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Abstract

We study symmetries of the real Maxwell-Bloch equations. We give a Lax pair, bi-
Hamiltonian formulations and we find a symplectic realization of the system. We have
also constructed a hierarchy of master symmetries which is used to generate nonlinear
Poisson brackets. In addition we have calculated the classical Lie point symmetries
and variational symmetries.

1 Introduction

This paper is an attempt to understand the connection between two areas of Mathematics
both dealing with differential equations. The first area is the application of Lie groups in
the study of differential equations, most specifically the determination of symmetry groups.
The second is restricted to a class of differential equations known as integrable Hamilto-
nian systems. The list of topics in this second area includes bi-Hamiltonian structure,
recursion operators, symmetries, master symmetries, Lax formulations, Poisson and sym-
plectic Geometry. This area of integrable systems has been studied extensively for infinite
dimensional systems such as the KdV, Burgers, Kadomtsev-Petviashvili, Benjamin-Ono
equations and for some finite—dimensional systems such as the Toda lattice for example.
Symmetries and master symmetries for the Toda lattice were calculated in [3] and [4]. In
this paper, we do a similar analysis for a three dimensional integrable system called the
real Maxwell-Bloch equations.

A symmetry group of a system of differential equations is a Lie group acting on the
space of independent and dependent variables in such a way that solutions are mapped
into other solutions. Knowing the symmetry group allows one to determine some special
types of solutions invariant under a subgroup of the full symmetry group, and in some
cases one can solve the equations completely. The symmetry approach to solving differ-
ential equations can be found, for example, in the books of Olver [13], Bluman and Cole
[1], Bluman and Kumei [2], Fushchych and Nikitin [8], and Ovsiannikov [14]. One method
of finding symmetry groups is the use of recursion operators, an idea introduced by Olver
[12]. The existence of a recursion operator provides a mechanism for generating infinite
hierarchies of symmetries. Most of the well-known integrable equations, including the
KdV, do have a recursion operator. In this paper, we attempt to construct a recursion
operator for the Maxwell-Bloch system by finding a second Hamiltonian structure. Unfor-
tunately, the second bracket is not compatible with the symplectic bracket and therefore
the method fails. We overcome this difficulty by constructing master symmetries.
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Master symmetries were first introduced by Fokas and Fuchssteiner in [6] in connection
with the Benjamin-Ono equation. Then in W. Oevel and B. Fuchssteiner [11], a master
symmetry was found for the Kadomtsev-Petviashvili equation. General theory of master
symmetries is discussed in Fuchssteiner [7].

Finally, in section 3, the method of the Lie theory of extended groups is applied to the
Maxwell-Bloch equations. The calculations follow the spirit of [9].

Now a few words about the Maxwell-Bloch system. This system is obtained by applying
S1 reduction to an invariant subsystem of a dynamical system on C3. In [5] it is shown
that the system is bi-Hamiltonian and that it possesses several inequivalent Lie-Poisson
structures parametrized by classes of orbits in the group SL(2, R). In [16] the dynamics
and Poisson structures of the real Maxwell-Bloch equations are studied with one control
around the x2- axis. We give a sketch of the results in [5] in order to make the presentation
self-contained. We begin by considering the following Hamiltonian on C?

H(u,v,w) = —%(ﬂvw—i—uﬁ@) (1)

The five-dimensional Maxwell-Bloch system [15] is obtained by reducing system (1)
through the S' group action. Using a change of variables, the system becomes

T =y
) = Xz

z = —%(i’y—i—x@). (2)

The real Maxwell-Bloch equations are obtained by restricting to real-valued z and y.
Thus, the dynamics of this invariant subsystem is confined to the zero level surface of the
Hamiltonian function H in (1) with coordinates =1 = Re(x), x2 = Re(y), and z3 = z.
The real Maxwell-Bloch equations are:

(L:1 = X9
:6:2 = X1x3
1:3 = —X1T2. (3)

So the system arises as an invariant subsystem of the Maxwell-Bloch equations for optical
traveling-wave pulses in two-level media, a five (real) dimensional system on C? x R. The
later system itself originates from the 2:1:1 resonant nonlinear oscillator system (1) on
C3. Equations (3) also appear as the large-Rayleigh-number limit of the famous Lorentz
system; see Sparrow [17].

