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Abstract

Lie reduction of the Navier-Stokes equations to systems of partial differential equa-
tions in three and two independent variables and to ordinary differential equations is
described.

The Navier-Stokes equations (NSEs)
i+ (@-V)i—Ai+Vp=0, divi=0 (1)

which describe the motion of an incompressible viscous fluid are the basic equations of
hydrodynamics. In (1) and below, @ = {u®(t,Z)} denotes the velocity field of a fluid,
p = p(t,Z) denotes the pressure, & = {x,}, 8 = 8/t, 0, = 8/dx,, V = {0,}, A=V-V
is the Laplacian. The kinematic coefficient of viscosity and fluid density are set equal to
unity.

The problem of finding exact solutions of the nonlinear equations (1) is an important
and rather complicated one. There are some ways to solve it. Considerable progress in this
field can be achieved by means of a symmetry approach. Equations (1) have nontrivial
symmetry properties. Relatively recently, it was found by means of the Lie method [2, 1]
that the maximal Lie invariance algebra of the NSEs (1) is the infinite-dimensional algebra
A(NS) with the basis elements

D =2t0; + 2,0, — u®Oye — 2p0p, Jap = TaOp — Tp0q + u Oy — ubdya, a < b,
O, R(m) = R(m(t)) = m*0q + m{Ous — mfxa0y, Z(x) = Z(x(t)) = xOp,

where m® = m®(t) and x = x(¢) are arbitrary smooth functions of ¢ (for example, from
C*((to,t1), R) ). Hereafter, repeated indices denote summation, whereby we consider the
indices a, b to take on values in {1,2,3} and the indices i, j to take on values in {1,2}.
Algebra (2) contains, as a subalgebra, the eleven-dimensional extended Galilei algebra
< Oy D, Jap, Ony Gg = t04 + Oya > .

To find exact solutions of (1), the symmetry approach in explicit form was used in a
number of papers (see references in [4]). In our works [4, 7, 5, 6, 12], we made a com-
plete symmetry reduction of the NSEs to systems of PDEs in three and two independent
variables and to systems of ODEs, using the subalgebraic structure of A(NS).
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The reduction problem for the NSEs is to describe ansatzes of the form [3]:
u® = fab(ta f)vb(w) —|—ga(t’f)’ p= fo(tvf)Q(w) +go(t7£) (3)

that reduce system (1) in four independent variables to systems of differential equations
in the functions v® and ¢ depending on N variables w = {w} , where N takes on a fixed
value from the set {1,2,3}. In formulas (3), f%, g%, f°, ¢°, and wj, are smooth functions
to be specified. In such a general formulation, the reduction problem is too complex to
solve. But using the Lie symmetry, some ansatzes (3) reducing the NSEs can be obtained.

Using the Lie method, first we constructed complete sets of A(N.S)-inequivalent sub-
algebras of dimension 4 — N for N = 3, N = 2, and N = 1. Knowing the subalgebraic
structure of A(NS), we found explicit forms for the functions f®, ¢, f° ¢° and wy and
obtained reduced systems in the functions v® and ¢. Due to the choice of ansatzes, the
reduced systems have, in the majority of cases, rather simple forms and can be united in
a smaller number of classes. We investigated symmetry properties (both classic and non-
classic) of the reduced systems of PDEs. A number of them have Lie symmetry operators
that are not induced by operators from A(NS). Symmetry reduction of such systems gives
solutions that can not be obtained by means of direct reduction of the NSEs. We also
managed to find exact solutions for most of the reduced systems of ODEs. As a result,
large classes of exact solutions for the NSEs were obtained.

