Nonlinear Mathematical Physics 1994, V.1, N 2, 158-189.

Symmetry reduction and exact solutions
of the Navier-Stokes equations. II*

Wilhelm FUSHCHYCH and Roman POPOWYCH,
Institute of Mathematics of the National Ukrainian Academy of Sciences,
Tereshchenkivska Street 3, 252004 Kiev, Ukraina

Received October 10, 1993

*This article is a direct continuation of our paper which was published in the Journal of Nonlinear
Mathematical Physics 1994, V.1, N 1, 75-113.

6 Symmetry properties and exact solutions of system
(3.12)

As was mentioned in Sec. 3, ansatzes (3.4)—(3.7) reduce the NSEs (1.1) to the systems of
PDEs of a similar structure that have the general form (see (3.12)):

lw} —wh + 81+ aw? =0,
wiwi2 — wizi + 89 — apw! + aqw? = 0,

3

i 3 3 —
w'w; — wg; + agw’ + as =0,

-
w; = as,

where a, (n = 1,5) are real parameters.

Setting ap = 0 (k = 2,5) in (6.1), we obtain equations describing a plane convective
flow that is brought about by nonhomogeneous heating of boudaries [25]. In this case
w® are the coordinates of the flow velocity vector, w® is the flow temperature, s is the
pressure, the Grasshoff number A is equal to —aq, and the Prandtl number o is equal to
1. Some similarity solutions of these equations were constructed in [22]. The particular
case of system (6.1) for oy = g = a4 = a5 =0 and a3 =1 was considered in [31].

In this section we study symmetry properties of system (6.1) and construct large sets
of its exact solutions.

Theorem 6.1 The MIA of (6.1) is the algebra
1. B =< 81, 82, 0s > if 041750, Oé47£0.

2. Ey =< 01, 02, Os, Oy — 12205 > if a1 #0, ag =0, (a1, 2,a5) # (0,0,0).
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E3 =< 81, 82, 05, Oys — 12205, D — 3w8ys > if o1 #0, ap =0, k=2,5.
Ey =< 01, 09, 05, J, (W3 4+ a5/as)0ys > if a1 =0, as#0.

Es =< 01, 02, 0s, J, Oy3 > if a1 =a4 =0, (ag,a3) # (0,0), as # 0.

Eg =< 01, 02, Os, J, Oys, w30ys > if a1 =a4=a5=0, (az,a3) # (0,0).
E7 =< 81, 82, 05, J, Oys, D4+ 2u3dys > if a5#0,q=0,1=T1,4.

Ey =< 81, 02, O, J, Oys, D,wdys > if ay=0,n=1,5.

Here D = 2;0; — W0y — 2505, J = 2102 — 2001 + w02 — w0y, 0; = 0.

RS T S

Note 6.1 The bases of the algebras Eg and Eg contain the operator w30,s that is not
induced by elements of A(NS).

Note 6.2 If ay # 0, the constant as can be made to vanish by means of local transfor-
mation

W = w? + as/oy, §=s— alozg)oglzg, (6.2)

where the independent variables and the functions w' are not transformed. Therefore, we
consider below that a5 =0 if ag #0.

Note 6.3 Making the non-local transformation
§=s+aV¥, (6.3)

where W1 = w?, Uy = —w! (such a function ¥ exists in view of the last equation of
(6.1)), in system (6.1) with ag = 0, we obtain a system of form (6.1) with &g = & = 0.
In some cases (a1 # 0, a3 = a4 = a5 =0, ag # 0; a1 = a3 = a4 = 0, ag # 0)
transformation (6.3) allows the symmetry of (6.1) to be extended and non-Lie solutions to
be constructed. Moreover, it means that in the cases listed above system (6.1) is invariant
under the non-local transformation

Gi=e€z, w=ew, 0=e%uwd = Fs+aye *—1)T,

where d=-3 if az=ag=a5=0, a3,a9F#0;
6=2 if a1:a3:a4:0, 042,0457&0,'
6=0 if ar=as=ag=a5=0, ag#0.

Let us consider an ansatz of the form:

wh = arp! — agp® + biwo,
w? = agp! + a19® + bowo,
(6.4)
wd = (,02 + bawo,
s = h+diws+ dowjwar + %dgw%,
where a% + a% =1, w=wi; =a129 — a221, Wy = ai1z1 + asz2, B,b,,d, = const,
bz‘ = Bai, b3(B + Oé4> = 0,
(6.5)

dy = aaB — arbsar, d3 = —B?* — aybsas,
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Table 1: Complete sets of inequivalent one-dimensional subalgebras of the algebras £ — Eg

(a and a; (I = 1,4) are real constants)

Algebra) Subalgebras Values of
parameters
Ey < a101 + ag0s + agds >, < 0 > ai +a3 =1
E, < a101 + ag0y + a3(3w3 — 0412’235) >, a% + a% =1,
<O 4 ag0s >, < Oys — 12205 >, < O > as #0
a% + a% =1,
By | afal a20 t a3(Oys — @12205) >, < O+ ads >, az € {—1;0;1},
<D —3w30,s >, < Oys — a12205 >, < 05 > ag € {—1;1}
o < J+a10s + CLngaws >, < Oy +a10s + a2w38w3 >,
< w30ys + a10s >, < g >
E < J 4+ a105 + a20,3 >, < 03 + a10s + a20,3 >,
5
< Oy +a10s >, < 0 >
< J+a10s + a2w38w3 >, < 0y +a10s + a2w38w3 >, 40
ag )
Eg < J+a185+a38w3 >7<82+a183+a38w3 >, as € {_1;0;1}
< w30ys + a10s >, < Oys + a10s >, < 05 >
~ 39 . as € {_1707 1}7
o < D+aJ+2wdys >, < J+ a10s + a20,3 >, a1 € {~1:0:1}
< Oy 4 a10s + a20,3 >, < Oys + a20s >, < 0s > ifas =0
<D+aJ+ azw30,s >, < D+aJ+ a30y3 >,
s < J 4 a105 + agwdys >, < Oz + a10s + aqw3dys >, | a; € {—1;0;1},
< J 4+ a105 + a20,3 >, < 03 + a10s + 20,3 >, as # 0
< w303 + a10s >, < Oys + a10s >, < 05 >
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Here and below ¢* = ¢p*(w) and h = h(w). Indeed, formulas (6.4) and (6.5) determine a
whole set of ansatzes for system (6.1). This set contains both Lie ansatzes, constructed
by means of subalgebras of the form

< a0 + ag0s + a3(8w3 — 0412233) + a404 >, (6.6)

and non-Lie ansatzes. Equation (6.5) is the necessary and sufficient condition to reduce
(6.1) by means of an ansatz of form (6.3). As a result of reduction we obtain the following
system of ODEs:

<p3g03J - (p}M + ,Ulj(Pj + dy + dow + a2<p3 =0,

P32 — @2, + p2jp’ + a5 =0,

(6.7)
PPl — @b, + ho — 2! + a1arp® = 0,
02 =0,

where (111 = —B, p12 = —aqag, p21 = —bs, poo = —ayq, 0 = ag — B. If 0 = 0, system

(6.7) implies that
©® = Cy = const,
h=as [ (w)dw — ara; [ p?*(w)dw,

and the functions ¢’ satisfy system (4.23), where vy; = di + a2Cy, vo1 = da, V12 = as,
vos = 0. If 0 # 0, then ¢% = ow (translating w, the integration constant can be made to
vanish),

h=—50%" + az [ ¢ (w)dw — ara1 [ *(w)dw,
and the functions satisfy system (4.29), where 111 = dy, v91 = da + @20, V12 = a5, V22 = 0.

