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Parasupersymmetric Quantum Mechanics

with Arbitrary p and N
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Abstract

The generalization of parasupersymmetric quantum mechanics generated by an arbi-
trary number of parasupercharges and characterized by an arbitrary order of paraquan-
tization is given. The relations for parasuperpotentials are obtained. It is shown that
parasuperpotentials can be explicitly expressed via one arbitrary function.

The notion of parasupersymmetry as symmetry between particles which obey parastatis-
tics of different orders was introduced in [1]. Such a symmetry is peculiar to quantum-
mechanical particles with high spins in magnetic field. Parasupersymmetry is described
not by ordinary Lie algebras or their supersymmetric extentions but by the polynomial
algebras, which were called parasuperalgebras [2].

The physical theory with supersymmetry which was called parasupersymmetric quan-
tum mechanics (PSSQM) was proposed in [1], independent version was worked out in [3].
The results of [1] were generalized to arbitrary order p [4–7].

In the present paper, we generalize PSSQM proposed in [3] to the case of an arbitrary
number of parasupercharges N and arbitrary order of paraquantization p.

Let us note that the model of PSSQM of order p which was proposed by Beckers-
Debergh for N = 2 is characterized by the following parasuperalgebra:

[ H,Qa] = 0, (1a)

[ Qa, [ Qb, Qc] ] = δabQcH − δacQbH, (1b)

(Qa ± iQb)p+1 = 0, (1c)

where H is a Hamiltonian, Q1, Q2 are Hermitian parasupercharges, a, b, c = 1, 2. The
generalization of PSSQM to the case of N parasupercharges was proposed in [8], where
the generalized parasuperalgebra had the form (1) with a, b, c = 1, . . . , N .

We shall show how many superpotentials we can introduce for any N and p and we
shall obtain relations which are satisfied by these superpotentials. We shall also prove the
statement that superpotentials can be explicitly expressed via one arbitrary function, and
this statement is true either for the Beckers–Debergh approach [3] or for the Rubakov–
Spiridonov one [1].
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Let us first consider the case N = 2. For p = 2 the results of this problem are known
[3, 9]. Generalization to the case of arbitrary p is proposed to be done in the following
way. As so-called N = 2 — PSSQM is closely related to the Lie algebra so(3) [8], then we
choose parasupercharges Q1 and Q2 in the form:

Q1 =
1√
2
((S1 + S2)P + i(S1ηW (x) + S2ηW̃ (x))), (2a)

Q2 =
1√
2
((S1 − S2)P + i(S1ηW (x)− S2ηW̃ (x))), (2b)

where S1, S2 are so-called ”ladder” matrices of a so(3) representation, in other words,

S1 =
1
2

p∑
j=1

√
jp− j(j − 1)ej,j−1, (3a)

S2 =
1
2

p∑
j=1

√
jp− j(j − 1)ej−1,j , (3b)

W (x) = diag (0,W1(x), . . . ,Wp(x)), W̃ (x) = diag (W1(x), . . . ,Wp(x), 0) are matrices of
dimension (p + 1)× (p + 1), W1(x), . . . , Wp(x) are parasuperpotentials, ej,k is a matrix of
dimension (p + 1) × (p + 1), which has zeros everywhere except the j-row and k-column
intersection, P = −i ∂

∂x , p is the order of paraquantization. We also demand for the matrix
η satisfy the conditions

{η, Sa} = 0, a = 1, 2 (4a)

and
η2 = 1. (4b)

Then the Hamiltonian
H = diag (H1,H2, . . . ,Hp+1), (5)

where
Hr =

1
2
(P 2 + (−1)r+1W ′

r + W 2
r ), r = 1, 2, . . . , p, (6a)

Hp+1 =
1
2
(P 2 + (−1)pW ′

p + W 2
p ), (6b)

commutes with the parasupercharges Q1 and Q2, and the following relations must be true

(−1)rW 2
r + W ′

r = (−1)rW 2
r+1 + W ′

r+1, r = 1, . . . , p− 1. (7)

Let us note that the potentials W1(x) = W2(x) = . . . = Wp(x) = W (x) satisfy the
relations (7). If W (x) = ωx (oscillator-like interaction) and the matrices S1, S2 are chosen
in realization (3), then the Hamiltonian has the following form:

H =
1
2
(P 2 + ω2x2 + ηω), (8)

where
η = diag (1,−1, 1, . . . , (−1)p). (9)
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It is not difficult to obtain the spectrum of H:

En = ω(n + 1) for η = 1,
En = ωn for η = −1, n = 0, 1, 2, . . .

(10)

If p = 2, then the Hamiltonian (8) can be interpreted as one of a three-level system and
one boson mode [10]. In this case η = diag (1,−1, 1), and such a configuration corresponds
to the V (Λ)-type of three-level systems [10, 11].