Let us consider the reduction of the NSEs to systems of PDEs in three independent
variables. A complete set of A(NS)-inequivalent one-dimensional subalgebras of A(NS)
is exhausted by the following algebras:

1. Al(k) =< D+ 2kJ12 >, where k > 0.
2. A}(k) =< 0y + KkJ12 >, where k € {0;1}.
3. AL(n,x) =< Ji2+R(0,0,1(t))+Z(x(t)) > with smooth functions n and . Algebras
Al(n,x) and AL(7,¥) are equivalent if 3e,6 € R, 3\ € C*((to,t1), R):
() = e~ n(t),  xX(0) = *(x(t) + Au(®)n(t) — At)ma(1)), (4)
where t =te™% +0.
4. AY(m, x) =< R(m(t))+ Z(x(t)) > with smooth functions 7 and x: (11, x) # (0,0).

Algebras Al(m,x) and Al(m,x) are equivalent if Je,6 € R, 3C #0, IB € O(3),
e C*((to, t1), R?):

m(f) = Ce =Bi(t), X(£) = Ce (x(t) + lu(t) - mi(t) — (1) - (1)), (5)
where = te % +6.

By means of the algebras Al — A} (sometimes, when additional restrictions for param-
eters are satisfied), we can construct ansatzes of codimension one for the Navier-Stokes
field. We list these ansatzes and the corresponding reduced systems.

Ansatzes constructed by means of the algebras Al and Al have the following forms:

1wl = [t|72(v'cosT — v2sinT) + %azlt—l gt 1,
w2 = |t‘—1/2(v1 sin T + iy COS’T) + %l‘Qt_l " /{,xlt_17 (6)
ud = [t 7203 + sast™L,

p = |t g+ 3RMT 4 it raa,,
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where y; = [t|Y2(x1 cosT + xasinT), yo = [t| V2 (—xysinT + x9cosT), y3 = [t|7V/ 23,
7= rn|t|. Here and below, v* = v*(y1,92,43), ¢ = a(y1,y2,93), = (aF +a3)!/2

2. ub = wvlcoskt —v?sinkt — ko,
2 _ 1 2
u® = w sinkt+ v°coskt + KT, 7)
7
uw o= 3,
_ 1,2,2
p = q+ gk,
where
Y1 = T1 Ccos Kkl + xosinkt, Yo = —x1sinkt + xocoskt, Y3 = x3. (8)

Substituting ansatzes (6) and (7) into the NSEs, we obtain reduced systems of PDEs
with the same general form

a

Vs — vl + @ +mv? =0,

1
a
Vg — gy + g2 — ' =0,
a,3 3 (9)
v va_vaa+Q3:O7
Vg =2,
where v, = —2ksignt, v = —% signt for ansatz (6) and - = —2k, y2 =0 for ansatz

(7). Hereafter, subscripts 1, 2, and 3 of functions denote differentiation with respect to
Y1, Y2, and ys, accordingly.

All Lie symmetry operators of system (9) are induced by operators from A(NS).

We should like to emphasize again that selection of a ”"good” form for an ansatz is
important for reduction to be successful. Our problem is to find or "to guess”, at once,
such an ansatz that the corresponding reduced system have a simple and convenient form
for our investigation. Moreover, selection of an ansatz is needed for Lie symmetry operators
of the reduced system to have simple and "natural” forms too. The ansatzes constructed
by us satisfy these demands. Let us illustrate this statement by the simple example of the
algebra A3

There exists an infinite set of choices for the invariant independent variables y,. For
example, we can take the following expressions for them:

1/2
)

T
11 = arctan 22 Kt, 1Yo = (1‘% + x%) Yys = I3.

x1
However choosing ¥, in such a way, we obtain a reduced system which strongly differs
from the "natural” reduced system for k =0 (i.e., the NSEs for steady flows of a viscous
fluid in Cartesian coordinates). It is better to choose the variables y, in form (8).
To construct an ansatz, the functions f%, f0, ¢% and ¢° are to be found too. We
can take, for example, such values of these functions which give an ansatz of the following
simple form:

1

ul = ot

2 2

sinkt, u = !

coskt — U sinkt + 02 coskt, ud=102, p=4q, (10)

where 9% = 0%(y1,y2,y3) and ¢ = ¢(y1,¥y2,y3) . Substituting ansatz (10) into the NSEs,
we obtain the reduced system on the new unknown functions v* and ¢, having variable



304 R. POPOVYCH

coefficients. It can be simplified to system (9), having constant coefficients, by means of
the local transformation

~1 1

ot =0l —kys, ?