Note 6.4 Step-by-step reduction of the NSEs (1.1) by means of ansatzes (3.4)-(3.7) and
(6.4) is equivalent to a particular case of immediate reduction of the NSEs (1.1) to ODEs
by means of ansatzes 5 and 6 from Subsec. 4.1.

Now let us choose such algebras, among the algebras from Table 1, that can be used
to reduce system (6.1) and do not belong to the set of algebras (6.6). By means of the
chosen algebras we construct ansatzes that are tabulated in the form of Table 2.

Substituting the ansatzes from Table 2 into system (6.1), we obtain the reduced systems
of ODEs in the functions ¢* and h:

L 9%l — v — @0 — 9?9 = 2h + arpPsinw + 297, =0,
902903; - %%w + hy — 2@&, + a1<p3 cosw =0,
0?03 — o3, — 3p'p® — 993 =0,

% =0.
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Table 2: Ansatzes reducing system (6.1) (r = (z% + 23)1/2)

N Values Algebra Inva.rlant Ansaty
of «ap variable
a1 # 0, 3 w! = T_2(2'1<,01 _ 22()02)7
L | o =0, < D — 3w30,s > w = arctan% w? = r~2(290" + 210?),
k=25 w? =133, s = r—2h
1_ .1 2 _ 2
9 a1 =0, | < Iy +a10s + a2w38w3 >, o= w3 : 8037(12;20 = 7,
as =0 a2 # 0 w p e
s=h+aiz
wh = 219" — 29772,
= 2 _ 1 —2 2
3 @ =0, < J4+a10s + a28w3 > w=r ’LU3 - 22390 +zr e
as =0 w® = ¢° + az arctanZ?,
s=h+a arctanj—f
w! = zlgol — Z27“72 2,
4] 0= 0, | <J+a10s + aaws0ys > B w? = 2t 4+ 2177202,
Oé5=0 agyé() if Oé4=0 w=r 3 _ 3a2arctani—2
w° = @°e 1,
s=h+a arctani—f
as # 0, : w = arctanz2— | W' =r2(z10" — 2207),
51 =0, < D+ aJ+2w3d,s > —alanI w? = 172290 + 2102),
l=1,4 w? =123, s = r—2h
1 -2 1 2
w =1 (210 — 227,
— — 22 _
6 | =Y <Dtal+adys > w = arctanz2 wz:r32(2’2§01+21cp2),
n=15 —alnr w® = @° +aylnr,
s=1r"2h
- 1 -2 1 2
a,=0,| <D+aJ+awd,s >, | w=arctan2— | W =T (219" — 220°),
7 w z1 w? = r2(z00" + 210?)
n=15 a; #0 —alnr 2¢ 1;'0 J
wd =r1p3 s =r"2h
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2. prol — b, + ap? + hy, =0,

Ol — 2, — o' +a1 =0,

(6.9)
old — @3, + (a2p® + g — ad)® =0,
%{J = Q3.
3. welel — b, + ol —wpPp? — 3wTlpl+
asw 20 +wlh, =0,
wplpl — @, +w el — aw?e! + a1 =0, (6.10)
welpd — o3, + aw™2p? —w el + a5 =0,
20! + wpl = as.
4. welel — oL, + otel —wtprp? — 3w el +
asw 20 +wth, =0,
WGl — ly, +w el — aswp! +a1 =0, (6.11)
weled — @3, + asw 2% — w3 + (o — a3w™?)® =0,
20! + wel = as.
5. (¢ —aph)pl — (1+a?)pl, —o'o' — *? —ahy, —2h =0,
(9 —aph)pZ — (1 +a?)2, — 2(ap? + L) + ho =0,
(6.12)
(©* —ap')pd — (14 a?)@3, + 20'0® — 4¢® + 4ap3 + a5 = 0,
@2 — apl, = 0.
6. (¢* —aph)pl, — (1+a*)p,, — ¢'e' — ¢*¢® —ah, — 2h =0,
(* —ap")p? — (14 a®)@2, — 2(ap? + L) + ho =0,
(6.13)

(p* —ap")pl — (1+a®)@l, +a19' =0,

% —apy, =0.
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7. (@ —apl)p, — (14 a®)pu, —'e! — ¢*0® —ahy, — 20 =0,
(p* —ap")p? — (14 a®)p2, — 2(ap? + L) + hy =0,
(6.14)
(9* —ap")pl — (1+a®)gl, + a19'©® — af@® + 200193 = 0,

@2 — apl, = 0.

Numeration of reduced systems (6.8)—(6.14) corresponds to that of the ansatzes in
Table 2. Let us integrate systems (6.8)—(6.14) in such cases when it is possible. Below, in
this section, Cy, = const (k =1,6).

1. We failed to integrate system (6.8) in the general case, but we managed to find the
following particular solutions:

a) o' = —6p(w+ Cs, %(4 —2C4),C9) — 2,
e =p3=0, h=20"+0C;
b) ¢! = —6CFe@1@p(e“1* 4 C3,0,Cy) + 3CF — 2,
©* =501, ¢*=0,
h = —1207e*1@p(e“1% + C3,0,C,) — 2 — B CF — 301,
c) pl=0C1, *=0y ¢*=0, h= —%(C’lz + C3).
Here (7, 51, 52) is the Weierstrass function that satisfies the equation (see [19]):

()% = 49" — 519 — 5. (6.15)

2. If az = 0, the last equation of (6.9) implies that ¢! = C. It follows from the other
equations of (6.9) that

0% = C3 4 Coel1v — (a10;1 — ag)w,
h = Cs — asCaw — asCyCy1eC1¥ + %ag(al(]l_l — ag)w?
it C1#0, and
0% = C3 + Cow + %ale,
h=Cg— asCsw — %06202002 - %O&lewS
if C; = 0. The function ¢? satisfies the equation
Pl — C10) + (a5 — g — agp®)p” = 0. (6.16)

We solve equation (6.16) for the following cases:
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A. CQ = al —05201 =0:
e%clw(ale“l/% + C5e_“1/2“’), >0,

903 = 6%01“}(04 + Csw), w=0,

e%Cl“’(C’4 cos((—p)2w) + Cssin((—p)/?w)), 1 <0,
where p = iC’IQ —a% + oy + axCs.
B.Ci=a; =0, Cy #0 ([19]):
p? = €127, 15(5(—a2Cr) /2E3/2),

where ¢ = w + (C3az — a3 — ay)/(a2C2). Here Z,(7) is the general solution of the Bessel
equation (4.22).

C.C1=0, a1 #0 ([19]):

03 = (w+ Cgal_l)_l/2W(V, i, (%alag)_lﬂ(w + Cgal_l)z),

where v = %(%alag)_lﬂ(a% — g — aCs + %agCgafl). Here W (s, 11, 7) is the general
solution of the Whittaker equation (4.21).

