters in 1992, then it was extended to impulsive noise removal of
images and developed by the researchers in the area of image processing due to its
property of geometry preserving. They are models both based on first order de-
rivative and they usually lead to staircase effects.

To preserve geometry, contrast and overcome staircase effects, researchers mixed
regularizers using first order and second order derivatives. Didas, Weickert, Bur-
geth[3], Pan, Wei and Zhang[4] analyzed the corresponding 1D model Which can
be extended to 2D cases directly and made the following conclusion as

First order forward diffusion @, <0
No first order forward diffusion @, =0 @
First order backward diffusion @, >0
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Second order backward diffusion @, <0
No second order forward diffusion @, =0 @)
Second order forward diffusion @, >0

Where @, (ug) =29 (ug)uz, +39'(u) > @,(ug) =29 (UL )ug +9(uy,)
g (us )=/ (ueD/Juyl

But the method based on traditional gradient descent equations to solve these
models is complicated, Goldstein, Osher[5]propose the Split Bregman algorithm
based on the work of Osher, Burger[6]and Wang, Yang, Yin, Zhang[7]. Auxil-
iary variables and Bregman iterative parameters are introduced and the soft
thresholding formulas are used to transform the calculation into alternative mini-
mization. In recent years, the Dual method[8-10] has been developed by the re-
searchers in the area of image processing. In this method, dual variables are intro-
duced to avoid the complex curvature term and enhance the efficiency of
computing.

In this paper, a variational model via convex combination of regularizers based on
first and second derivatives is proposed along with its fast algorithm. The pro-
posed hybrid models can remove both gauss noise and salt-pepper noise effi-
ciently. Finally, the denoising quality and the computational time between the
proposed algorithm and some other traditional methods are compared.

The paper is organized as follows: A hybrid TV-L1 model based on first order and
second order derivatives is proposed in section 2 along with its dual method. The
improved Split-Dual method for the model is proposed in section 3. Some numeri-
cal examples are given in section 4 to compare the effect of the proposed algo-
rithm with some other traditional methods. Conclusions are given finally.

2 The hybrid TV-L1 model based on first order and second
order derivatives and its Dual method

An observed scalar value image f (X),X € (2 with additive noise can be consid-

ered as the sum of clear image U and noise £: f =u+¢& . The classic TV-L2

model[1]has some disadvantages about contrast loss and geometry loss of im-
ages ,these can be improved efficiently by TV-L1 model with L1 data term. The
classic TV-L1 model can be stated as the following minimization problem of en-
ergy function[2]

E(u):/IJ'Q\Vu\dxdyﬂ‘g\u— f|dxdy (3)

To preserve geometry, contrast and overcome staircase effects, hybrid regularizers
using first order and second order derivatives are proposed in this paper for TV-L1
model based on the work in [4] and [11] with the following energy functional
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Min{E(u):J.Q\u— f\dx+/1J.Q\Vu\dx+,BJ-Q\Au\dx} @)

The method based on traditional gradient descent equations to solve this model is

@: _u_f+vﬂ_Aﬂ (%)
ot lu—f] [Vul |Au]

It is a fourth order partial differential equation and its finite difference scheme is
quite complex with low computational efficiency even using semi-implicit itera-
tive schemes.

In order to improve computational efficiency, a fast algorithm which is called dual
method is designed for it firstly. Three dual variables p,, bz, p, are introduced in

this method, then the data term, the total variation term and the high order term are
transformed into the following forms

f|u—f|dx— Supj u— f)p,dx (6)
plmyfst

J |Vu|dx = S‘up‘)l_[ uv- pzdx (7)
p 21

f |Au|dx = S\UF\)J uAp,dx (®)
P37 psl=

So model(4) is transformed into such problem of maximum and minimum as fol-
lows

Min Sup Sup Sup { (u,pl,pr)z,p3):.[g(u— f)pldx+ﬂfQuV~ pr)zdx+ﬂ'|'QuAp3dx}

Uy pyf<t by Pol<L py:|psf<t
©)

