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Abstract

We define a Hopf C*-algebra associated with an action of the quantum group SU,(1,1)
on a two-parameter quantum deformation of the unit disc, which has a left comodule
structure over this Hopf C*-algebra.
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Introduction

It was shown in [10] that the quantum group SU,(1,1) does not exist on the C*-algebra
level. By using the idea of [6], we construct a certain algebra Ay, the C*-completion of
which, St(4,), is endowed with a Hopf C*-algebra structure. We show that there exists
an embedding of the algebra A, into a localization of the algebra SU,(1,1). The Hopf C*-
algebra structure of St(A,) is induced by the Hopf *-algebra structure of SU,(1,1). The
two parameter quantization of the algebra of functions on the unit disc, considered in [5],
and its particular case — the one parameter deformation [8] — have a comodule structure
over St(A,), which can be viewed as a noncommutative deformation of the action of the
group SU(1,1)/Zy on the algebra of continuous functions on the unit disc.

In Section 1 we construct the algebra A,, give all its irreducible representations, and
construct the algebra St(A,). We prove that there is an imbedding of A, into a localization
of SU,(1,1). In Section 2 we introduce a Hopf C*-algebra structure on St(A4,). In Section
3 we prove that the two parameter deformation of the algebra of functions on the unit
disc has a left comodule structure over St(A,).
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1 (C*-algebra associated with SU,(1,1)

Let A, denote a unital algebra with involution over the field C with generators x, z*,y, y*
satisfying the relations

(1—y*y) =1 —yy*) = (1= ¢*) (1 —yy")(1 - y'y), (1)
wr* + (1 - ¢*yy* =1, (2)

w*r(1+ (72 = Dy*y) = 1, (3)

zyx* = ¢y, (4)

whereg e R, 0 < ¢ < 1.

By a #-representation of the algebra A, on a Hilbert space H, we will understand a
mapping 7 : A; — L(H) to the algebra of linear operators on H such that 7 (z*) = m(x)*
and 7(y*) = 7(y)*. For a representation 7, we denote X = w(z) and Y = 7(y).

Lemma 1 (cf. [4]) Let 7 : Ay — L(H) be a x-representation of the algebra A,. Then
Ker(Y*Y) = Ker(YY*), Ker(1—-Y*Y) = Ker(1 = YY™). If we set H' = Ker(Y*Y),
H" = Ker(1 —Y"Y), then the Hilbert spaces H' and H" are invariant with respect to Ag.

Proof. The equalities Ker(Y*Y) = Ker(YY™) and Ker(1 — Y*'Y) = Ker(1 — YY™)
immediately follow from (1). We will prove the second part. A vector v € H' if and
only if YY*(v) = Y*Y (v) = 0. Hence YY*(Y(v)) = Y(Y*Y(v)) = 0, and so Y (v) € H'.
Similarly we show that Y*(v) € H'. It follows from (2) and (3) that v € H if and only
if X*X(v) = XX*(v) =v. So XX*(X(v)) = X(X*X(v)) = X(v) showing that H’ is
invariant with respect to X. It can be similarly shown that H’ is invariant with respect
to X*.

By the same type of argument we can also show that H” is invariant with respect to

A m

I
Corollary 1 If m: Ay — L(H) is a x-representation of A,, then

H=H &H &H",
where H* is the orthogonal complement to the Hilbert space H' & H".

Theorem 1 Let 0 < g < 1 and p be an irreducible *-representation of the algebra A,.
Then p s unitarily equivalent to:

a) a representation of the series of one-dimensional representations on H = C:
X() — i X _ i
:00 ((L‘) - e’X’ pO (x*) =e ZX,

) =piy*) =0,  x€R/2nZ;

b) a representation of the series of one-dimensional representations on H = C:

pfl (@) =g, pfP(a") = qe ™, -
Py =€, pY(y) =e T, o ¥ € R/21Z;
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¢) a representation of the series of infinite dimensional representations on H= l3(Z)
given on an orthonormal basis in H, {en}nez, by

1/2
‘ 1 4 722 +1)
V4 _ V4

1/2
. p 14 72421
po%oT(x ).en=c¢ ¥y (1_’_7_2(]271 €n—2,
1

T —
p5 (y) - en = (1 _|_7.2q2(n+1))1/2 €nt1,

KT (% _
Poo (y )'en — (1 +T2q2n)1/2 €n—1,

where » € R/21Z, T € [1—%7q’ 1}L—q)

Proof. Because p is an irreducible representation, we use Corollary 1 and consider p
restricted to H’, H”, and HL. We use Xo, Yy, X1,Y7, and X,Y to denote the restriction
of the operators p(z), p(y) to the corresponding subspaces.

Because Y'Yy = YpY; = 0, we see that Yy = 0. We also have from (2) and (3) that
XoX§ = X;Xo = I. This means that Xy is a unitary operator and it commutes with all
the elements of A,. Because p is irreducible, this implies that p is unitarily equivalent to
(5).

Now we consider the operators X7 and Y;. By definition of H”, Y*Y; = V1Y = I,
whence Y; is unitary. It again follows from (2) and (3) that X;X; = XX = ¢°1, so
the operator ¢~ ' X is unitary. By using (4), we see that X;Y; = Y1 X1 and this means
that the algebra A, is commutative, whence H” is one-dimensional, and this gives the
representation (6).