D. Cl 75 0, CQ 75 0, ay — 01201 =0 ([19])2
% = e%CWZl,(QCl_l(—a202)1/2e%01“’),

where v = C71(C? + 4(ay + a203 — a%))l/Q. Here Z,(7) is the general solution of the
Bessel equation (4.22).

E. Cl 75 0, al — a201 75 O, CQ =0 ([19])!
1 —
F = 2D 27, (3 (aa (@O — ) P€3?),
where ¢ = w+ (a3 —1CF —Csan —ay)/(az(a1C ' —aw)). Here Z,(7) is the general solution
of the Bessel equation (4.22).

If a3 # 0, then ¢! = asw (translating w, the integration constant can be made to
vanish),

1 2 1 2 _1 2
©? =C1 + Cy [e2% dw + ay [e23¥ (fe ik dw)dw+a2w,
1 2 -1 1 2
h=Cs— (o} + ad)w® — axCrw — a0y (wfe2°‘3“" dw — agzteasw )—
1 2 _1 2 _ 1 2 _1 2 —
a2a1<wfe2°‘3“’ (f e 299 dw)dw — ag 'e2%3%” [ e 299 dy + aj 1w),

and the function ¢? satisfies the equation

0l — aswpl + (a3 — ay — agp®)p® = 0. (6.17)
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We managed to find a solution of (6.17) only for the case a; = Cy =0, i.e.,

©® = e%%“’zV(aéﬂ(w + 2az02057), V),
where v = 4ag ! (ay + a0y — a3(a3az? + 1)). Here V(7,v) is the general solution of the

Weber equation

AVpr = (T2 + )V (6.18)
3. The general solution of system (6.10) has the form:
p! = Clw™? + ja3, (6.19)
902 = Oy 4 Oy wa&-i-leia?,wzdw _ %a2w2+
(6.20)
ay fw'clﬂeia?’“’2 (f wfclfle_i"“*’“ﬂdw) dw,
03 =04+ Cs fwcl_le%a‘"’“ﬁdw—f—
[wCiletosw’ (f wl=Crem1999% (5 azw_Q@Q)dw) dw,
h=Cs— ta3w? — 103w ™2 + [(¥?(w))*w3dw — ag [ w™ ¢ (w)dw. (6.21)

4. System (6.11) implies that the functions ¢* and h are determined by (6.19)-(6.21),
and the function ¢? satisfies the equation

3= (Cr—Dw ™+ Lasw)? + (asw™2(as—¢?) — au)p® = 0. (6.22)
We managed to solve equation (6.22) in following cases:
A.C3=a1=0, ag #0:
Cr—1  Loaw?

3_ % 1 2
pT =w?2 €s W(}f?:ualo@w )7

where = 1(2—C1 — (4ay + 2a9a9)az ), p= 1(C? —4a} + 4ayCy)Y2. Here W (¢, i, 7)
is the general solution of the Whittaker equation (4.21).
Let as = 0, then

Co+C3lnw + %(al + 209)w?, C1 = -2,
<,02 =<{ Cy+ %Cguﬂ + %aluﬂ(lnw — %), Ci =0,
Cy + 03(01 + 2)_1w01+2 — %C’fl(al — agcl)w2, C1 #0,-2.

B. Cg = al —OéQC1 =0:
Wi Z, (ut2w), 0,

¢ =1 Wi (Csw” + Cow™), =0, #0, (6.23)

W%CI(C5+061HCU), uw=0,v=0,
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where p = —au, v = 3(C} —4ad3 +4a3C9)'/2. Here and below Z,(7) is the general solution
of the Bessel equation (4.22).

C.C3=0, C1 #0: ¢ is determined by (6.23), where
W= %agCl_l(al —agCy) —ay, v= %(012 — 4a3 + 4a202)1/2.
D.C; =a; =0: ¢?is determined by (6.23), where
W= —%GQCg —ay, v=(-a3+ a202)1/2.
E.C3#0, C1 €{0;-2}, as(a; — aeCy) — 2a4C1 = 0:
P = w1 Z, ('),
where p = 2031/2(01 +2)732 v =(C1 4+ 2)"H(CF — 443 + 4asCy) /2.
F.Cy =-2, C3#0, as(ar + 2a2) + 4aq = 0 ([19]):
o* = wlg12 253056,
where & = Inw + C3 (a3 — axCy — 1).
G.C1=2, C3<0, 1—a2+ayCy > 0:
% =W (o 1, 5(=C3)20?),

where s = L1(—C3)7Y2(—day+ad —2a0a2), p=3(1—a3+axCs)"2 Here W (s, pu, 7)
is the general solution of the Whittaker equation (4.21).

5-7. Identical corollaries of system (6.12), (6.13), and (6.14) are the equations

p? = ap' +C, (6.24)
h=a(l+a®)pl + (2 +2a% — aCy)p' + Co, (6.25)
(1+ a®) g+ (4a—Cr)py, + 9 o' +40'+ (1 + a®)7(CF +2C2) =0. (6.26)

We found the following solutions of (6.26):

A Tf (14 a?)7HCF +2C) < 4

ol =(4—(14a®) 1(C?+20)? - 2. (6.27)
B. If ¢ = 4a:
v =0 ((1+a2)1/2 + 3 3(1+4a?)”’ Cs) =2 (6.28)

Here and below @(7, 1, 22) is the Weierstrass function satisfying equation (6.15). If
Cy =2 —6a% and O3 =0, a particular case of (6.28) is the function

o' = —6(1 +a?)w? — 2 (6.29)
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(the constant Cjy is considered to vanish).
C.If C1 #4a, (1+a®) 1 (C?+2Cy) —4=—-9u*:
o' = —6pce Ep(e™t + Cy,0,C3) + 3u? — 2, (6.30)

where € = (1 +a®) Y2uw, p= 1(da—Cy)(1 + a®)71/2. If C3 =0, a paticular case of
(6.30) is the function

o' = —6pPe (e + Cy) 2+ 3% -2, (6.31)

where the constant Cj is considered not to vanish.
The function 3 has to be found for systems (6.12), (6.13), and (6.14) individually.

5. The function ¢? satisfy the equation
(1+a*)@l, — (C1+4a)g) — (20" = 4)9” — a5 = 0.
If ! is determined by (6.27), we obtain

P = exp(3(1+a®) 7 (C1 +da)w):

Cs exp(v'/?w) + Cg exp(—v'/?w), v>0
Cs cos((—v)Y2w) + Cosin((—v)Y?w), v <0 ¢+
Cs + Cew, v=0

—as5(20" —4)71, 201 =4 #0
—as(4a+Cy)"tw, 201 —4=0, Ci1+4a#0 ,,
Jas(1+a?)7lw?, 20! —4=0, Ci+4a=0
where v = (1 +a?)72(C1 +4a)? — (1 +a?) 71 (4 — 2¢").
6. In this case ¢ satisfy the equation
(1+a*)@iy, — C1) = a1y’

Therefore,

@3 = C5 4 Cgexp((1 4+ a?)"'Ciw) + a1 C7* (f o (w)dw+

exp((1+ ) ~1C1w) [ exp(—(1 4 a2) "1 Chw)p! (w)dw)
for C7 # 0, and
p? = Cs5+ Cow + ar(1+a”) "Hw [ ¢! (w)dw — [ we' (w)dw)
for C; = 0.
7. The function ¢? satisfy the equation

(1+a?)ply, — (C1 + 2a10)¢], + (af — ar9')® = 0. (6.32)
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A. If ¢! is determined by (6.27), it follows that

03 = exp(%(l +a?)7YCOy + 2a10)w)-

Cs exp(v'/?w) + Cg exp(—v/?w), v>0
Cs cos((—v)?w) + Cgsin((—v)2w), v <0 ¢,
Cs + Cew, v=0

where v = (1 +a?)7%(C1 + 2a1a)* — (1 + a®) 71 (a} — ar9").
B. If Cy = 4a, that is, ¢! is determined by (6.27), we obtain
©® = exp(a(a; +2)(1 +a*)"'w)o(7),

where 7 = (1+a?)~ 2w+ Cy. Here the function § = (1) is the general solution of of the
following Lame equation ([19]):

0,7 + (6a19(T) + a3 +2a1 — a*(2 +a1)*(1 +a*)"1)0 =0
with the Weierstrass function
p(r) = o(7, 5(4 = (1 +a*)71(CF +2C1)), C3).