=4y, =00 G=q+i0+u) (11)
But simpler ansatz (10) is transformed under (11) into more complicated ansatz (7).
Therefore, we can take ansatz (7) and obtain system (9) at once.

The above is a good example how a reduced system can be simplified by means of
modifying (complicating) an ansatz corresponding to it.

An ansatz constructed by means of the algebra A(n, x) has the following form:

3. ut = zprlol —zor? 4 ar 2,
u? = xor ol +ayrTh? £ agr 2,
ud = v} nt)r~tw? 4 n(t) arctan zo /a1,
p o= a—gnut)(n(t)" a3 — 5r7? + x(t) arctan za /21,

where y;1 =t, yo=r, y3=x3—n(t)arctanzy/x;.

The corresponding reduced system is very complicated and all its Lie symmetry oper-
ators are induced by operators from A(NS) too. When n = x = 0, this system describes
axially symmetric motion of a fluid and can be transformed into a system of two equations
for a stream function ¥! and a function ¥? that are determined by the equations

\Ilé = yzvl, \Il% = —ygvg, P2 = y2v2.

The transformed system was studied by L.V. Kapitanskiy [9, 10]. He also described
techniques for classifying inequivalent subalgebras of infinite—dimensional algebras of form
(2).

Ansatz corresponding to the algebra A}(m, x) can be constructed only for such ¢ that
m(t) # 0. For these values of ¢, the parameter-function x can be made to vanish by means
of equivalence transformation (5). An ansatz constructed with the algebra A}(s7,0) and
the corresponding reduced system have the following forms

4. @ = v+ |m|203m A+ | T2 Ty — gt
p o= q—5lm| (7 - 7)y:)? — |7 (e ) (7 ©)+ (12)
)

where y;, =n'-
4. v+ vl — vk + g 4 pv® =0,
v3 + vjvj-’ - v;’j =0, (13)
vl 4 p* =0,

where p! = pi(y3) = 2|m|~2(my - 7?), p® = p3(y3) = |m|~2(m;-m). For arbitrary values
of the functions p®, system (13) is invariant under the operators

R3(1/)1(t)7 ¢2(t)) = wlayz + 1%81)1 - ¢§tyiaq7 Zl ()\(t)) = )\aqa S = 81)3 - piyiaq
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which are induced by operators from A(NS). But for some values of p? system (13)
additionally admits Lie symmetry operators contained in the span of the operators

E(x(t)) = 2x0: + xtwi0y, + (xuti — xev")0pi — (2x2q + 5X12t9595) 0o
J112 =y100 — Y201 + vlavz - v2avl, I= 038,,3
For example, if p = 0, the maximal Lie invariance algebra of (13) is the algebra

< R3(v'(t), ¥*(t), Z' (A1), S, Jia, E(X' (), EGC(1)), T >,

where x! = e [erWdt, x2 = e P, p= [ p?(t)dt, t = y3. The operators E(x*) and I
are not induced by operators from A(NS) if p3(t) # ai(ast+a3)~!, where o = const.

We reduced system (13) by means of the algebras containing the "nontrivial” operators
E(x*) and I to systems in one and two independent variables and constructed their exact
solutions. Investigation of system (13) is simplified due to the function p* can be made
to vanish by means of a local transformation. It is interesting to note that a number of
the reduced systems are analogous to ones obtained from the NSEs directly. And we can
investigate them only once. This situation is reiterated.

Let us proceed to the reduction of the NSEs to systems in two independent variables.
A complete set of A(NS)-inequivalent two-dimensional subalgebras is exhausted by twelve
algebras. By means of eight of them, we can constructed ansatzes that reduce the NSEs
to five classes of systems. Two reduced systems are very complicated and all their Lie
symmetry operators are induced by operators from A(NS). But the other systems are
very interesting.