Consider the restrictions X and Y to H'. Because Ker X = Ker Y = (), in the polar
decomposition X = U|X| and Y = VY|, the operators U and V are unitary. It readily
follows from (3) that

-1
XP=(1+@2=-nYp) . (8)
From (1) we can see that
1= -)Y

which, in its turn, implies that

Y]?
¢+ (1=)Y*

VY PV = (10)

By finding the expressions for X X* and X*X in terms of YY" and Y*Y correspondingly

from (2) and (3), substituting them into (1), and then using (8), we find that

¢'|Y]?
1-(1-¢*)(1+a)Y[*

UlY|PU* = (11)

Now, if we use (9) to calculate V2|Y |2V *? and compare with (11), we see that V2|Y[2V*2 =
U|Y|?U*, whence, U*V?2|Y| = |Y|U*V2. Rewrite (4) as U|X|V|Y||X|U* = ¢*V|Y| and
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use (8) and (10) to get
Y] _ Y]

% =U*VU .
(@ + (¢2 — @2)|Y|2)/? (¢ + (72 — @)Y [2)/?

This relation shows that UV = VU. Recalling that U*V? commutes with |Y|, we see that
the operator U*V? commutes with any operator from p(A,). Because p was assumed to
be irreducible, U*V? = e~#*] since the operator is unitary, and consequently

U = e>V? (12)

for some » € R/27Z.

Let Aqy denote the unital subalgebra of A, generated by y and y* and p, denote
the restriction of p to Aqy. Then the representation p is irreducible if and only if p, is
irreducible. It is clear that if p, is irreducible, then p is irreducible. Suppose that p,
is reducible, i.e. there is Z € L(’HL), which is not a scalar operator, and such that Z
commutes with Y and Y*. This means that Z commutes with Y*Y and, hence, with |V,
and also with V. But then, as it follows from (8) and (12), Z will commute with |X| and
U, which means that Z commutes with X and X*, hence p is reducible.

These considerations allow to consider only irreducible representations of (1) and then
use (8) and (12). Using the results of [9] we finally get the representations given by (7).

O

Corollary 2 If p is an irreducible x-representation of the algebra A, then: ¢ < ||p(z)| <
L o)l <1, and [|p(zy™)|| < q.

This corollary implies, in particular, that the algebra A, is *-bounded (see, for example,
[3]) and so we can define a norm on A, by setting, for a € Ay, ||al| = sup,(||p(a)[), where
p runs over the set of all irreducible representations of A,. By completing A, with respect
to this norm, we get a C*-algebra which will be denoted by St(A,).

Actually, the C*-norm in St(A,) is given by the infinite dimensional representations
(7). To prove that we need the following lemma.

Lemma 2 Let X and Y be weighted shift operators on la(Z), given on an orthonormal
basis {en}nez by

X(en) = c1A\nent2, Ao > ... > A1 > X > A >0 > Ao
Y(en) = copinenti, Poo < oo < g < g < 1 < vvv < oo,

with An, un € R, c1,c0 € C, and finite Aioo = liMp—s100 A, Utoo = LMyt fhn-
Then there exists a sequence of vectors {e} }mez_, |lel,|| = 1, and a sequence of vectors
{er Ymez., llem|| = 1, such that

lim || X(el,) — iAoyl =0,
lim [V (€) — copiocely]| = 0
and
lim || X(el) — c1deln] =0,

lim_[[Y () — eaptaccly]| = 0.
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Proof. Since constructions of the sequences {e],} and {e/},} are similar, we will only
construct the sequence {e/" },cz. For each m > 0, m € Z, set

1 2m
e;;l = ﬁ Z €;.

i=m+1
Then ||e,,|| =1 for all m and
1 2m
1 X (" m) = Asc€’mll = NG i:%;l(X(@z') — 1 A€i) | =
’le 2m
N A2m—1€2m+1 + A2m€2m+2 — Aoo(€ms1 + €maa) + D (Moo — Ai)ei|| <
m i=m+3
1A oo

NG (V2+2) + (Mam — Aoo),

whence the first limit of (13) follows. A similar estimate holds for the second limit in (13).
g

Theorem 2 The C* norm on the C*-algebra St(Ay) is given, for any a € St(Ay), by

lal| = sup 105 (a)]l-
»xe St

Proof. We will prove that, for any element a in A, and any fixed 7, there exists »(x) €
R/27Z such that [|pZ07(a)|| > |p§(a)| and, similarly, there exists such s (¢) € R/27Z
that [|pZ17(a)|| > |pT9|. Indeed, set

14 7220 +D) 1/2 '
— — pl
)\n_q<1+72q2(n+2)> ) C1—eXa
1

Pn = (1 + r22(+1))1/2" c2 =1,

and A_o = 1, pi_oo = 0. It follows from Lemma 2 that there is a sequence {e/,} such that
limy,—s o0 [|pX7 (a)(e),) — pi(a)el,|| — 0, whence we get the first part of the proof. The
second part is proved similarly. O

Lemma 3 Let 7 : St(Ay) — L(H) be an irreducible representation on a Hilbert space H.
Let J denote the commutator ideal in St(Aq). Then either n(J) = 0 or n(J) = Kn,
where Ky is the C*-algebra of all compact operators on H.