Consider the particular case when Cy = 2 — 6a? and C3 = 0 additionally, i.e., ¢!
can be given in form (6.29). Depending on the values of a and a1, we obtain the following
expression for ¢

Case 1. a1 # —2, a1 # 2a*:

903 — |w]1/2exp <(I(2—|—(Il)w> Z, <((2 + al)((ll _ 2a2))1/2w> |

1+ a? 1+ a2
where v = (1 — 6a1)/2.
Case 2. a1 = —2: 3 = Csw? + Cew™3.
Case 3. a1 = 2a2:

Case 3.1. 48a% < 1:  ¢° = |w|Y/2e2% (C5w” + Cow ™),
where o = /1 — 48a2.

Case 3.2. 48a% =1, that is, a = £5V3:  ¢* = lw|2(C5 4 Cs Inw).

Case 3.3. 48a% > 1: % = |w|/2e2%(C5 cos(y Inw) + Cg sin(yInw)),
where v = %\/48a2 — 1.

C. Let the conditions
Ci #4a, (1+a*)"1(C] +2Cy) —4=—9u*

be satisfied, that is, let ! be determined by (6.30). Transforming the variables in equation
(6.32) by the formulas:

03 = 172 eXp(%(Cl + 2aa1)(1 + a2)*1w)9(7'),
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7= exp(—pu(l +a*) " w),
we obtain the following equation in the function § = 6(7):
720, + (6a17%p(1 + C4,0,C3) + 0)0 = 0, (6.33)

where o = p~2(a? 4 2a1 — 3(1 + a®)71(C} + 2aa1)?) — 3a1 + 1. If 0 = 0, equation (6.33)
is a Lame equation.
In the particular case when ¢! is determined by (6.31), equation (6.33) has the form:

721 + C1)%0,7 + (60172 + (T + C1)*)0 = 0. (6.34)
By means of the following transformation of variables:

0 =[¢l"|e—1w(E), &=-Cp'r,

where vi(v; —1)+0 =0 and va(re — 1) 4+ 6a; = 0, equation (6.34) is reduced to a
hypergeometric equation of the form (see [19]):

E(& — Dhee + (2(v1 + 12)§ — 2v1)1pe + 201129 = 0.
If 0 =0, equation (6.34) implies that

(T4 04)QHTT + 6a10 = 0.
Therefore,

0= C5‘T+C4|1/27V + Cs|m + 04‘1/2+V

if a1 < 5y, where v = (1 —6a1)¥/2,

0 = |7+ Cy|"2(Cs + Cs In |7 + C4l)

if alzi, and

6 = |r + Cu["/*(C5 cos(vIn|r + Cal) + G sin(v In|r + Cy)

if a1 > 5, where v = (6a; — i)l/%

7  Exact solutions of system (2.9)

Among the reduced systems from Sec. 2, only particular cases of system (2.9) have Lie
symmetry operators that are not induced by elements from A(N.S). Therefore, Lie reduc-
tions of the other systems from Sec. 2 give only solutions that can be obtained by means
of reducing the NSEs with two- and three-dimensional subalgebras of A(N.S).

Here we consider system (2.9) with p° vanishing. As mentioned in Note 2.5, in this
case the vector-function m has the form m = n(t)é, where & = const, |€] = 1, and
n=n(t) = |m(t)] # 0. Without loss of generality we can assume that €= (0,0, 1), i.e.,

For such vector 7, conditions (2.5) are satisfied by the following vector 7i‘:

il = (1,0,0), @%=(0,1,0).
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Therefore, ansatz (2.4) and system (2.9) can be written, respectively, in the forms:

ul =0l =0 W= (1) (0 + m()as),

(7.1)
p=q—3nu®)(n(t) a3,
where v =v(y1,92,93), ¢=q(Y1,y2,Y3); Y¥i =i, ys=1,and
v + 00l — vl 4 ¢ =0,
v+ Uj’()? — v?j =0, (7.2)
vi+p* =0,

where p* = p?(t) = n:/1.

It was shown in Note 2.8 that there exists a local transformation which make p* vanish.
Therefore, we can consider system (7.2) only with p? vanishing and extend the obtained
results in the case p3 # 0 by means of transformation (2.12). However it will be sometimes
convenient to investigate, at once, system (7.2) with an arbitrary function p3.

The MIA of (7.2) with p = 0 is given by the algebra

B =< R3(¢), Z'(\), D3, 0y, Jiy, Oy, v30,s >

(see notations in Subsec. 2.1). We construct complete sets of inequivalent one-dimensional

subalgebras of B and choose such algebras, among these subalgebras, that can be used

to reduce system (7.2) and do not lie in the linear span of the operators R3(1), Z'()\),

Jiy, i.e., the operators which are induced by operators from A(NS) for arbitrary p3. As

a result we obtain the following algebras (more exactly, the following classes of algebras):
The one-dimentional subalgebras:

1. B} =< D} + 25cJy + 29030,3 + 230,3 >, where 73 = 0.

2. BY =< 0y + sJ ]y + 030,35 + 0,3 >, where 73 =0, » € {0;1}.

3. B =< Jiy +yv30,5 + Z1(A(t)) >, where v # 0, A € C®((to,t1),R).

1. B} =< Ra(§(6)+70°0,s >, where y £ 0, §(t) = (¥(6), 6(1)) £ (0,0) ¥t € (to, 1),
¥ € C((to, t1), R).

The two-dimentional subalgebras:

1. B} =< 0 + 20,3, D3 + »Jiy + 4030, + (10,5 >, where y31 =0, (v —2)B2 = 0.

2. B =< D+ 270308 + 26103, Jip + 12030, + (20,5 + Z1(e]t| ') >, where
Y161 =0, 12f2 =0, 1182 — 7261 = 0.

3. B3 =< DY+ 2:0J}y+2710%0,5 + 20103, Rs([t|7t/2 cos T, [t|7 /2 sin ) + 79030, +
B20ys + Z(e|t|”™1) >, where T = xInlt|, (1 +0)B1— 12081 =0, 072 =0, co = 0.

