Nonlinear Mathematical Physics 1995, V.2, N 3-4, 416-417.

Galilei Invariance of the Fokker—Planck Equation
with Nonlinearity
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Consider equation
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where p(t,z1,...,2n), Ax(t, 21, ..., 2n), Bir(t,x1, ..., xy), F(p) are smooth real functions.

Equation (1) is multidimensional nonlinear Fokker—Planck equation. A new method in
investigation of symmetry of such equations was proposed by W.I. Fushchych [1]. The
idea consists in complementing (1) with equations for functions Ay and B;;. That is, we
add to (1) some system of equations for Ay and By, (1), turns out then to be a nonlinear
system (even if F'(p) = 0). Such an extended system can have a nontrivial symmetry, as
we shall see below.

1. First we consider the case B, = B - 6% B = const > 0. We suggest also that

coefficient functions Ay are to be partial derivatives ¢y of some function ¢(t, z1,...,zy)
and that they satisfy Euler’s equation for ideal liquid
0Ag 0A
— + A— = Fi(p), 2
gy o, k(p) (2)

equations (1) and (2) can be written then as

B
PO+ papa+ pAP = S Ap = F(p), (3)
1
Yo + ESDa(Pa = Fl (P) (4)

Theorem 1. The system of equations (3), (4) is invariant under the algebra

-Z) AG(]-vn) = <P07Pa7 Jab7Ga7Q>7 where PO = 87; Jab = (Z‘an—ﬂ?bPa, Ga - xOPa+xaQ;

0
Q = =, for arbitrary F,F*;
ot

2
2) AG1(1,n) = (AG(1,n), D), where D = 220Py + 24Py — %I, I = pd,, if F =AMt
Fi = X\p¥;

=2
3) AGo(1,n) = (AG1(1,n), A) where A = x3Py + xoxq Py + %Q —nxol, if F = )\p%ﬂ,

Fl = )\1/)2/”;
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4) AG3(1,n) = (AG1(1,n), B) where B =1+ \xoQ, if F1 = A\lnp, F = 0;
5) AG4(1,n) = (AG(1,n), B) where B = I + \xoQ, if F1 = M\lnp, F = 0;
6) AG5(1,’I’L) = <AG2(1,TL),I>, ZfF = F1 =0.

We have also found a condition which allows to further enlarge symmetry of the system
of equations (3),(4). It has the form Ap = 0. Without formulating a corresponding
theorem, we simply mention that the following operators and their linear combinations
(with I also) emerge:

Q1 = 2o Po 4+ 20Q; Q2 = x9FPy — ¢Q; Co = exp(Axg) - 1. (5)

2. Let us consider now the case of one—dimensional FPE with a nonconstant diffusion
coefficient. It has the form

ap 9 1 92

aTsojLa—:Ul(Ap)—iaTC%(BP) = F(p). (6)

We shall require that functions A(xg,x1) = v and B(zg,z1) = 2u are to satisfy the
following differential conditions:

vg + vuy = Fl(u,v) (7)

up +uv + vy = F2(u,v) (8)

We shall formulate the theorem for the cases only when symmetry operators of system
(6)—(8) form a basis of the Galilei algebra; the corresponding Galilei operators have the
form G = 2001 + 9, and G = exp(yxo) (01 + ¥0y).
Theorem 2. The system of equations (6)—(8) is invariant under the following algebras:
Fl
1) AG(1,1) = (Py, P, G), for arbitrary F and F} = F2 =0, where F} = aa—;
v
2) AGW(1,1) = (AG(1,1), exp(bxo)I), for F = p(blnp +d), F} = F? =0,d = const;
3) AGA(1,1) = (AGMW(1,1), DY), where the operator D* has the form D = 2Py +
(x1 + %x%)Pl + (3\z0 — v)Oy, for f =0, F! = X\ = const, F? =0;

/) AG®)(1,1) = (AG(1,1), D> + kI), for F = M\p' %, FL = X\, F2 = 0 (A = const,

k#0);
5) AG1(1,1) = (Py, P1,GW) for arbitrary F, F}! = ~;

6) AG\V(1,1) = (AG1(1,1), exp(bxo)I), for F = p(blnp + d), F} = ~, F% = 0.
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