Proof. By using Theorem 1, we see that () = 0 if and only if 7 is a one dimensional
representation. Consider the case when dim(H) = oco. Denote Y = =w(y). It readily
follows from Theorem 1 that [Y,Y™*] € n(J) N Ky. We will show that 7(7) is irreducible.
Suppose not, i.e. there exists a nonscalar operator Z € L(H), which commutes with all the
elements of w(J). Let Y = VY| be the polar decomposition of Y. Because Z commutes



32 Y. CHAPOVSKY

with [Y, Y*], it follows from (9) that it commutes with |Y|. Relation (9) also implies that

if Z commutes with [Y,Y*Y] and |Y|, then it commutes with V. This means that Z

commutes with any element of 7(St(A4,)) which is a contradiction since 7 is irreducible.
Because 7(J) is irreducible and contains a compact operator, m(J) = K. O

Corollary 3 The C*-algebra St(Ay) is a GCR-C*-algebra and, hence, a C*-algebra of
type 1.

Recall that the quantum group SU,(1,1) is a Hopf *-algebra generated by elements of
the matrix T' = (%;;); j=1,2 which satisfy the following relations:

t11t12 = qti2t11, t11to1 = qtarti, ti1tas — taotn = (¢ — g~ Mtiatar,
t12t21 = to1t12, t1otoo = qlaotia, to1too = qlaatot, (15)
t11to — qliator = 1.

The Hopf *-algebra structure is defined by the comultiplication A and counit € given by
2
Altij) =D tin @ tyy, €(tij) = i, (16)
k=1

and the antipode S and involution *:

_ 1 * *
g tin tiz | _ too q 12 7 ol ) _75%2 qto1 .o
to1 o2 —qtoy t11 21 159 q "tz tnn
It follows from (15) that

tiitas — ¢Ptastin =1 — ¢2, (18)
tooti1 — ¢ Htiator = 1. (19)

Now consider a unital algebra, SU,(1,1)!, generated by t;;, 4,5 = 1,2, and t;}}, t55
subject to relations (15) and

tutyt =ttt =1, tootyy = tyytoy = 1.

Let

o =tyti, Y =q Myt @ =ity YT =taty, (20)
and let SU,(1,1)} denote the subalgebra of SU,(1,1)! generated by ', ', ¢/, v'*.
Theorem 3 The algebra A, is x-isomorphic to the algebra SU,(1, )6, namely, the map-

1
ping L : Ay — SU,(1,1)}, defined on the generators by u(z) = 2', 1(y) = y' can be extended
to a well defined x-isomorphism.

Proof. First of all we show that ¢ is well defined, i.e. /2" 9/, y'" satisfy (1) — (4).
Indeed, by using (18), we get

2’2" =ty tutnty =ty (1 - ¢°) + Pttty = (1- )yt +
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and so )
1—¢q
———— = t11t99. 21
" 11t22 (21)

Similarly,
(2" 2') 7t =t taatntsy = 7 (¢ Ptunte — (2 — D)toy = ¢ 2 — (¢ = 1)ti1' ts, -

Whence o
1—-¢?)a""x
("Zj/*aj/)—q2 - t22t]_1. (22)

By using (19), we see that
Yy =g Mgttty =ty (faatny — D)t =1 — 55t

which yields
(1—y'y") ™" = tiita. (23)
In the same way, by applying the last relation of (15), we obtain

Yy = qtartiy toy tiy = gty tartiatyy = 117 (frates — Dty = 1 — 115,

hence
(1—y"y) " = taatn1. (24)
At this point, relation (1) readily follows if (23) and (24) are used in (18), relations (2)
and (3) follow directly from (21), (23) and (22), (24), respectively. Relation (4) follows
from
'Yz’ =ty titiatyy taaty) = toy tiitiaty] = gty tha = %y
Because ¢ maps elements of A, into generators of SU,(1, 1)}, it is certainly surjec-
tive. We will show that it is also injective. It was shown in [10] that an irreducible
s-representation of SU,(1,1) is unitarily equivalent to either a one dimensional represen-

tation A
mo(t11) = €', mo(t12) = 0, ¢ € R/27Z, (25)

or to an infinite dimensional representation 7. on l2(Z), given on an orthonormal basis
{fn}nez by
moo(t11) - fo = 1+ B2V fo g, wl(ti2)  fa=bq" fo,  bEC. (26)

If we extend these representations to SU,(1, 1)}, then ¢ defines representations of Ay, which
are unitarily equivalent to (5) and (7).

Assuming now that ¢(a) = 0 for some a € A, would mean, in particular, that p’7 (a) =
0 and, since, as it follows from Theorem 2, ||a|| =0, a = 0. O

2 Hopf C*-algebra associated with SU,(1,1)

Let B, D be C*-algebras of the type I. It follows from [7] that a C*-cross-norm on the
algebraic tensor product B ®ag D is unique. In the rest of the paper, we will denote
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by B ® D the C* algebra obtained from B ®4; D by completing it with respect to this
norm. The following definition and Definition 1 in Section 3 are particular cases of the
corresponding definitions given in [2].