4. B =< 0y + M1v30,8 + B10,3, Jip + 12030, + P20y + Z1(e) >, where 7181 = 0,

Y202 =0, 1102 — 201 = 0.
5. B2 =< Oy + sJiy + 71030, + 10,3, R3(et cos s, et sin st) + Z1(ce7) + yov30,3+
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(20,3 >, where (y1+0)B1 — 1201 =0, 072 =0, 0 =0.
6. B§ =< R3(4p") +7v°0ys, R3(1h?) >, where ¢ = (¥*1(1), 9™ (t)) # (0,0) Vt € (to, t1),
Y7 € C%((to, t1),R), Yy - ¥® — ' =0, v # 0. Hereafter ¢! - 92 := plyp*.
Let us reduce system (7.2) to systems of PDEs in two independent variables. With the

algebras Bi B} we can construct the following complete set of Lie ansatzes of codimension
1 for system (7.2) with p? = 0:

1. ol= |t|_1/2(w1 cosT — w? sinT) + %ylt_l — seyot ™1,

v? = [t 2(whsinT + w?cosT) + Lyot 7! + st

(7.3)
v’ = [t w® + Blnt],
g =t + 5067+ Pt
where 7= xIn|t|, v5 =0,
21 =t (g1 cosT + yasinT), 29 = [¢| /2 (—y1 sinT + y2 cos 7).
Here and below w® = w®(zy, z2), s = s(z1,29), = (y +y3)"/2.
2. vl =w! cos st — w?sin st — sy,
v? = w! sin st + w? cos st + sy,
(7.4)
v3 = w3’ 4 B,
q =S+ %%27“2,
where » € {0;1}, 78 =0,
21 = y1cosxt + yasinst, 29 = —yi sin »t + Yo COS t.
3. vl =yrlw® — yor~?w! — yyer?,
v? = yor~tw? + yrr 2wt 4y,
(7.5)

V3 = w2evarctany/y;.
q =s+ A(t)arctanys/y1,
where 21 =t, zo0=7r, 7v#0, A € C®((to,t1),R).
400 =@ 0) (W + )P+ W+ (- 5 — 200,
o = wexp(y(@ - 0) " (@ - 7)) (7.6)

Where z1 = t, 2 = (égj), Y 7& 0, v = (Ul,’UQ), Yy = (ylay2)v djz € COO((thtl)aR)’
0 = <_1/}27¢1)'
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Substituting ansatzes (7.3) and (7.4) into system (7.2) with p® = 0, we obtain a reduced
system of the form (6.1), where

a1 =0, aw=-1, a3=-23% aqs=7v, as=0F if t>0 and
a1 =0, aw=1, a3=2x aqi=-—y, az=-0 if t<0

for ansatz (7.3) and
a1 =0, aa=0, az=-23% wo=7v, as=p

for ansatz (7.4). System (6.1) is investigated in Sec. 6 in detail.

Because the form of ansatzes (7.3) is not changed after transformation (2.12), it is
convinient to substitute their into a system of form (7.2) with an arbitrary function p3.
As a result of substituting, we obtain the following reduced systems:

3. wi+wdwi — zy (w +79)? - (w§2+22_1w§’—22_2w3)+8220,

—1
wi + w3wd — wly + 25wl + A =0,

(7.7)
W g — w, — 2 + vz Pt =0,
wd+ 2510 = /.
4. wi+ wiwy — (Y- Plwl, =

wi +wlwd — (- )wdy + (V- )2 + 2w +9) (- 0) (- P) 7 -

2(¢ - ) (W - ) T+ (20 - by — Yy - ) (P - ) T 2 = 0, (7.8)
wi +wiwd — (- Pwdy, + (0 P)Hw' + (e 0)(1 - )T a)w? =0,
w3 + m/n = 0.

Unlike systems 8 and 9 from Subsec. 3.2, systems (7.7) and (7.8) are not reduced to linear
systems of PDEs.
Let us investigate system (7.7). The last equation of (7.7) immediately gives

(W3 + 25 'w?)g = wiy + 25 'wd — 252w =0, wd=(x—1)z "' - smn "tz (7.9)

where x = x(t) is an arbitrary differentiable function of ¢ = z5. Then it follows from the
first equation of (7.7) that

5= [ 2w+ 9)2dz — F0c= 122 + 123 (e /m)e — §0ne/m)2) = xen 2],
Substituting (7.9) into the remaining equations of (7.7), we get

wl —wly + (xz5 " — tmnta2)wl + A =0,

(7.10)
wi —wdy + ((x = 223" = gmen~ " 22)wd + 725 whw? = 0.

By means of changing the independent variables

T=[In()ldt, == |n(t)]'z, (7.11)
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system (7.10) can be transformed to a system of a simpler form:

wl —wl, + xzw? + A7t =0, 1)

w? — w2, + (X — 2)z7 ' w? + vz 2wlw? = 0,

where 7(7) = n(t), (1) = x(t), and A(7) = A(t).
If A(t) = —2Cn(t)(x(t) — 1) for some fixed constant C, particular solutions of (7.10)
are functions

wh = Cn(t)23, w?= f(z,2)exp(yC [n(t)dt),

where f is an arbitrary solution of the following equation

fr = fo2 + ((x = 2)z3 " — gmen ' 22) fo = 0. (7.13)
In the variables from (7.11), equation (7. 13) has form (5.22) with 7(7) = x(¢) — 2.
In the case A(t) = 8C(x( (t) [n(t —3)dt (C = const), particular solutions

of (7.10) are functions

wh = C((n(8)224 — 423n(2) [ () (x(t) - 3)dt),
w? = f(z1,22) exp(3(vO)/2n(t)3 + £(1)),
where £(t) = —(YC)V2 [ (t)(x(t) = 3)dt + 49C [ n(t)([ n(t)(x(t) — 3)dt)dt and f is an

arbitrary solution of the following equation

fi= o+ ((x = 2)z5" — (gnen™" +2(7C)?)z2) fo = 0. (7.14)
After the change of the independent variables

7= [ () exp(4(yC)? [n(t)dt)dt, == [n(t)]'/* exp(2(vC)"/? [(t)dt)z2

n (7.14), we obtain equation (5.22) with 7(7) = x(¢) — 2 again.
Let us continue to system (7.8). The last equation of (7.8) integrates with respect to
23 to the following expression: w3 = —mn~'zo + x. Here x = x(t) is an differentiable

function of z; = y3 = ¢. Let us make the transformation from the symmetry group of (7.2):
0(t,g) = 0(t,g — E() +&(t), =2, G(t,5) = q(t, g — &) — Eult) - 7,

where &9 — &y =0 and
E -0+ x+mn ' (€-0) — [P 7E- )W - 0) + [ (€ 0)(0: - ) = 0.