So, an ansatz constructed with the algebra A%(m!,m?) =< R(m'(t)), R(mM3(t)) >,

where mjp, - m2 —m!-mZ =0 and rank(m!,m?) = 2, has the form

1L @ = @+ A Y@ D)l — k- D)k, 19
po= 5= AW D) F) = A iy K@ Bk 7),
where 2 =t, 2o = (k-&), k =m!xm2, ﬁ1:m2xE, P2 =kxm!, A=\t)=k-k #
Vt € (to,t1). Here and below W = (21, 22), s = s(z1, 22).
Substituting ansatz (14) into the NSEs, we obtain the following reduced system:
1. @1 — Mbga + sok + (k - @) (@ — A ky) + A\ L(d - @)mii + z9¢ = 0, 15)
k- y =0,

where €= 5(15)22)\_2(_' T?LQ—m -m )kth+)\ (2Et'Et—Ett'E) and t221.
The general solution (15) is expressed in terms of the general solution of the decom-
posed system of two linear one-dimensional heat equations. As a result, we obtain two

classes of solutions for the NSEs:
Case A. m}-m? —ml-m?=0:

it = A" (gk(r, Q) + i} - Byt — ALk - D)k,
p=2X"2(7 - ky)g'(1,¢)+

AN (R - k2K - K2 — INTN(A - @) (7, - B) — IAT2(K - i) (7 - ),
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Case B. m} -m? —m!-m? =1:

i@ = A7L(09 () gl (7,) + 00 () + - & — A"L(Rxait)- @) )it — AL (kg - D)E,
2 )(

Here ( =k-Z, 7= [A(t)dt, and

9 =9 =0, g7—gi =0 (16)
(6Y(t),6%(t)) (i = 1,2) are linearly independent solutions of the system

0 + A7 Hmt - m2)et — XL (mt - mhe? =0, (17)

and (0'9(t),6?°(t)) is a particular solution of the nonhomogeneous system

— —

0! + Xt - m)et — X mb - m)e? = 2072 ((k x k) - mb). (18)

Both classes contain two arbitrary solutions of the heat equation and five arbitrary func-
tions of t. The Lie symmetry of the linear one-dimensional heat equations is well known.
It principally differs from one of the NSEs. The Q-conditional symmetry of the heat equa-
tion was investigated in [8] completely. Moreover, being decomposed, system (16) admits
transformations where the independent variables can be transformed in the functions g'
and g2 in different ways. Such transformations are non-Lie ones. Large sets of exact
solutions for the heat equations are known too.

In an analogous way, an ansatz constructed with the algebra A3(\, p) =< Jio +
R(0,0,\) + Z(x(t)), R(0,0,p) >, where p £ 0 and M\p — Apy =: € € {0;1}, has the form

2. ul = zpw' —zor 2 (w? — x(b)),
w? = zaw' +xr?(w? — x(1), (19)
ud = (p(t)) (w3 + py(t)x3 + e arctan v /11),
p = s Lou(®(p(t) "3 + xi(t) axctanza a1,
where z; =t, 2z =1 = (z} + 23)'/2.
Substituting ansatz (19) into the NSEs, we obtain the following reduced system:
2. wl + (w')? — 25 (w? — x)? + wwd — wly — 32wl + 25 sy =0,
2 1,2 2 ~1, 2
Wi + oW w5 — Wsy + 25 w5 = 0,
1 2 22 T Zy W3 (20)

1

-1 —2
wi + zwlwd —wiy — 2y wi + 25 (w? = x) =0,

2wt + 20wl + p1/p = 0.

System (20) implies the following expressions for the functions w? and g:

wh=—gpp "+ (= 1)z,

qa =2(pep™ e — 3(pep™1)?)23 — mInfza| — (0 — 1)%25° + [(w? — x)%25 °dza,
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and the following linear system in the functions w?:

w? bl =0, wd -t (- 2)C e 4 el - )20, (21)

where 7 = [|p(t)|dt, ¢ = |p(t)|"/?29, and 5 = n(t) is an arbitrary smooth function of
z1 = t.