Definition 1 Let B be a C*-algebra of the type I with identity. A Hopf C*-algebra is
a triple (B,A,€), where A : B — B ® B and ¢ : B — C are homomorphisms called
coproduct and counit, respectively, such that the following diagrams are commutative:

A

B B®B B
|
A id® A A id A (27)
|
It will be convenient to introduce an element z € A, by

z=zy”. (28)

To define a comultiplication on the C*-algebra St(A,), we will need the following
lemmas.

Lemma 4 Let z be given by (28). The elements (z@y+1®1) and (z* @y*+1®1) are
invertible in the C* algebra St(Ay) ® St(Ay).

Proof. By Corollary 2, ||z|| < ¢ and |ly|| < 1. This implies that ||z @ y|| < ¢ < 1 and thus
the lemma is proved. |

Lemma 5 The following relations hold:

22* = @yyt, 2z =Py, (29)
(zRy+ye1)(20y+lol)=:zey+1 ) (" toy+y®1), (30)
ey +lol)(reoy +yel)= ey +yol)(z*oy +1e1),
(y+ye )y +2"r*) = (20y+101)(1® 2" +2* @), (31)
(YRz+z2) "y +y*®l)=102+202)(* @y +1®1),
Ry+1)(Zey" +101)—y+y (" ey +y* ®1) =
(I —yy*) ® (1 —yy"), (32)
(2 +101)(¢%2y+10]) - (@ 'y +y o) (=" 'oy+yel) =
(I—yy) @1 —y"y), (33)
(r@r+ye)(@ @ +y' @) +(1-@)zey+tye)(@T* 0y +y el) =
zRy+1D)(z*y +1®1), (34)
(zRz+yR2)(@* @ +y* @)+ (@ ?2-1):zRr+102)* @ +12") =
Ry+11)EZ*®y* +1®1), (35)

(rer+yez)10+2'02") =@y +ye)(z*®y* +1®1).  (36)
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Proof. Let us prove the first relation of (29). It follows from (3) that
yy=(¢72 =)@ 1),
Whence, by using (28) and (2), we obtain
22 = ayyr = (2 — D) (@ e = 1)7 = (1 — @)1 — z®) = Py

To prove the second relation of (29), rewrite (1) as y*y = ¢~ 2(1+ (¢72 — 1)yy*) " 'yy*.

Then use (3) to get
e =yateyt = y(l+ (¢ = Dy'y) "yt = (L (a7 = Dyy') "y = Y’y

Now we prove the first relation of (30). Consider the difference of the left- and right-
hand sides of the first relation of (30) multiplied on the right by the invertible element
(z* ® 1) and use (28), (4), and (2).

(rey+ye1)(¢ 22 @y+r'®l) - ey+10)(1oy+yr*®1) =
(rRy+y )y y+2"21) - y+1)(1y+2"®1) =
Rty Ry —22"Qy—-1Qy =
1-(1-Pyy)oy+yy @y—dyy @y —10y=0.

The second relation of (30) is obtained by taking the conjugate of the first.

The first relation of (31) follows from that of (30) by multiplying both sides from the
right by the invertible element (z* ® x*) and using (28). The second relation is obtained
by conjugation.

Consider (32). By using (28), (29), and (2), we get

2Ry+101)E*ey* +10])—(zy+ye )@y +y 1) =
22" Quyt+ 11—z Quy* —yy" @1 =
Cyy @y +10l-(1-1-Pyy) oy —y' el=
(1—yy") @ (1 —yy").

To prove (33), first note that (4) and (28) imply that y*z* 1 = ¢~ 2z and 2~ 'y = ¢~ 22*.

Use (29) and (3) to find
(2 ey +10 )¢ 2y+101) - (2 ey +y* ®@1)x
(@ eytyel) =g oyy+riel-a P oyy -yyel =
¢ lyyey +1ol-(1+ (@ -y eyy—yyel=
(1-yy) @1 -yy).

To see that (34) holds, we use relations (2), (4), and (28) to simplify the left-hand side.

We get
er+y®z)(@*@r"+y' @) +(1-P)Eey+ye )@ oy +y el) =

' @rrt +ryt @ Fyrt @zt +yyt @ 22" +

(1-@P)a* oy +ay* @y +y* @y +yy* ©1) =

I-A-Pyy) @1 -1-Pyw") +C20y+ ¢ @y +yy* @ yy* +

QA=) ((1-A-@Pyy )y +20y+2" @y +y ®1) =

1@1+20y+ 2" @y + Cyy* @yy* =

ey+lo)' oy +11).
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Now we will prove relation (35). We have

(zRr+yR2)(@* @ +y @)+ (¢ -1):zRz+122)(* s +1®2%) =
(zx* + (1 —Pyy") @aa* + ¢ 2ay* Q" + ¢ 2y @ zz* + (wy' + (¢ 2 - D) ®
=101 -(1-Pyw)+20y+2" 0y + Py oy + (1 -l oy =
I1@l+20y+2" @y +22"@yy" =
Cey+lol)' oy +11).

To see that (36) holds, we use (4) and (2) to get for the right-hand side
(2@z+y®2) (12" +27"®@z") =z + 22" @ o™+
Y@ 22" +yr @t =@y tyQrrt +yyyt +
v 0y ) =Pz @y +yel+ Py Qyyt +yzf 9y,
On the other hand, ¢?(z@y+y®1)(z*@y*+101) = (PyRuy* +rRy+yz* Qy* +y®1),
whence (36) follows. O
Lemma 6 The elements
(V'@ +arr0r"), (yeoz+rer), ((zey+1el), (¢Fey +191) (37)
are invertible in the C*-algebra St(A,) @ St(A,).