Hereafter |1|? = 1 - 9. Th1s transformation does not modify ansatz (7.6), but it makes
the function y vanish, i. e W3 = —myn~129. Therefore, without loss of generality we may
assume, at once, that w3 = = —nM 1z,

Substituting the expression for w3 in the other equations of (7.8), we obtain that
s = 23| ~2 ((%@Ztt ) =y — (e D) W72+ 277tt77_1 - (m)Qn_Q)*
200 - )] 72 [w' (21, 22)dza,



SYMMETRY REDUCTION AND EXACT SOLUTIONS 175

w% —mn 122w2 |¢]2w22 =0,

wf =~ zgwd — [PPw3y + P12 (2(de - )] a2 + whw? = 0. )
The change of the independent variables
T = [(n®))?dt,  z=n(t)z
reduces system (7.15) to the following form:
wl—wl =0,
(7.16)
w? = w?, + |02 20, - 0z + whw? =0,
where 1)(r) = $(t), 0(r) = 0(t), i(r) = n(0).
Particular solutions of (7.15) are the functions
wh = C1+ Con(t)z + Ca(3(0(t)22)* + [ (n(1)]0])*dt),
w? = f(t, 22) exp(€(t)2F + € (t)22 + £°(1)),
where (£2(t),£%(t),£%(¢)) is a particular solution of the system of ODEs:
& — 2~ — 4[P*(€2)* + T3P 72 = 0,
& —nen '€ — AWPEE + 2y(dhy - O)[P| ! + Coyml| 7 =
& =21 — [P(€1)? +7(Cr + Cs [(n(t)[])2dt) || > = 0,
and f is an arbitrary solution of the following equation
— [0 faz + ((nen™" + 4[01?€%) 22 + 2|0 PE") fo = 0. (7.17)

Equation (7.17) is reduced by means of a local transformation of the independent variables
to the heat equation.

Consider the Lie reductions of system (7.2) to systems of ODEs. The second basis
operator of the each algebra BZ, k = 1,5 induces, for the reduced system obtained from
system (7.2) by means of the first basis operator, either a Lie symmetry operator from
Table 2 or a operator giving a ansatz of form (6.4). Therefore, the Lie reduction of system
(7.2) with the algebras B? — B2 gives only solutions that can be constructed for system
(7.2) by means of reducing with the algebras Bj and Bj to system (6.1).

With the algebra B we obtain an ansatz and a reduced system of the following forms:

v=0+ A0 -y)i, vP =P exp(yA(6' - 7)),
s=h— A (WU} - 5)(0" - ),

where ¢% = ¢*(w), h = h(w), w =1t A=¢g2—gg =gl gl = 32 P,
él = (w221 _w21)7 52 = (_w12>w11)7 and

G AT DT =0, G+ NG 6) = A6 =0,
A@ ) e =

(7.18)

(7.19)
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Let us make the transformation from the symmetry group of system (7.2):
0ty =0t,g—&+& Tty =58, 5ty =st,5-8 & 7,

where
&+A10 - Y+ =0. (7.20)

It follows from (7.20) that &; = A=1(0° - &)y, ie., 0f -& — 0" & = 0. Therefore, this
trasformation does not modify ansatz (7.18), but it makes the functions ¢* vanish. And
without loss of generality we may assume, at once, that ¢* = 0. Then

¢ = Cexp((yA71[0])%dt), C = const.

The last equation of system (7.19) is the compatibility condition of system (7.2) and ansatz
(7.18).

8 Conclusion

In this article we reduced the NSEs to systems of PDEs in three and two independent
variables and systems of ODEs by means of the Lie method. Then, we investigated
symmetry properties of the reduced systems of PDEs and made Lie reductions of systems
which admitted non-trivial symmetry operators, i.e., operators that are not induced by
operators from A(NS). Some of the systems in two independent variables were reduced to
linear systems of either two one-dimensional heat equations or two translational equations.
We also managed to find exact solutions for most of the reduced systems of ODEs.

Now, let us give some remaining problems. Firstly, we failed, for the present, to
describe the non-Lie ansatzes of form 1.6 that reduce the NSEs. (These ansatzes include,
for example, the well-known ansatzes for the Karman swirling flows (see bibliography in
[16]). One can also consider non-local ansatzes for the Navier-Stokes field, i.e., ansatzes
containing derivatives of new unknown functions.

Second problem is to study non-Lie (i.e., non-local, conditional, and Q-conditional)
symmetries of the NSEs [13].

And finally, it would be interesting to investigate compatability and to construct exact
solutions of overdetermined systems that are obtained from the NSEs by means of different
additional conditions. Usually one uses the condition where the nonlinearity has a simple
form, for example, the potential form (sce review [36]), i.e., rot((@-V)@) = 0 (the NS fields
satisfying this condition is called the generalized Beltrami flows). We managed to describe
the general solution of the NSEs with the additional condition where the convective terms
vanish [29, 30]. But one can give other conditions, for example,

AT=0, @+ (@ -V)i=0,

and so on.
We will consider the problems above elsewhere.
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Appendix

A Inequivalent one-, two-, and three-dimensional subal-
gebras of A(NS)

To find complete sets of inequivalent subalgebras of A(IN.S), we use the method given, for
example, in [27, 28]. Let us describe it briefly.

1. We find the commutation relations between the basis elements of A(NS).

2. For arbitrary basis elements V, W° of A(NS) and each ¢ € R we calculate the
adjoint action

Wi(e) = Ad(eV)W° = Ad(exp(eV))W°

of the element exp(¢V) from the one-parameter group generated by the operator V' on
W?Y. This calculation can be made in two ways: either by means of summing the Lie series

e o £ g2
W(e) = Zﬂ{v WO = WO SV SV VW (A1)

where {VO, WO} = WO {vn WO} = [V,{V" 1, WY}, or directly by means of solving the
initial value problem

dW (e)
de

=[V,W(e)], W(0)=Ww" (A.2)

3. We take a subalgebra of a general form with a fixed dimension. Taking into account
that the subalgebra is closed under the Lie bracket, we try to simplify it by means of
adjoint actions as much as possible.

A.1 The commutation relations and the adjoint representation of the
algebra A(NS)

Basis elements (1.2) of A(NS) satisfy the following commutation relations:
[Ji2, Jos] = —Js1,  [J2s, Ja1] = =i, [Js1, Ji2] = —Jas,
[0ty Jap) = [D, Jap) =0, [0, D] = 20,
[0r, R(m)] = R(my),  [D, R(m)] = R(2tm, — ),
(A.3)
[0, Z()] = Z(xe),  [D,Z(X)] = Z(2tx¢ + 2x),
[R(m), R(7)] = Z (e - 70 — - 7ige), [ Jap, R(M)] = R(m),
[Jav, Z0X)] = [2(x), B(m)] = [Z(x), Z(n)] = 0,

where m® =m?, Ml =—-m? Wmc=0, a#b#c#a.
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Note A.1 Relations (A.3) imply that the set of operators (1.2) generates an algebra when,
for example, the parameter-functions m® and x belong to C*°((to,t1),R) (C5°((to,t1),R),
A((to,t1),R)), i.e., the set of infinite-differentiable (infinite-differentiable finite, real an-
alytic) functions from (to,t1) in R, where —oo < tg < t; < +oo. But the NSEs (1.1)
admit operators (1.3) and (1.4) with parameter-functions of a less degree of smooth-
ness. Moreover, the minimal degree of their smoothness depends on the smoothness that
is demanded for the solutions of the NSEs (1.1). Thus, if u® € C%*((to,t1) x ,R)
and p € CY((to,t1) x Q,R), where Q is a domain in R®, then it is sufficient that
m® € C3((to,t1),R) and x € CY((to,t1),R). Therefore, one can consider the “pseu-
doalgebra” generated by operators (1.2). The prefiz "pseudo-" means that in this set of
operators the commutation operation is not determined for all pairs of its elements, and
the algebra axioms are satisfied only by elements, where they are defined. It is better to
indicate the functional classes that are sets of values for the parameters m® and x in
the notation of the algebra A(NS). But below, for simplicity, we fix these classes, taking
m?, x € C*((to,t1),R), and keep the notation of the algebra generated by operators (1.2)
in the form A(NS). However, all calculations will be made in such a way that they can
be translated for the case of a less degree of smoothness.

