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 Abstract - Wiener index proposed by Harold Wiener in 1947 is 

a very important topological index which is widely applied in 

chemical research. Gutman et al. extended the Wiener index to 

variable Wiener index. M. H. Liu et al. obtained the maximum 

variable Wiener index of trees with given maximum degree
2

n
 . 

In this paper, we obtained the second largest variable Wiener index 

of trees with given maximum degree 
2

n
  by using the method of 

control variables and computer programming. 

 Index Terms - variable Wiener index, tree, maximum degree 

1.  Introduction 

Let graph ( , )T V E  be a tree with nV , and )(ud , called 

the degree of the vertex u , be the number of the neighbors of  

vertex u  in ( , )T V E . )(T  is denoted as the maximum degree 

of vertices in tree ( , )T V E , and 

nT  be the set of trees with 

maximum degree  and vertices n . As a general rule, let 

1n1 ，K ,
nC ,

nP  be the star, cycle, and path of order n , 

respectively. A caterpillar is a tree denoted by  

1 2 1( , ; , , , )dT n d n n n 
 obtained from a path 

dvvv 10
 by attaching 

)0( ii nn  pendant vertices to vertex ,,2,1( ivi
 )1d .The 

caterpillar )2,,0,0;1,(  nnT  , ;,( nnT  

)2,,0,0,1   and ,2,,0,0;1,(  nnT  )0 denoted 

by ),( nC (see Figure 1), ( , )F n   (see Figure 2) and 

( , )H n  (see Figure 3), respectively. When 1 n , it is the 

graph 
1n1 ，K . When 2 n , the graph is ),( nC . So we 

discuss the second largest variable Wiener index of trees with 

given maximum degree under the condition of 3n   .(see 

Figure right) 

 As early as in 1947[1], Harold Wiener used Wiener index 

denoted as )(GW to calculate the boiling points of paraffin, 

and Wiener himself conceived )(GW  only for acyclic 

molecules, so the formula is followed as 

 
e

enenTW )()()( 21
                (1) 

where )(),(n 21 ene  are the number of vertices on the two 

sides of the edge e  respectively.  

 There are many research about Wiener index[2-3]. Nikolic 

et al.[4] put forward a modified Wiener index defined as 

 

Fig. 1   ),( nC  

 
Fig. 2   ),( nF  

 

Fig. 3   ),( nH  
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e

m enenTW                       (2) 

 Motivated by the analogy between equation (1) and (2), 

Gutman et al.[5] extended the definitions of )(TW  and 

)(TWm  to  



  
e

m enenTW ))()(()( 21
                        (3) 

 )(m TW
 is defined as the variable modified Wiener index of 

T . This index introduce the parameter  , there is research 

show that the optima value of   gives the smallest standard 

error of estimate in the structure-boiling point modelling of 

isomeric octane[6]. The relation between variable Wiener 
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index and internal molecular energy was also studied[7]. I. 

Gutman et al.[5] determined the path has the maximum 

variable Wiener index in trees when 0 . M.H. Liu et al.
[8]

 

obtained the ),( nC  has the maximum variable Wiener index 

of trees with given maximum degree 
2

n
  .  

 In this paper, we obtain the second largest variable Wiener 

index of trees with given maximum degree 
2

n
  by using the 

method of control variables and computer programming. 

2. The Second Largest Variable Wiener Index of Trees 

with Given Maximum Degree 

 In this section, we use the method of control variables and 

computer programming to obtain the conclusion.  

Lemma 2.1[8] If T  is a tree with 
2

n
   in 

nT , then 

)),(()(  nCWTW mm


for 0 , the equality holds if and only 

if ( , ) T C n . 

Lemma 2.2[8] If T  is a tree with 
2

n
   in ),,(),,({\n  nFnCT  

)},( nH , then  ( ) max ( ( , )), ( ( , ))m m mW T W F n W H n      

for 0 .  

Lemma 2.3 (Intermediate value theorem) Let )(xf  be a 

continuous function on the interval ],[ ba  and 0)()(  bfaf , 

then there is a real value ),( ba , such that 0)( f . 

 From the lemma 2.2, it is easy to know that the second 

largest variable Wiener index of trees is the larger one of 

),( nF and ),( nH  for 0 . Now we define the function 

and the equation: )),(()),((),,(  nHWnFWnf mm

  and 

( , , ) 0f n    

 If we find the root  is the only one of the equation, then 

the second largest variable Wiener index can be determined 

easy. By the bisection method we can compute the value of the 

root  , and compare the value )),(( nFWm


of F  and 

)),(( nHWm


of H for brevity, represented in the following 

table: 

TABLE I   Comparison the value of F and H 

),
2

( n
n

  

 

3 n and 13n  ,o

r  

4 n  and 

11213  n  

4 n and 13n , 

or 

4 n and 112n  

)0(   only one root
0  no positive roots 

),,( nf    0),,( nf   

The larger one 

in HF ,  

0   
0   

HF   
HF   HF   

Remark 

 ① When 13n  , there is at most one root corresponding to 

the each variation of , it is very complex, so we don’t 

represent this case. 

②  The root   is variable with the value ,n . The 

research about the root is discussed in other paper.   

 From the table, we can draw conclusions as follows: 

Conclusion 1 When 13n with 4
2

 n
n , or 112n  

with 4 n , ),( nF  has the second largest variable Wiener 

index of trees with given the maximum degree. 

Conclusion 2 When 13n with 3 n , or 11213  n  

with 4 n , ),( nF  has the second largest variable Wiener 

index of trees with given the maximum degree, where   is 

larger than the only one positive root of ( , , ) 0f n   . In 

reverse, ),( nH  has the second larger variable Wiener index 

of trees with given the maximum degree, where   is smaller 

than the only one positive root of ( , , ) 0f n   . 
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