Proof. Let m; : Ay — L(H;), ¢ = 1,2, be x-representations of the algebra A, on the
Hilbert spaces H; and Hy. Denote by X;, Vi, Z; the operators m;(z), m;(y), and m;(2),
respectively. We first show that the operator @ = (Y7" ® Z5 + X7 ® X3) is invertible.
Suppose the converse. Then there is a sequence of vectors v, € Hi ® Ha, n € Z4 such
that ||v,|| = 1 for all n and nli_r)noo |Q(vn)|| = 0. Because, by Lemma 4, the operator

(X1 ®Yy+1®1I) is invertible, it follows from (31) that

i [[(19 25+ 25 © X3)(wa)] = 0.
But then, from relation (35), it follows that

(Z10Yo+IR1)(Z7 @Yy + 1 1)(vy)| = 0.

lim ||
n—:o00
But this is a contradiction to Lemma 4.
It follows from (4) that (¢ 22 ®y+1® 1)(z* ® 2*) = (y* ® 2* + z* ® 2*) and, since
the element (z* ® x*) is invertible, the third element in (37) is invertible.
The other two elements are adjoint to the first and the third. O

Now we are in position to define a Hopf x-algebra structure on St(A4,). Let the comul-
tiplication A, counit € be defined on the generators of the algebra A, as follows

) = ey+le)lerer+y®2),

) (@ +y )Ry +1®1)"
Aly) = (ey+1lo)tzey+yel),

) TRy +yeol)(foy +101)7L
e(x) =1, e(z*) =1, e(y) =0, e(y*) = 0. (39)
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It follows from Lemmas 6 and 5 that

*—1

Aly) = @ 'eyt+ye)(¢2oy+lol) =
(2* ®x +le)@ s +yt o) (40)
Aly) = (2 ey+1o) e ey +yel) =
(z@r+y2) 1z +1®2). (41)

The following lemma will be used to prove that A can be extended to a well defined
homomorphism.

Lemma 7 (cf. [4]) Let m: Ay — L(H) be a x-representation of the algebra A,. Denote
by Y the operator w(y). Then Ran(1 —Y*Y) = Ran(l—-YY™). Let Ran(I —YY™*) = H".
Then H°® is invariant with respect to A,.

Proof. Rewriting (1) as
1-YY")=(1-Y*YV)1-(1-¢)Y*Y)!
we see that Ran(l —Y*Y) = Ran(1 — YY™). Because
YA1-Y'Y)=(1-YY)Y and VY*(1-YY*)=(1-YY)V*

we see that H° is invariant with respect to Y and Y*.
To see that H® is invariant with respect to X, we use relations (3) and (2) to get

X(1-YY") = (¢2-1)"'X(¢2-(X"X)"") =
q—2 - 1)—1(q—2XX* . 1)X*71 _
=)@ (1= @YY - DX =

1-YYyHx* 1

o~~~ o~

Similarly, applying (2) and (3), we get

X*(1-YY") = X*1-1-A)M1-XX%) =
(1-¢*) "X (XX* - ¢*) =
(1-¢*) (1= (X" X)X XX* =
1-¢)7'01 —q2(1+(q - YY) X" X X" =
(1-Y*Y)X*XX*,

which proves the invariance of H° with respect to X ™.

Because H° is invariant with respect to all the generators of the algebra Ay, it is
invariant with respect to A,. O

Lemma 8 Let A, € be defined on the generators of the algebra A, as in (38), (39),

correspondingly. Then these mappings can be extended to well defined x-homomorphisms
on the C*-algebra St(A).
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Proof. It is immediate that € is well defined.

We will prove that A is well defined on A, i.e. the elements A(x), A(y) satisfy relations
(1) = (4). To show that, let m; : A; — L(H;), i = 1,2, be *-representations of the algebra
A, and denote by X;, Y;, Z; the operators 7;(x), m;(y), mi(2) on the corresponding spaces.
By Lemma 1, each H; admits, in particular, the decomposition H; = H/ @ H;/L, 1=1,2,
where H/ is the kernel of the operator (1 — Y;Y;*), H/" is the orthogonal complement to

H?, and each subspace is invariant with respect to St(A;). This decomposition induces

the following decomposition of the representation space Hi ® Ha:
Hi®@Hy =K+ L,

where K = HY @ Ho +H1 @ HJ and £ = H™ @ H)™. We will prove that relation (1) holds
on each of the spaces K and L.
Consider restrictions of the operators to K. It follows from (32) that

(Z10Y2 +101)(Zi oY +10]) = (10 +Vie)(X{ oY, + Y7 el).  (42)
Hence, by using (38), we see that
(m @m)A(yy*) = (Z1 Y2 + I ) Y X, @ Ys + Y] @ I)x
(XiYs+YreoD(ZieYs+I) =11
and
(m @m)AYY) = (X{ Y + Y @ )(Zf @ Ys +T® 1) ' x
(LY +Io) (XY +Yiel) =11
on K. On the other hand, relations (34) and (42) imply that
(X19X0+ V1@ Z) (X1 @ X5 +YRZ) = 210+ IQ1)(ZF Yy + 1R 1), (43)
which means that
(m @ m)A("s) = (X] @ Xo + V7 @ Z3)(Z1 @ V5 + 1@ 1)\ x
(Z1 @Y+ 1) ' (X1@X2+Y1®2Z) =¢I®1.
Whence we see that relations (1) and (3) hold on K.