Most of the adjoint actions are calculated simply as sums of their Lie series. Thus,

Ad(e0y)D = D 4 2¢0;, Ad(eD)d; = e %0,
Ad(eZ(x))0y = O —eZ(x1), Ad(eZ(x))D = D —eZ(2txs + 2x),

Ad(eR(m))0, = 0y — eR(Miy) — 22 Z (1 - Wiy — 1 - gy,

Ad(eR(m))D = D — R (2tr, — 11t)—
(A.4)

%52Z(2tmt . ’rﬁtt — 2tm - mttt —4m - T?Ltt),
Ad(eR())Jap = Jap — eR(10) + £2Z(m®mb, — m&mb),
Ad(eR())R(7) = R(R) + eZ (1 - 7t — 11 - i), Ad(eJup) R() = R(17),

Ad(edyp)Jeq = Jeqcose + [Jap, Jeg| sine  ((a,b) # (¢, d) # (b, a)),
where
m*=m’, mP=-m® m=0, a#b#c+#a,

me =mlcose +misine, m¢=mc, a#b#c#a, dec{ab}.

Four adjoint actions are better found by means of integrating a system of form (A.2). As

a result we obtain that
Ad(e9)Z(x(t)) =Z(x(t +¢)), Ad(eD)Z(x(t)) =Z(e*x(te*)), (A5)
Ad(e0)) R(m(t))=R(mi(t +¢)), Ad(eD)R(m(t))=R(e m(te*)). .

Cases where adjoint actions coincide with the identical mapping are omitted.
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Note A.2 If Z(x(t)) € A(NS)[C>™((to,t1),R)] with —oco < to or t; < 400, the ad-
joint representation Ad(ed;) (Ad(eD)) gives an equivalence relation between the operators
Z(x(t) and Z(x(t+¢€)) (Z(x(t)) and Z(e*x(te*))) that belong to the different algebras

A(NS)[C*™((to,t1),R)] and A(NS)[C>®((to —e,t1 —¢€),R)]
(A(NS)[C™((to,t1),R)] and A(NS)[C®((toe2¢,t1e7%),R)])

respectively. An analogous statement is true for the operator R(m). Equivalence of subal-
gebras in Theorems A.1 and A.2 is also meant in this sense.

Note A.3 Besides the adjoint representations of operators (1.2) we make use of discrete
transformation (1.6) for classifying the subalgebras of A(NS),

To prove the theorem of this section, the following obvious lemma is used.

Lemma A.1 Let N € N.
A. If x € ON((to,t1),R), then In € CN((to,t1),R): 2tn; + 21 = x.
B. If x € CN((to,t1),R), then 3In € CN((tg,t1),R): 2t —n = X.
C. If m* € CN((to,t1),R) and a € R, then JI' € CN((tg,t1),R):

otly — 1" +al* =mt', 2 —1* —al' = m?

A.2  One-dimensional subalgebras

Theorem A.1 A complete set of A(NS)-inequivalent one-dimensional subalgebras of
A(NS) is exhausted by the following algebras:

1. Al(50) =< D + 2s¢J12 >, where x> 0.
2. AY() =< O + »J12 >, where »x € {0;1}.

3. A(n,x) =< Ji2+R(0,0,1(t))+Z(x(t)) > with smooth functions n and x. Algebras
Al(n,x) and AL(71,X) are equivalent if Je,6 € R, IX € C®((to,t1),R):

i(f) =e*n(t), X&) = e (x(t) + Au(t)n(t) — A(t)mex (1)), (A.6)
where t = te 2 + 6.

4. AL(m, x) =< R(m(t))+Z(x(t)) > with smooth functions . and x: (7, x) # (0,0).
Algebras Al(m,x) and Al(m,X) are equivalent if 3e,6 € R, 3IC #0, IB € O(3),
3l € C>((tg,t1),R3):

m(f) = CeBin(t), X(F) = Ce® (x(t) + lu(t) - 7(t) — Mhas(t) - U(1)), (A.7)

where t = te™2%€ 4+ 4.
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Proof Consider an arbitrary one-dimensional subalgebra generated by
V =a1D + a20; + agJi2 + asJog + asJz1 + R(m) + Z(x).

The coefficients a4 and a5 are omitted below since they always can be made to vanish by
means of the adjoint representations Ad(e1J12) and Ad(e2J31).

If a1 # 0 we get a1 = 1 by means of a change of basis. Next, step-by-step we make as,
m, and x vanish by means of the adjoint representations Ad(—%agaflat), Ad(R(1)), and
Ad(Z(x)), where

fE C>((to + %agafl,tl + %agafl),R3)7 neC>®((ty + %agafl,tl + %agafl),R),

and l_: 7 are solutions of the equations

2ty — [+ agay (%, =11, 0)T =7, 2+ 20 = %+ §(0ae - 10— T 1ivr)
with 1m(t) = a7 'm(t — tasar') and X(t) = ay 'x(t — Lasa;!). Such ['and 7 exist in virtue
of Lemma A.1. As a result we obtain the algebra A (s), where 25 = aga;'. In case s < 0
additionally one has to apply transformation (1.6) with b = 1.
If a1 = 0 and ao # 0, we make ao = 1 by means of a change of basis. Next, step-by-step
we make 17 and y vanish by means of the adjoint representations Ad(R(1)) and Ad(Z(x)),
where [ € C*((to,t1),R3), n € C>((to, 1), R), and

asly + az(1, —11,0)" =1, awmy = x + L0 - — T ).

If a3 = 0 we obtain the algebra Ai(0) at once. If ag # 0, using the adjoint representation
Ad(eD) and transformation (1.6) (in case of need), we obtain the algebra A3(1).

If ay = a2 = 0 and ag # 0, after a change of basis and applying the adjoint repre-
sentation Ad(R(—aglmz,aglml,O)) we get the algebra Ai(n,Y), where n = aglm?’ and
X = aglx + agQ(m}th —m!m2). Equivalence relation (A.6) is generated by the adjoint
representations Ad(eD), Ad(d0;), and Ad(R(0,0, \)).

If a; = as = az = 0, at once we get the algebra A}(1, ). Equivalence relation (A.7)

—

is generated by the adjoint representations Ad(eD), Ad(60;), Ad(R(l)), and Ad(eqpJap)-

A.3 Two-dimensional subalgebras

Theorem A.2 A complete set of A(NS)-inequivalent two-dimensional subalgebras of
A(NS) is exhausted by the following algebras:

1. A2(x) =< 0y, D+ »Jia >, where x> 0.

2. A3(s,6) =< D, Jiz + R(0,0, 5t|'/2) + Z(et™1) >, where x>0, ¢ > 0.

3. A3(s,e) =< 04, J1o + R(0,0,3) + Z(e) >, where » € {0;1}, € >0 if >x=1 and
ee {01} if »=0.
4. A3(0, 5,1, v,€) =< D+ 23cJ19, R(t|7T2(vcosT, vsinT, )+ Z(e|t|]”~1) >, where

T=snlt], >0, p>0, v>0, P> +1v2=1, ea =0, and ¢ > 0.