Firstly, p,, bz, p, are fixed based on the alternative minimization, then the Euler-

Lagrange equation on U can be derived easily as follows

oE r
—u: p, +AV-p, + AP, (10)

Based on explicit difference scheme of gradient descent, the equation on U can
be derived as follows

r
Ut =t — 7, (pf + AV - P + BApY) (11)
Based on Semi-implicit difference scheme and KKT condition (Karush-Kuh-

Tucker)[9], p,, bz, p, are calculated by equations as follows

kil pr T (ukﬂ_ f)
1T k+l f|

(12.1)
1+ Ty |u

Ik k+1
I _ pz _TPZVU

=2 P (12.2)
L Lt [ut?
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k k+1
k+l _ p3 +TP3AU

L] el (12.3)
* l+7, |AuIHl

Where, 7 is the time step, 7,7, <1/8,7,7, <1/8,7,7, <1/8[9].

3 The new fast algorithm——Split-Dual algorithm

The dual method proposed in section 2 works very fast, and it is much faster than
the Split Bregman algorithm. But it leads to blurring in some images. So a hybrid
algorithm is proposed based on the algorithm in this section, which is called the
Split-Dual algorithm. Auxiliary variable s and dual variables bz, p, are intro-

duced, so model (4) is transformed into such problem of maximum and minimum
as follows

E(u,s,;r)z,p3)=jg|s|dx+/1fguv- ;r)zdx+
Min Sup Sup

ror 4 2 (13)
US b, {byl<t pypsf<t ﬂIQUApst+§_[Q(S+U_f) dx

The difference between (9) and (13) is the processing about the data term. In (9),
dual variables are introduced to transform such problem into maximum and mini-
mum, then U is calculate based on explicit difference scheme of gradient descent.

In (13), split variable s is introduced, then the Euler-Lagrange equation on u
and the analytic solution on U can be derived as follows

S(s+U—f)+AV-p,+Ap, =0 (14)
. 1 r
uklzf—s"—g(/W~p§+ﬂAp§) (15)

By the soft thresholding formulas , the analytic solution on S can be derived as
follows

Sk+l _ MaXUf _uk+1

1 f _uk+1
5 1o

bz, p, are the same as (12.2)and(12.3).

The algorithm can be summarized as:

(a) Initialize k=0,s"=p,0=pt=0,u’=f.
‘E(k+l) _g®)

(b) While >g,do

)

(1) Calculate uk+1using (15); (2) Calculate s+l using (16); (3) Calculate
p.* L using (12.2); (4) Calculate p3<** using (12.3); (5)k =k +1, goto (b).

(c) End while.
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4 Numerical examples

The purpose of the numerical example is to test the denoising quality and compu-
tational efficiency between the proposed model and some other methods. All the
experiments are implemented on a PC computer (Pentium(R) Dual-Core CPU
G620 2.60GHz, Memory 3.40GB) using Matlab7.3.0. The computing equation of

—\2
SNR for scalar images is g5 _10_|ng[%z(f - f)2 dxdy |
(n—m)"dxdy
0

Where f is the original image, f is the average of the original image. n is the

noise, N is the average of the noise.

(a) Image with Gauss noise (b) Image with salt and pepper noise

Fig. 1 The original images and the noisy images

Fig.1 (a) shows a scalar image of 256*256 which is corrupted by white Gauss
noise with standard deviation o =20. Fig.1 (b) shows a scalar image of 256*256
which corrupted by salt and pepper noise with the density d=0.05.

To compare the efficiency of different algorithms, four kinds of experiences are
made in this paper. One is traditional gradient descent equations method(GDE).
Another is Split Bregman algorithm(SBA). The third is dual method proposed in
section 2(DM). The fourth is the new fast algorithm, Split-Dual algorithm(SDA)
proposed in section 3.