Now we will prove that these relations hold on a dense subspace of £, namely on
L° = Ran(I — Y1Y{") ® Ran(I — Y2Y5).
Consider relation (1) and rewrite it as
I—yy) ' =1 —yy) "t =1-¢ (44)

We will show that the operators (1 ® m2)A(yy*) and (m ® m2)A(y*y) satisfy (44) on L°.
Indeed, by using relation (32)
(mem)Al-—yy") =101 (Z1 Yo+ 1) (X1 ®@Ys+ Y1 ® I)x
(X;Yy + Yo D)(ZioYy +II) ™ =
(Z1@Yo+ IR 1) N (Z1@Ye+IRI)NZi @Yy +I®1) —
X1+ Vi@ D(Xi Y, + Yy @) (ZieYs +I10]) ! =
(Z1@Ye+10) ((I-VY) eI -Y2Y)(ZieYs +IeI)
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Whence,

(ra@m)A(l—yy*)) ' = (Z; Y +101)(I-Y1Y]) '@ —Ya2Ys) )W Z1@Ya+1®]1).
(45)
Now we use (40) and (41), and then (33) to get

(mem)Al-yy) =TI —(X;Ys +Y o )(Z; Y + I 1)
(Z1@Yo+ I {(X10Ya+Y1®I) =
I®I—(q—2Zf®Y2*+I®I)—1(X;1®1@*+Y1*®I)><
X' o +ioDq 20+ 101)!

(2 Yy +I®1) (g *221 ® Yy +I®I)(q*2zl®Y2+I®I)—
X' oY+ e DX ' e+ iel)(¢ e+l =
(22 Yy +ID) I -V (I -YsYo) g 2Z10Ya+ @)

And so,
(m2 @ m) AL —y*y)) " =
@221+ 1 D)((I-YiV) ' (I-Y,Ys) g2 Zi oYy +IR1). (46)

Note, that (29) implies that zy*y = yy*z and z*yy* = y*yz*. We use (29) and (44) to get
from (45) and (46) that

(m @ m)A(L—yy™) " — (M @m)A(l —y'y) " =
(ZioYs+ID((I-NY) ' -Y2Yy) NZi1eYe+11) -
P+ I DI YY) oI -YsYe) Nqg 2 Zi @Yy +11)
(I -YV) e -YsY) )22 @ Y5 Ys) + (I - Y1Yy) ™ (I Y2Y2 ) -
¢ (I -nY]) e -YaYy) N4Zf ©YaYs) = ¢*(I - V1Y) ™!

T-Y3Y) ' =@(-T+(1-YV) e (-I+I-YsY) ) -

(-

(

(

Lol

FI-YY) o - -YY) )+ -y e - YY) ' -
I+ (- Y1Y1*)—1) @ (I + (I +YaY5) ™) =
IT-Y") ' =PI -YY) Hel+le((l-YYs) " —¢ (I -Y3Ys) ) -
1-PA)Iel=01-3)Ia1.

To prove that A(z*z) and A(y*y) satisfy relation (2), we use (40), (41), and (35) to
get

A+ (@2 =-1yy) =101+
-y +y )y +1ol) zey+leo ) (zy+yel) =
101+(@2-1)zz4+y®2) 1z02+112) x
(@ +1M @z +y* @)=
rRr+yR2) Hrzr+y®2)(z* @z +y* @ 2%) +
q_2—1)(2®x—{—1®z)(2*®x*®1®z*)]($*®$*+y*®z*)_l =
tRr+y®2) M zy+10) ey +1)(z* @ +yf @) =
A(z*z)) "

~—~~ N
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It is easy to see that A(zxz*) and A(yy*) satisfy (3). Indeed, because
Alrz*) = (z@y+10 ) zor+yez)(@e* @ +y @) ey +101)7,
Alyy ) = (zey+le)@ey+tye )@ ey +y ez ey +11)7,
it immediately follows from (34) that (3) holds.
Now consider relation (4). It readily follows from the first relation of (31) that
ey+le) zoy+tye)(z* @ +y* ®@2%) = (1@ 2"+ 2* @ 2%).
By using this relation together with (36), we get
Alzyz) = zy+10 1) (z@r+y®2)(:@y+101)"'x
(zy+y)@* @z +y )y +101) ! =
Ry+1oD) M zez+y02) (12 +2*@2") (@ y* +101)" ! =
Cey+1) M zey+yl) =g Ay).
Because A, is dense in St(A4,), we extend A to St(A,) by continuity. O
We can now prove the main theorem.

Theorem 4 The mappings A and € define a Hopf C*-algebra structure on St(Ag).

Proof. By using Lemma 8, it is sufficient that the diagrams in (27) be commutative on
the generators of the algebra A,.

We first prove commutativity of the first diagram.

By using (38), we have that

((d@A)oAly) = (idA)((z@y+11) ey +yel)) =

-1
{z@(@y+1®1r%x®y+y®1»+1®1®1} X

{x®«z®y+1®1r%x®y+y®1»+y®1®1}:

{2020y +20yR1+1020y+101@1} 7 x
{zry+ry01+yR2:20y+ye1x1}.