Equations (3) can be written as

i = VH;, x VHy, (4)

where Hy = $(23+23), and Hy = 23+ 27 are the two conserved quantities. Equation (4)
implies that the system is bi-Hamiltonian. In this paper, we obtain a new Lax pair and a
new bi-Hamiltonian formulation. In fact, using the master symmetries, one can generate
an infinite sequence of Hamiltonian structures. The theory of bi-Hamiltonian systems was
developed by F. Magri [10].
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Equation (4) may be re-expressed as
t=VHxVC, (5)

where H and C are SL(2, R) combinations of H; and Hs. In other words, H = aHy+[Ho,
C = pHy + vHy, with av — fu = 1. Then equations (5) are equivalent to (4). The Lie-
Poisson structure of the system is easy to obtain. In local coordinates it is given by

{z1, 22} = (v + pas)

{z1,23} = pae

{zo,23} = vy . (6)
The corresponding Hamiltonian vector fields satisfy the following bracket relations

(X1, Xo] = —pXs (7)

[X1,X5] = pXo (8)

(X2, X3] = —vX;. (9)

This Lie algebra depends on the two parameters p and v.

2 Bi-Hamiltonian structure and master-symmetries

The real Maxwell-Bloch equations can be written as a Lax pair:

L=[B,L], (10)
where
T3 %(l’z — %x%)
L=\ 1 1.2 1.2 (11)
ﬂ(xg + 521) 5T1
B=| , V2 . (12)
ﬁﬂfl 0
Then Hy = TrL and Hy = %TI“LQ are constants of motion and
1
H1 = 3+ 5%% (13)
1 1
We define two Poisson brackets 71 and o as follows: 7 is given by
{z1,m241 = 1
{z1,23}1 = 0
{xg, xg}l = X (15)
and 7y is given by
{z1,22}2 = —x3
{z1,23}2 = o2

{w2, 2352 = 0. (16)
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Then we have
7T1VH2 = 7T2VH1 (17)

i.e, a bi-Hamiltonian system. For m; bracket, Hs is the Hamiltonian and H; is the Casimir.
For w9 bracket H; is the Hamiltonian and Hs is the Casimir.
If the vector
0 0 0 0

i=7—+ A A A 1
v Tat—l— 181+ 2a + 3ax3 (18)

is a Lie point symmetry, then the following equations have to be satisfied:

Ay — 73 — Ay
AQ — ’f‘.ilfg — .%'1A3 — $3A1 =
Ag — 723 +x1A2 + 2047 = 0. (19)

One solution is the vector

o 0 0 0 0
X = ta + $1a o + 25626 + 23— By (20)

We can easily check that X is actually a conformal symmetry satisfying

X(H) = 2H
X(H,) = 4H,
LXm = 3m
LX']TQ = . (21)

Also the spatial part of X is a master symmetry, as we should expect. There are also
master symmetries sending 7; to m2. These are given by

0 0 0

X, = 22
p p1a +202a +p3a$3 (22)
where
p1 = kixi + kowo + k3xs
p2 = —kixs + k3w — 273
1 1
p3 = —kll‘% koxiz9 + 23}2 ksxix3 + 2.%3. (23)
For k1 =1 and ko = k3 = 0, we get
- 0 0 2 22\ 0
X =o1— + (—xo — — 223 = 24
1 1 8m1 +( T2 -T25L'3) 61'2 + < xl + 2 + 2 > 8903 ( )

Similarly we have

> 0 0 r3 2%\ 0
Xo = xQTm — x2x3871‘2 + <—$1$2 + ? + = 5 87333 (25)
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and

> 0 0 73 23\ 0
X3 =23+—+ (v122 —2223) =— + | = — 2123+ = | =—. 26

3 383:1 (2122 23)83:2 (2 D) Ors (26)
The vector fields Xl, X’z and )?3 all send 7 to mo and Hy to Hy. The master symmetries
can be used to generate higher Poisson brackets. For example, one can define a quadratic
bracket by taking the Lie derivative of 7o in the direction of Xj:

{z1,20} = 323 — 23— 222
{z1,23} = 4wo+ 2x913
{zo, w3} = —dxzias (27)

There is also a symplectic realization of the system. In R* with coordinates (q1, g2, p1, p2),
we take as Hamiltonian

1 1 1 1
H= 51?% + 517% + gﬂ‘ - QQ%Z’Z (28)
We have Hamilton’s equations
G = p (29)
. 1
@2 = p2— 5(1% (30)
. 1
P1= qp2— ?1? (31)
p2 = 0. (32)
The mapping F : R* — R3
1
F(q1,92,p1,p2) = (q1, D1, —i(ﬁ + p2) = (w1, 72, 73) (33)
gives the original Maxwell-Bloch equations
1= G =p1 = o (34)
. . 1,
Ty =p1 = q(p2 — E(h) = I173 (35)
T3 = —q1p1 = —T1T2. (36)

The symplectic bracket is mapped onto the 7 bracket:

{z1, 220 ={q1,;} =1 (37)
1

{z1,23}1 = {q, —561% +p2} =0 (38)
1,

{2, 23}1 = {p1, —50 +p2} =q1 = 1. (39)