Let us remind that for the generalized PSSQM of Rubakov–Spiridonov for arbitrary p
(with the corresponding choice of parasupercharges) the relations on the potentials have
the form [6, 7]:

(−1)rW 2
r + W ′

r + cr = (−1)rW 2
r+1 + W ′

r+1 + cr+1, r = 1, . . . , p− 1. (11)

Statement. Superpotentials W1, . . . ,Wp, which satisfy conditions (7) or (11), can be
explicitly expressed via one arbitrary function.

The statement is proved by induction. Let us only note that for the case p = 2 two
superpotentials can be expressed in the form:

W1 =
u′ + u2 + c1 − c2

2u
, W2 =

u′ − u2 + c1 − c2

2u
, (12)

where u = W1 − W2 6= 0 (see also [12]). Three potentials can be expressed in the form
(12) and

W3 =
−v′ − v2 + c3 − c2

2v
, (12a)

where

u =
−a′ + ε

√
(a′)2 − 4((c1 − c2)a− a2)(c2 − c3 − a)

2(c2 − c3 − a)
, ε = ±1, (13a)

v =
a

u
, (13b)

if W1 −W2 6= 0, W2 −W3 6= 0, a is an arbitrary function.
Let us now consider the case N = 3. The parasuperalgebra has the form (1), where

a, b, c = 1, 2, 3. We search for parasupercharges Q1, Q2, Q3 in the form:

Qa =
1√
2
Aa(P + iηWa(x)), a = 1, 2, 3 (14)

where Aa [8] are matrices of a representation of the so(4) algebra, the matrix η satisfies
(4).

For the case p = 2, if we choose the parasupercharges in the form (14), where Aa are
4×4 or 6×6 matrices, which realize a representation of so(4), then we obtain the following
conditions on the potentials W1,W2,W3:

W ′
1 −W 2

1 = W ′
2 −W 2

2 = W ′
3 −W 2

3 . (15)

If Aa realize the representation D(1
2 , 1

2) of so(4)

A1 = S41 = i(e4,1 + e1,4),
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A2 = S42 = i(e4,2 + e2,4), (16)

A3 = S43 = i(e4,3 + e3,4),

than the matrix η has the form

η = diag (1, 1, 1,−1). (17)

Let us consider the oscillatorlike interaction: W1(x) = W2(x) = W3(x) = ωx. The Hamil-
tonian has the form

H =
1
2
(P 2 + ω2x2 + ηω),

where η is the matrix (17). The spectrum of H can be easily found and it has the form
(10). The Hamiltonian can be interpreted in this case as the Hamiltonian of 4-level system,
besides the configuration of levels corresponds to the f -type [10].

Let us note that superpotentials W1,W2,W3 which satisfy (15) are explicitly expressed
via one arbitrary function u:

W1 = u′′ + (u′)2
2u′

, W2 = u′′ − (u′)2
2u′

,

W3 = u′′

2u′
− u′

1 + exp(u)
−1 + exp(u) .

(18)

Let us now consider the general case with an arbitrary number of parasupercharges N
and arbitrary order of paraquantization p. We search for parasupercharges in the following
form:

Qa =
1√
2
SN+1,a(P + iηWa(x)), a = 1, 2, . . . , N (19)

where Wa are parasuperpotentials, SN+1,a are the generators of the algebra so(N + 1):

[Sµν , Sλσ] = i(δµλSνσ + δνσSµλ − δµσSνλ − δνλSµσ), (20)

where δµν is the Kronecker symbol, µ, ν, λ, σ = 1, . . . , N + 1. Using the relations (1)
(a, b, c = 1, . . . , N), we obtain the following result:

a) W1 = W2 = . . . = WN = W
or

b) superpotentials W1, . . . ,WN satisfy the relations

SN+1,a(1− S2
N+1,b)(ηW ′

a − η2W 2
a − ηW ′

b + η2W 2
b ) = 0, (21)

a, b = 1, 2, . . . , N,

and the matrices SN+1,a satisfy the Kemmer algebra

SN+1,aSN+1,bSN+1,c + SN+1,cSN+1,bSN+1,a = δabSN+1,c + δbcSN+1,a. (22)

Note, that in the case b) the superpotentials can be also expressed via one arbitrary
function (the statement is analogous to the previous one).

So we see that in the general case we have one superpotential. If the matrices SN+1,a

satisfy the Kemmer algebra (22), then we have the potentials W1, . . . ,WN , which can be
explicitly expressed via one arbitrary function (in accordance with the statement).
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Thus, we generalize PSSQM of Beckers–Debergh to the case of an arbitrary number of
parasupercharges N and arbitrary order p, and show that in the general case as well as in
the case of N = 2, p = 2 parasuperpotentials can be explicitly expressed via one arbitrary
function.

I would like to thank Professors W.I. Fushchych and A.G. Nikitin for the proposing of the
problem and helpful discussions.
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