On the other hand,

(A®id) o Aly) = (A@id)((:@y+101) ey +yel) =
{(zRy+101) ' (:1+192)0y+1011} ' x
{(eoy+loD) M zer+y2)@y+ (ey+1ol) M zeyt+yel) @1} =
2020y +20yY®1+1®20y+101®1} 7 x
{zrRrzy+rzyel+y2z0y+y1®1}.

Similar calculations can be performed to show that
(ldA)oA(z) = (A®id)o Azx) =
(2020Y+20y®1+1020y+101@1)7 ! x
(z®@zRr+rRYR2+yYR2R0x+yYR1Q z).
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Because A ox = (x ®x*) o A, we see that the first diagram of (27) is also commutative for
the elements z* and y*.

Commutativity of the second diagram follows immediately from the definition of e,
(39), and (38). O
REMARK. The definition of a Hopf algebra as well as a Hopf *-algebra H ([1, 10]) also
includes an antipode .S which is an antihomomorphism S : H — H satisfying the following

relation
po(S®id)oA=po(id®S)oA=cgoe, (47)
where p: H® H — H is the multiplication, p(hy ® he) = hihg for hy,he € H,c: C — H
is the imbedding ¢(c) = cl, c € C.
In our case, it is also possible to define an antipode on the algebra A, by defining it
on the generators to be

S(x) =% S@*) ==z, Sy =—-q¢322* Sk =—=z

It is easy to prove that S can be extended on the whole A, to a well-defined antihomomor-
phism. If m; : St(Ay) — L(H;) are x-representations of the C*-algebra St(A,), then the
operators (m ®72)(id®.S) o A(a) and (711 @ m2) (S ®id) o A(a), where a is one of the gener-
ators x, *, y, or y*, although unbounded, are defined on Ran(I —YY*)® Ran(I —YY™)
and relation (47) holds on this subspace invariant with respect to Ay ®a1g Aq.

3 Comodule structure on the two-parameter deformation
of the unit disc

For 0 < ¢ <land 0 < p <1, (¢,p) # (1,0), we denote by St(C,4) the universal
enveloping C*-algebra of the unital x-algebra over C, C, 4, generated by two elements w,
w* that satisfy the following relation

¢ 11— wrw) — ¢(1 — ww*) = p(1 —ww*)(1 — ww), (48)

and call it a two-parameter quantum deformation of the unit disc. This C*-algebra was
studied in [5]. In particular, it was shown that St(C), 4) is a C*-algebra of type I, ||w|| <1,
and the quantized universal enveloping algebra U, (sl(2)) acts on St(C)q).

The purpose of this section is to show that there is a coaction of St(A,) on the two-
parameter quantum deformation of the unit disc.

Definition 1 A left coaction of a type I unital Hopf C*-algebra (B, A, €) on a type I unital
C*-algebra D is a x-homomorphism 6 : D — B ® D such that the following diagrams are
commutative:

D B®D D
5 id® 6§ 5 id (49)
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To define a coaction on St(C) q), we will need some auxiliary results.

Lemma 9 Let w, w* be the generators of C,, 4 and z be given by (28). The elements of
the C*-algebra St(Aq) ® St(C,.q),

zew+1®1), ZFRuw +1®1),
are invertible.
Proof. Since ||lw|]| <1 and ||z]| <gq, |z @w| <g¢< 1. O
Lemma 10 The following relations hold in the C*-algebra St(Aq) @ St(Clq):

(zow+y1)(¢22w+10])=:w+l1 ) (=" 'ow+y®1), (50)
(2w +1)(z*@uw +y*®@1)=(r'euw +y* ®1)(z* @w* +1® 1), (51)
w4+l )Z'euw +1®1)— (zuw+y1)(z* xw" +y*®1) =

(1 —yy") © (1 —ww”), (52)
(2 ouw +1)(2owt+lel) - (e ' euw + e ) (@ T ouwtyel) =
(1-yy) (1 —ww). (53)

Proof. One can prove all these identities in the way similar to the proof of Lemma 5. O

Lemma 11 Let w, w* be the generators of C,, 4 and z be given by (28). The elements of
the C*-algebra St(Aq) ® St(Cq),

((Pzow+101), (¢Fouw' +11),
are invertible.

Proof. Let m : St(Ay) — L(H1) and m : St(Cy4g) — L(H2) be x-representations,
and X = m(z), ¥ = m(y), Z = m(z), and W = my(w). Suppose that the element
(q*QZ ® W + 1 ®I) is not invertible, i.e. there is a sequence of vectors v, € Hi ® Ho,
|lun|| = 1, such that
. —9 o
i (g 22 © W + 19 D)) =0,

54)
. —2 7% * — (
nhmooH(q Z*QW*+1®1I)(v,)| =0.
From the estimates

I(g*Z22* @ WW* =T ®I)(va)|| =
l¢g4ZZ* @WW* +q2Z0W —q 220 W — I 1)(v,)] <
g2 N(ZoW)(g*Z* @W* + T )(va)| + (¢ 2 Z @ W + T & I)(v,)]|

and (54) it follows that

lim_ (¢ Z2Z2* @ WW* — I & I)(v,)|| = 0. (55)
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A similar estimate leads to

lim [|(¢7'Z*Z@W*W —I®1)(v,)| = 0. (56)

n—r00

By using (50) and Lemma 9, we see that (54) implies that
im (X" @ W+ Y @1)(va)] = 0. (57)

Because ¢ 2Z = Y*X*~ !, we also have

Y @I -T®I)(vn)] =
I(YV*QI+Y*X* QW —q¢2ZW —I®I)(v,)| <
Y @IX* oW +Y D))+ (220 W + I I)(u)].