If e =0, system (21) is decomposed and consists of two translational linear equations
of the same general form [13]

fr () fe = fee =0. (22)

When 7 vanishes, equation (22) is the heat equation, and, when 7 = —2, it is reduced to
the heat equation by means of the local transformation f = (f. For the other constant
values of 77, the maximal Lie invariance algebra of (22) is generated by the operators

Oy, D =270, +C0:, I=foy,
II = 4720, + 41¢0¢ — (C2+2(1- n71)f0f, g(7,{)0y,

where g = g(7,() is an arbitrary solution of (22). The operator II principally differs
from the symmetry operators of the NSEs. Full Lie reduction of (22) with n = const was
made. The equations for the coefficients of Q-conditional symmetry operators of (22) were
obtained in the general case. It was shown that, by means of nonlocal transformations,
these equations are reduced to (22). Some Q-conditional symmetry operators, for example,

o, X=0+n—-1)C"0, G=2r+C)9 —(fd; (C = const),

were found in explicit forms. Using them, large classes of non-Lie solutions of (22) were
constructed. A mnonlocal invariance transformation for the class of equations (22) was
found.

System (21) with € = 1 was investigated in the same way.

The last interesting case of reduction to systems in two independent variables is given
by four algebras:

3. A3(o, Kk, p,v,€) =< D +2k.J12, R(|t|7 T2 (vcosT, vsinT, p)) + Z(e|t|]”~1) >, where
r=rlnft|, k>0, u>0, v>0, 2 +1v2=1, e6 =0, and ¢ > 0.

4. A3(o,e) =< D, R(0,0, [t|7tY/2) + Z(|t|” ') >, where e =0 and & > 0.

5. A%(o,p,v,e) =< O + Ji2, R(ve®tcost,vetsint, ue’) + Z(eet) >, where u > 0,
v>0, f’2+1v2=1, e0c =0, and £ > 0.

6. A2(0,e) =< 0y, R(0,0,e%) + Z(eet) >, where o € {~1;0;1}, ec =0, and ¢ > 0.

Ansatzes constructed by means of the algebras A3 — A2 are very cumbersome but have
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simple and similar structure:
3wl = |tV2(pw' 4+ vwd) cosT — |t| 7 2w? sin T+
—{—1/51&‘1 cosT + %t_lwl — Kkt 2o,
w? = |tV (pw! + vw®) sinT + [t| 7 2w? cos T+
+véttsinT + %t_lxg + kt g,
o= Y2 (—vw! + pwd) + st + S,
p = t|7's— 3172 + {T2R? 4 JRM T4

+elt| 732 (v cos T + vagsinT + pas),

where
21 = |t7V?(pxy cosT + passinT — vas),
29 = [t|7V2(x3cosT — 1 sinT),
¢ = o(vxycosT +vresinT + pxs) + 2kv(xy cosT — x18inT),
4. uwt = |tV + sty
W o= [t 4 Li=lgy,
o= [tV 4 (0 + )t s,
p = |t[7s — Sott2ad + §t2R? + eft| 73 s,

where 2z = [t| 2z, 2o = [t|7V 22y,

5. ul = (pw!+vwd)cost —w?sint + v€cost — xg,
u? = (pw! 4+ vwd)sint +w?cost + v€sint + x1,
wo= (—vw! + pw?®) + g,

p = s— 552 + %7‘2 + e(vay cost + vagsint + pxs),
where

z1 = (pxy cost + pxgsint — vrs), zo = (wocost — xysint),
& =o(vxycost +vrgysint + pxs) + 2v(xg cost — xy sint),

1_,,1 2 _ 2 3_,,3 _ 1
6. v =w", u =w, uw=w+oxrz, p=s5-— 2033‘3+€$3,

where 21 =x1, 29 = Zo.

