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Abstract - The linearized Bregman iteration was successful
used to find the sparse signal from the its noise measurements. It was
proved that the iteration algorithm converges to the augmented I
minimization problem ||x|[1 + 5&||x||3 [4]. This paper mainly
considers the measurement matrix A which is generated by the
Weibull random distribution. With the optimal number of the
measurements, the stability of the augmented {1 minimization model
is given.

Index Terms - Compressed sensing, sparsity, robust null space
property, Weibull random variable, linearized Bregman iteration

1. Introduction

Compressed sensing theory shows that it is high possible
to reconstruct sparse signals with fewer measurements than
what is classically accepted. It is drawn lots of attentions from
different research fields recently. A vector x € R™ is k sparse
if the number of its nonzero coefficients is k& that is far less n.
The linearized Bregman iteration was proposed in [11] to find
the true signal x from the observation

y = Ax,
where A € R™*™ (m < n) is the measurement matrix. The
linearized Bregman iteration converges to the solution of
[3,4,11]

mxionHl + éHxHj subject to y = Ax, (1.1)
where «v is a positive scalar. Here, ||x|[p, 0 < p < o0, is the
“{,-norm” on the Euclidean space. Since the model (1.1)
smoothes the 7, norm ||x||; by adding 5= ||x]|2, it is named as
the augmented I; model. A natural question is when the
solution of (1.1) is the true sparse signal. To answer this
question, the measurement matrix A should satisfy some
conditions. A well known property is the restricted isometry
property [5]. A given matrix A satisfies the restricted isometry
property of order & if there exists a §; € (0,1) such that
(1= d)lIx[3 < [ Ax[5 < (1 +6x)l|x]3 for all |x[lo < k.
Suppose that x” is k-sparse and A satisfies the restricted
isometry property with da;. < 0.4404anda > 10||x° ||, then
x" is the unique minimizer of (1.1) [7]. Many types of random
matrices satisfy the restricted isometry property with high
probability, such as subgaussian random matrix [2] and
random partial Fourier matrix [7]. For subgaussian random
matrix, the condition d2; < 0.4404 implies that the optimal
number of the measurements is [2]

m = O(kIn(n/k)).
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The restricted isometry property also can be used to
characterize the stable recovery of near sparse signals from the
noisy measurements y = Ax + ¢, where ( is the noise vector.
The k-sparse approximation error of x in [, is defined by

inf ||x

llzllo<k

op(x) = — /1.

For p = 2, let x* be the solution of

1 .
min ||x||; + =|x|3 subject to |y — Ax|[, <e. (1.2)
x fa
Suppose that §2; < 0.3814 and a > 10||x" ||, it was showed

in [7] that

or(x)

\/E ’

where C and C', are constants.

In this paper, we consider the random matrix whose
entries a, ; are independent symmetric Weibll random variable
with exponent r > 1 i.e., the tail probabilities satisfy

Pr(|a; ;| > t) =exp (— (%) ) , t=>0.

In this paper, the symmetric Weibull random variables are
assumed to have mean zero and variance o= 1/m .
Therefore, the squared {3 norm of each column has mean equal
to one. Different with the subgaussian random matrix, the
Weibull random matrix does not satisfy the restricted isometry
property with the optimal number of measurements. Forr = 1,
it is the Laplace random variables. Then the Laplace random
measurement matrices satisfies the restricted isometry property
with the number of measurements [1]

m = O(kIn®(n/k)).

For r = o0, it is the Rademacher random variables. To reduce
the number of the measurements, we use the robust null space
property which was also named as the sparse approximation
property to characterize the measurement matrices [6,9]. The
main results of this paper are stated as follows:

Theorem 1.1. Let p = 2. Let A € R™*"™ be a Weibull random
matrix with exponentr > 1. Lety = Ax” + ¢, where ¢ is an
arbitrary noise vector with||¢]|2 <2 . Then with probability at
least 1 — 2exp(—cym), the solution x* of (2) with any
a > 8)|xY|| satisfies

[x* —x%2 < Cre + Oy



|x* — XUH] < O:g\@E + C4(rk(x“),

and
o (x°)

vk

as long as m = O(kln(n/k)). The constants C; and C are
given in (2.16) and (2.17) respectively.

Theorem 1.2. Let p = 1. Let A € R™*™ be a Weibull random
matrix with exponentr > 1. Let y = Ax" + ¢, where ¢ is an
arbitrary noise vector with ||| < =. Then with probability at
leastCs1 — 2 exp(—e¢ym), the solution x* of (1.2) with any
a > 8|x" | satisfies

[x* —x"||2 < C32 + Cy

[x* = x|y < Cse + Coor(x"),

as long as m = O(klIn(n/k)).The constants C5 and Cs are
given in (2.21).

Remark 1.3. Itis natural to extend the model (1.1) and model
(1.2) to the low rank matrix recovery problem or the signals
which are sparse under some powerful transforms. The related
problems can be found in [6,7,12] and many references there
in.

2. Robust Null Space Property

In this section, the stability of the argument {; model is
proved via the robust null space property. Let x;. be the best &-
sparse approximation of x in the /,. The measurement matrix
A satisfies the /,,-robust null space property of order %k with
constant 31 and s if

ok (x)

F-1/p’ for all x € R™.

k]l < Byl Ax]lp + B2 (2.1)
The definition of the [,-robust null space property is slight
different with the original one given in [6]. But it is a special
case of the more general version of [9]. The connection
between the robust null space property and the restricted
isometry property was discussed in [6,9].