This estimate, together with (57) and (54), implies that

(Y'Y @I —I®I)(v,)] =0. (58)

lim ||
n—r:o00
This equality, together with (1), implies that

(YY*®@T—T®1)(vy)| =0. (59)

lim ||
n—oo
Recalling that ZZ* = ¢?YY* and Z*Z = ¢®°Y*Y and using (55) and (56), we see that

lim (| @ WW* = 1 ® I)(va)]| = 0,

60
(1@ WW 2@ Do) =0 o

But now (60) implies that
Jim g @ (= WW) () —al @ (I = WW (o) =¢7 (1 -¢*)*  (61)

whereas

(1 ® (1= WWHI = W W) wa)ll = (1 - )2 (62)
Relations (61) and (62) lead to a contradiction because, by (48), u(1—¢%)% = ¢~ (1 —¢%)?,
which is impossible since ¢ < 1 and ¢ < 1. a

Let us now define a left coaction of the C*-algebra St(A4,) on the C*-algebra St(Cy.q).
We set 6 on the generators of C, 4, to be

Sw) = ew+lel) tzeuwt+yel), (63)
S(w*) = (@FRu'+yol)(ZFow +1®1)"!
By using (50) and (51), we can rewrite these expressions as
S(w) = @ 'owt+yel) (22w +l1e1)7 ”
5(“)*) — (q*22*®w*+1®1)*1(w*1 ®w*+y*®1)_

Because of Lemmas 9 and 11, these definitions make sense.
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Lemma 12 Let § be defined on the generators of the algebra Cy 4 as in (63). Then this
mapping can be extended to a well defined x-homomorphism on the C*-algebra St(C)q).

Proof. Let m : St(A;) — L(H1) and w3 : C g — L(Ha2) be *representations. Denote
X =m(z), Y =m(y), Z =mi(z), and W = ma(w). It can be shown ([4]) that Ker(I —
WW*) = Ker(I-W*W) and Ran(I-WW*) = Ran(I—W*W), moreover these subspaces
are invariant with respect to St(C), ) and Cy ,, correspondingly. As in the proof of Lemma
8, we set HY = Ker(I —YY*), Hj = Ker(I — WW*), and let H/", i = 1,2, be the
orthogonal complement to the space H/. If K = H{ ® Ho + H1 ® HY, then, by using
identities (52) and (53), we can show in the same way as in the proof of Lemma 8 that
(48) holds on K. We will show that (48) holds on £ = H}™ @ H4™. To do that, we again
consider relation (48) in the form

¢ (1 —ww) ™ —q(l —w'w) T = p (65)

and prove that it holds on the dense subspace of £, £L° = Ran(I —Y*Y)® Ran(I —W*W),
for the operators (m ® m2)d(ww*) and (71 @ m2)d(w*w).
By using relations (52) and (53), as in the proof of Lemma 8, we obtain

(1 ® m2)d(1 — ww*)) ™" =

(Z*oW*+ID)((I-YY) 'o(I-WW ™ )WZeW+Ia1),
((m ® m)d(1 — ww)) ™" =

@ 2ZoWH+ID(I-YY) oI -WW) Y ¢32Z*oW*+I1a1).

But then

¢ ((m @ m)d(1 —ww*)) ™ = g((m @ m2)(1 — ww)) ™ =

N2 W+ T D((I-YY) oI -WW) W)W ZeoW+IxI) -
g 2PZoWHIQD(I-YY) 'o(I-WW) )¢ 32Z*oW*+1x1) =
TH{IT-YY) eI -WW)" WZ*ZoWW + Z* @ W*) +
(I-YY) oI -WW ™ N)WZeW+IxI)} -

AT =YY) ' @U-WW) )¢ ZZ oWW* +q 2 ZoW) +
(T-YY) ' eI -WW) )¢ Z oW +IxI])}=

qI=Y ) ' -WW) " HY*'Y @W'W —I®1) +

NI -YY) oI -WWH HI @I -YY* @ WW*) =

(I =YV o -WwW) HY*'Ye I -WW)+I-YY)I)+
THI-YY) oI -WW™HYY o (I-WW+ I -YY)®I) =
~({I-YY) '@l -I@I+I® (I -WW) ')+

g HI-YY) ' '@I+I0I+I0(I-WW*) 1} =

(G ' —I @I+ (g - +pul @I =pl 1.

This shows that the mapping § can be extended to a well defined *-homomorphism on
C,q- Now we can extend it by continuity to the whole St(C, ). O

One can prove the following theorem in the same way as we proved Theorem 4.
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Theorem 5 The mapping ¢ defines a left comodule structure on St(C,, ) over the Hopf
C*-algebra St(Ay).

I would like to express my gratitude to Yu.S. Samoilenko and L.I. Vainerman for

support and many useful discussions.
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