(2) (b) (©) (d)

Fig. 2 Compare of Gauss noise removal with four algorithms. (a) Result using gradient descent
equations (b)Result using Split Bregman algorithm (c) Result using Dual method (d) Result us-
ing Split-Dual algorithm
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Fig.2 shows the denoising of Gauss noise. Fig.2 (a) shows the image restoration
using traditional gradient descent equations for the proposed model, penalty pa-
rameters are 4 =20, # =20, At =0.01. Fig.2 (b) shows the image restoration using
Split Bregman algorithm, penalty parameters
are 1 =20,3=10,6,=10,6,=1,60,=05,6, =1. Fig.2 (c) shows the image restora-
tion using Dual method designed in section 2, penalty parameters are
7=1/8,4=30,8=10. Fig.2 (d) shows the image restoration using Split-Dual al-
gorithm designed in section 3, penalty parameters are 7=1/8,1=16,3=9,0=9.
The proposed model can remove not only gauss noise, but also salt and pepper
noise effeciently.

(2) (b) (© (d)

Fig.3 Compare of salt and pepper noise removal with four algorithms. (a) Result using gradient
descent equations  (b) Result using Split Bregman algorithm (c) Result using Dual method
(d) Result using Split-Dual algorithm

Fig.3 shows the denoising of salt and pepper noise. Fig.3 (a) shows the image res-
toration using gradient descent equations for the proposed model, penalty parame-
ters are 4 =20, 8 =20,At =0.01. Fig. 3 (b) shows the image restoration using Split
Bregman algorithm, penalty parameters are
A=20,4=10,6,=8,0,=1,6,=0.5,0, =1 . Fig. 3 (c) shows the image restoration
using Dual method designed in section 2, penalty parameters are
7=1/8,4=25,8=10. Fig. 3 (d) shows the image restoration using Split-Dual al-
gorithm designed in section 3, penalty parameters are
7=1/8,1=19,4=10,6=10.

To compare the efficiency of different algorithms, energy decreasing charts of
four kinds of algorithms are drawn together. From the trend of the curves, it is ob-
viously that the proposed Split-Dual algorithm make energy decrease the fast-
est(the thick line).

687



| Y |
== descent kY == descent
split bregman 451 \ split bregman
dual . dual

¢ split dual ¢ split dual

D,
.

et
- ———

0 10 20 30 40 50 60 70 80 0 20 40 60 80 100 120
Iteration Number Iteration Number

(a) Corresponding energy curve for Fig.2 (b) Corresponding energy curve for Fig.3
Fig.4 Energy decreasing charts

The SNR(Signal to Noise Ratio) and the computing costs are listed in Table 1 for
comparison. The original SNR in Figure 1(a) is 10.8634, in Figure 1(b) is 7.9119.

Table 1 SNR and computing time
SNR SNR  CPU time(s) CPU time(s)

Algorithms b 1) Figl(b)  Fig.1(a) Fig.1(b)
GDE  19.9461 13.9872  6.2810 6.9840
SBA 184266 14.6596  4.7350 3.6560
DM 205211 135741  0.3440 0.5320
SDA  21.6669 14.6401  0.4070 0.6870

The experiments show that the Split Bregman algorithm is faster than the method
based on gradient descent equations, and the Dual method is much more faster
than the Split Bregman algorithm, but sometime images will be bluring, the SNR
is lower than the Split Bregman algorithm. The hybrid Split-Dual algorithm takes
the advantages of the two fast algorithms. The computing efficiency and the SNR
are both improved by a large margin. The proposed algorithm can remove both
gauss noise and salt-pepper noise.

5 Conclusions

The Dual method and the Split-Dual algorithm are designed for the hybrid TV L1
model in this paper. Experiments show that the proposed algorithm is easy to im-
plement and has high computation efficiency compared with classic methods. But
our algorithm is not very effective for noisy images with texture, so models using
non-local means will be researched in the future.
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