Lemma 2.1 [6] Let A € R™*" be a Weibull random matrix

with exponent » >1 . Then with probability at least
1 — 2exp(—cym), A satisfies
A
|xx 2 < T% + pr]Ll forall xeR", (2.2)

With p~ 1 and 7 = 4.5as long as m = O(k In(n/k)).
Now we prove that the measurement matrix satisfies the
robust null space property.

Lemma 2.2. Suppose that the matrix A € R™*" satisfies

(3). Assume that £ < m. Then we have
[xkl[1 < Bil[Ax|[1 + Baok(x) (2.3)

and

27

) ar(x) ]
x|z < 81| Ax||z + 5 for all x e R",
[xkll2 < B[ Ax|[2 + B2 NG
(2.4)
where 3, = l%p and 3 = Tf_,o-
Proof. For all x € R™, we have
1%]l1
< 3. 2.5
7o < Iz (25)
It follows from (2.2) and (2.5) that
1%k (|1 [Ax[x | [[xkll + ow(x)
< Xkll2 €7 + 2.6
Tp S el = TR R (26)

which implies that (2.2) holds. It follows from (2.2) and (2.5)
that

laxlh  fxell | ow()
e <
Ixklla < 7 — +p 7k +P\/E
gRLIX
< rllAx]s + plxlls + p ’:/(E) @7)

(2.7) implies that (2.4) holds.
The following property given in [7] is also needed.

Proposition 2.3. Let x” € R™ be an arbitrary vector, T be the
coordinate set of its & largest components in magnitude. Let x*
be the solution of (1.2). x¥. is the vector whose components on
T are the as those of the vector x and vanish on the
complement T¢. The error vector = x* — x" satisfies

1) < Crllellr + Con(x°) (2.8)
where C; = % and Cs = 28—
Proof of Theorem 1.1. Leth = x* — x% Then
| AR < [|AX" ]|z + [|AX°[|> < 2. (2.9)

The set of indices T = {1,2,...,k} is assumed to be the
locations of the & largest coefficients in absolute value of x.
x IS the vector equal to x on the set T and zero elsewhere.
Forh = (hy, ha, ..., hy), we also assume that

‘hk+l‘ > |hk~+2‘ Z.. 2 |hn‘-
Denote
..... ho., 0,...,0)

where 77 = {k +1,...,2k}. The definitions of 7, and T},
j = 2, are similar. Then

[he, [

N

|hr, |2 < Jz2,
which implies
e

Iy
g

> gl <

J=2

It follows from (2.4) and (2.8) that

(2.10)



oi(h)

hyll: < AilAh|z + 3
l[ha, [[2 51| Ahl2 + 52 T
Crl|hr, |1 + Crop(x°
< 28e+ !“H]\/E Bk (x7)
32C;
< 2812 + BaCrllhgy |2 + \2/; K(x). (2.11)
Rearranging (2.11) gives
20, CsfBy  op(x")
h < . 212
Ibnlls < ;=g ame + T g (2.12)

(2.12) together with (2.8) leads to
ox(h) Crllhg, |l + Csor(x")
CoVk|hg, |2 + Csop(x”)

231 CSJSB
1-— ’:)'207 \/_c (1 — 3207

It also follows from (2.4) and (2.8) that

[z

vk
[ [+ + [[hy

vk

20)1:: + JjZHhIU”Z + d2|\@
ai(h)

vk
81’132(1 + C'()) 25‘

=

A

[A

+ Cg) G'k(xo) (213)

IA

251 + B9

[, |2

(ToUTy)®

[FAN

2816 + B

IA

IA

2818 + Bo|lbyy [|2 + B2

(ﬁl +

+ (Cs B2 +

(AN

1= 3207
(2.14)

20533 )Uk(xo)
]_ — ,:9207 \/E ’
The last inequality (2.14) holds by (2.12) and (2.13). Let
r =1, or 2. It follows from (2.3), (2.4), (2.10) and (2.14) that

bl < byl + byl + Y by |
j=2
< k73 by o+ &7 F By o + &7 g
< kTR0 4 kL C0(x0),
(2.15)
where
(14 C7)(1 + 3a)
s =28 (14— T2 :
Cy »1( R BN (2.16)
and
) ) 28:Cy
= Cs(1+ 8y) (14 22228 .
Cy = Cs(1+, 2)( *1_3207) (2.17)

A critical necessary condition for the inequality (2.15) is
1 — B2C7 > 0 which is equal to

1—
l-pa-— HXQJHOC

>0 (2.18)
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Simple calculation shows that (2.18) holds by

as |2
' 1-2p

where [-] is the integer part of a real number.

= 8||x|I%,

Proof of Theorem 1.2. Similarly, let h = x* — x% Then we
have || Ah||; < 2eand

2/ Cy 32 0
h < I 2.19
| T"Hlflfﬁ’z& +173(, op(x").  (2.19)
It follows that
or(h) < Crlhy); + Csor(x”)
25 Cs 32 0
= € : C .
N (1 ~ Gy 8) 7k(x)
(2.20)
Combining (2.19) and (2.20) leads to
by = [[x* =x°|ly = |[hg,|l1 + ox(h) < Cse + Coop(x?),
where
4, 20303,
= L and O = =32 4o 21
g0, o Go=q—p o +6 (22D
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