We also have

1 1
536% + 5.&0% =H (40)
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and

1
T3+ ix% = P2 (41)

which is conserved.
The bracket 7o is obtained as follows. Define a bracket s

1
{QI7p1}81 - 561% — P2
1
{p17p2}31 = p2q1 — §Q?
{g1,p2}ss = m
1,
{g2,p2}sy = p2— S0
{a2.p}sy = p1. (42)

Then we have the relations

1
{z1, 22} ={q1,p1}s; = 561% —p2 = —3 (43)
1 2
{z1,23} = {q1, 50 +pats, = {qu,p2}ts =1 =22 (44)
1 2
{xa, 23} = {p1, — 5 +pats, = 0. (45)

Taking H = p, as Hamiltonian, we obtain again Hamilton’s equations (29)-(32).

If we represent by sy the symplectic bracket, then we have the Lenard—type relations:
80VH == 31Vp2, (46)

but the two brackets are not compatible and they do not generate a recursion operator.

3 Group Symmetries

In this section, we study the symmetries of Newton’s equations generated by the Hamil-
tonian

1 1 1 1
H = 5?? + 5273 + géﬁl - §Q%P2~ (47)

From Hamilton’s equations (29)-(32), we get Newton’s equations by differentiation:
G —qg2=0 (48)
g2+ qq =0. (49)

The above are also Lagrange’s equations generated by the Lagrangian

.2 .9
a1 42 15,

p=% %2 -2 50
g Ty Tan® (50)
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If

. 0 0 0
U= f(QLQ%t)a +771(q1,q2,t)871 + 772(q1,c12,t)8712

, the action of its second prolongation on Newton’s equations gives:
i — G — @€ — qurjz — Gom =0 (51)
i — &2 + €1 + @it + Gum =0 (52)

Equations (51),(52) are the conditions for @ to be a Lie point symmetry for Newton’s
equations. Expanding &, &, 71, 11, 7j2, 172, we will have:

Mtt + 27 41 @1 + 271102 G2 + Mg @1 + 271026162 + M1,20 G2
FLa @162 — Mg @1t — St — 261g,61° — 261,624
L’ — 26000170 — Ep®’ @ — 260016142 + Eg 161 (53)
—&q1G2 — £ q1G2” — Mouq1 — M2, LG — M2,g2q1G2 — G2 = O

and

Mot + 202,400 1+ 212.402@2 + M2, 1 G1° + M2,0002G2° + 212,01 4261 G2
2, Q162 — N2,qs 011 — Gober — 2tq, Grd2 — 2Eigy G
_£QIQ1 (].12(]'2 - 5(12(12423 - 25Q1Q2d1d22 - £Q1 Q1(j22 + 2£Q2Q1q.1q.2 (54)
+q1G1& + a1 *Eg + @ + Q@ T QG g +Gm = 0.
Equations (53) and (54) must be satisfied identically in t, g1, g2, ¢1, g2, functions that are

all independent. Equating the coefficients of ¢1°, ¢12ga, G1G2? to zero in both (53) and (54)
and doing standard manipulations as in [9], for example, we obtain the overall result:

€ = —citten (55)
mo = caq (56)
N2 = C1Gq2 +C3 (57)

where ¢, co, c3 are all constants.

For ¢; = ¢3 = 0, but ¢y different than zero, we get the time translation symmetry which
generates the conservation of energy and for cs different than zero we have translation in
the cyclic ¢o direction which is related to the conservation of po. Finally for co = ¢33 =0
and ¢ different than zero, we have the symmetry

0 0
= —t—+q— +q—o 58
T o0t 2o, (58)

The symmetries of Newton’s equations form a 3-dimensional Lie algebra generated by

0 0
+q1—+q

M= T T g T2 59)
.9

Vo= 5 (60)
v, = 2 (61)

g2
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with Lie algebra bracket multiplication given by:

viv = %
Vv = %
V2,V = 0. (62)

We can now find, which of the above Lie point symmetries are also variational sym-
metries using the Lagrangian L and Noether’s theory: Both Y5 and Y3 are variational
symmetries since they satisfy the condition

prVE(L) + L div(¢) =0, (63)

which is the necessary and sufficient condition for the vector ¢’ to be a variational symmetry.
On the other hand, Y7 is not a variational symmetry. Using the general theorem of Noether,
we can find the corresponding conserved quantities. For Y5 we have

. . d (1, 1,
QE1(L) + Q2Ea(L) = —gi1Er (L) — G2 Ba(L) = o (2 2+ 3 22>
and so the conserved quantity is the Hamiltonian H as we should expect. Similarly for 17'3,
using again the above theorem, we can prove that the conserved quantity is the momentum

p2.
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