T==rlnlt|

(23)

(24)

(25)

(26)

Ansatzes (23)—(26) reduce the NSEs to the system having the following simple general

form:
—wh + 81+ agw? =0,

wiw --+82—a2w + ajw?® =0,

1
7
w? —
7
wiw? — wd + aqwd + a5 =0,
1 [

(27)
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where the constants a,, (n = 1,5) take on the values

4. a1 = +2kv, ag = F2ku, as=F(0c+3/2), as==0, «az=c¢.
5. a3 =0, as =0, as =F(0+3/2), ag==0, as=c.
6. a; =2v, Qg = —2u, 3= —0, a4 = 0, as = €.
7. a1 =0, ag =0, a3 = —o, a4 = 0, ap = €.

System (27) was known for some values of «,,. Setting ax = 0 (k = 2,5) in (27), we
obtain equations describing a plane convective flow that is brought about by nonhomo-
geneous heating of boudaries. In this case, w’ are the coordinates of the flow velocity
vector, w? is the flow temperature, s is the pressure, the Grasshoff number ) is equal to
—aq, and the Prandtl number o is equal to 1. Some similarity solutions of these equations
were constructed in [11]. The particular case of system (27) for oy = a2 = a4 = a5 =0
and a3 = 1 was considered in [14]. Moreover, system (27) is obtained as a result of
nondirect reduction of the NSEs by means of noninduced operators too. That is why, we
investigated this system in detail.

For arbitrary values of the «,,, system (27) is invariant under the operators 0;, da, Os.
There are nine cases of extending the maximal Lie invariance algebra of (27) by operators
from the span < 0,3 — 12905, 2;0; —wi(?wi —250,, 2100 — 2901 + W' Oz — w201, W30ys > .
If a1 = a4 = a5 = 0, the maximal Lie invariance algebra of (27) contains the operator
w30,,s that is not induced by elements from A(NS).

Making the nonlocal transformation

§=s+ V¥, (28)

where ¥y = w?, ¥y = —w! (such a function ¥ exists in view of the last equation of (27)),
in system (27) with ag = 0, we obtain a system of the form (27) with a3 = &z = 0.
In some cases (a1 # 0, a3 = a4 = a5 = 0, g # 0; a1 = a3 = a4 = 0, ag # 0),
transformation (28) allows the symmetry of (27) to be extended and non-Lie solutions to
be constructed. Moreover, it means that in the cases listed above, system (27) is invariant
under the nonlocal transformation

=y, w=efw, wd=e*uwd, s=eFs+ay(e”E - 1)V,

where the parameter § takes on a fixed value from the set {—3;0;2}, depending on the
values of «,.
To reduce system (27) to ODEs, we used the following ansatz:

1

w' = a9’ —axp® + big,

w? = azp' 4 a19’ + bag, (29)
w® = ®+bs(,

s = h+di{+daw( + 5ds(?,

where w = a129 — agz1, ( = a1z1 + agze, ¢* = ¢p*w), h = h(w), a;,by,ds, B = const,
2., .2 _
ai +aj =1,

b; = Ba;, bg(B + 054) =0, do=aB—aibsa;, dsz= -B% - a1bsas. (30)
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Indeed, formulae (29) and (30) determine a whole set of ansatzes for system (27). This
set contains both Lie ansatzes, constructed by means of subalgebras of the form

< a101 + a209 + a3(8w3 — 06122(93) + a40s >, (31)

and non-Lie ansatzes. Equation (30) is the necessary and sufficient condition to reduce
(27) by means of an ansatz of form (28).

Full Lie reduction of system (27) to ODEs was made by means of the subalgebras that
do not belong to the set of algebras (31).

Let us describe reduction of the NSEs to systems of ODEs briefly. A complete set of
A(N S)-inequivalent three-dimensional subalgebras of A(NS) is exhausted by 52 classes of
algebras. By means of 22 ”"good” classes from this set, one can construct ansatzes of codi-
mension three for the Navier-Stokes field. We united the ”good” classes to 8 superclasses.
By means of them, we constructed 8 ansatzes and obtained reduced systems which can
be united to 6 classes. Either general or particular solutions for the reduced systems were
obtained.
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