5. A%(0,¢) =< D, R(0,0, |t|]"t/2) + Z(e]t|” ") >, where eo =0 and & > 0.
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6. A%(o, p,v,€) =< O + Ji2, R(ve®t cost,vetsint, pe’t) + Z(cet) >, where pu >0,
v>0, p2+1v2=1, 0 =0, and € > 0.
7. A2(0,e) =< 0y, R(0,0,¢e) + Z(ee?t) >, where o € {—1;0;1}, ec =0, and ¢ > 0.

8. AZ(\ Y, p,b?) =< Jia+ R(0,0,\) + Z(h), R(0,0,p) + Z(1?) > with smooth func-
tions (of t) A, p, and Vi (p,0?) # (0,0) and Ayp — Apy = 0. Algebras AZ(\, o1, p, %)
and AZ(\, Y, p,0%) are equivalent if 3Cy #0, Je,5,Co € R, 30 € C°((to,t1),R):

>
—~
~
N2
Il

e“(A(t) + Cap(),  p(t) = Cre~*p(t),

e (1 (8) + B (DA(E) — OO At (1) +
F OB () + 01 (1) plt) — O(t)pue (1)),

<
—
—~
~
S~—
I

(A.8)

(D) = Cre® (P2(t) + 0 (t)p(t) — 0(t)pu (1)),
where t =te 2 + 6.

9. A3, X\, i2,\2) =< R(A\(E) + Z(d (1), ROFA(E)) + Z(3(t) > with smooth
functions m" and x*:

My - M~ — 1ML -mft =0, rank((ﬁil,xl), (mQ,XQ)) = 2.

Algebras  AZ(m', x',m2,x?) and Ag(ﬁzl_z )Zl,ﬁ;Q,XQ) are equivalent if Je,0 € R,
El{aij}i,j:LQ : det{aij} #£0, dB € 0(3), dl e Cm((to,tl),R3).'
mi(f) = e~Sa;; B (t),

(A.9)

~, -

$(0) = eXag (X (8) + lu(t) - 7 (8) = 1(t) - 737, (1)),
where t = te 2 + 4.
10. A2y(5,0) =< D + »J12, Z(|t|°) >, where x>0, o €R.
11. A% (0) =< Oy + J12, Z(e°t) >, where o € R.

12. A2%,(0) =< Oy, Z(e°t) > where o € {—1;0;1}.

The proof of Theorem A.2 is analogous to that of Theorem A.l1. Let us take an
arbitrary two-dimensional subalgebra generated by two linearly independent operators of
the form

Vi=aiD + abdy + alJis + aldas + ab s + RO + Z (),

where a?, = const (n = 1,5) and [V, V?] €< V1 V2 > . Considering the different possible
cases we try to simplify V* by means of adjoint representation as much as possible. Here
we do not present the proof of Theorem A.2 as it is too cumbersome.
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A.4 Three-dimensional subalgebras

We also constructed a complete set of A(N.S)-inequivalent three-dimensional subalgebras.
It contains 52 classes of algebras. By means of 22 classes from this set one can obtain
ansatzes of codimension three for the Navier-Stokes field. Here we only give 8 superclasses
that arise from unification of some of these classes:

1. A“;’ =< D, 0, Jio >.

2. A3 =< D+ sJ12, 0y, R(0,0,1) >, where s > 0.
Here and below s, 0, €1, €2, p1, v, and a;; are real constants.

3. A3(o,v,e1,69) =< D, Jia + v(R(0,0,[t|Y?In|t]) + Z(ea|t|  In|t])) + Z(e1t|™h),
R(0,0, [t|7T1/2) + Z(ea]t|”~ 1) >, where vo =0, e, >0, v >0, and oey = 0.
4. Ad(o,v,e1,62) =< O, Jio + Z(e1) + v(R(0,0,t) + Z(eat)), R(0,0,e%) + Z(g2e°t) >,

where vo =0, oeo =0, and, if ¢ = 0, the constants v, €1, and &9 satisfy one of the
following conditions:

v=1,¢e2>0; v=0,e1=1,e2>0; v=¢1=0,e3€{0;1}.

5. A3(se,mt,m?, X1 x?) =< D + 2512, R(MY) + Z(xY), R(M2) + Z(x?) >,
where >0, rank(m!,m?) =2,

e s 0 0T
tmy — gm’ + x=(m*, —m',0)" = a;;m?,

tx; + X' = aijx’, a;; = const,
51 o1 51 22 e
(@11 + ag2)(agim™ - m* + (age — a1)m' - m* — ajgm® - M+

+2:(m?m? — m'm?2)) = 0. (4.10)

This superclass contains eight inequivalent classes of subalgebras that can be obtained
from it by means of a change of basis and the adjoint actions

Ad(61D), Ad(s2/12), Ad(R(R) + Z(n))
(Ad(6D), Ad(eapJap), Ad(R(7) + Z(n)))

if >0 (3 =0) respectively. Here the functions 7 and n satisfy the following equations:
tity — %ﬁ + 2(n?, —n',0)T = bym’,

tnt + n= leZ + %t(ﬁttt . ﬁ — ﬁtt . ﬁt) + ﬁtt . ﬁ + %(nln%t — ntlth).

6. A3, mt,m% x1 x?) =< 0y + seh12, R(MY) + Z(x'), R(M?) + Z(x?) >,
where s € {0;1}, rank(m!,m?) =2,

., i2 i1 T 3 i j
my — x(m', —m',0)" = a;;m?,  txi = aix’,
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and a;; are constants satisfying (A.10). This superclass contains eight inequivalent classes
of subalgebras that can be obtained from it by means of a change of basis and the adjoint
actions

Ad(610r), Ad(d2J12), Ad(R() + Z(n))
(Ad(010;), Ad(62D), Ad(eapJap), Ad(R(7) + Z(n)))
if =1 (3=0) respectively. Here the functions 7 and n satisfy the following equations:
iy + »(n?, —nt,0)T = b;m?,

me = bixi + 5 (e - 7 — T - 7y) + se(nlnd — nln?).

7. A3(nt 2, n?,x) =< Ji2 + R(0,0,m%), R(n*,n?,0), R(—n*n',0) >, where
n* € C™((to,t1),R), nyn* —n'np =0, n'n' £0, n°#0.

Algebras A3(n',n%,n®) and A3(7',7%,7%) are equivalent if 35, € R, 3dy # O:

77 () = 64(n" (t) cos 63 — n?(t) sin d3),
72(t) = d4(n*(t) sin 63 + n?(t) cos d3), (A.11)
() = e 0(t),

where £ = te 201 4 §,.
8. A3(mb,m2 m3) =< R(m!), R(m?), R(m3) >, where
m® € C®((to,t1),R3), rank(m!,m? m3) =3, mg&- -mP—m*-md =0.

Algebras Ag(m!,m?,m3) and Ag(ﬁl,%z,%g) are equivalent if 30; € R3, 3B € O(3),

H{dap} : det{dsp} # 0 such that
ma () = dgp B®(t), (A.12)

where £ = te 201 4 §,.

B  On construction of ansatzes for the Navier-Stokes field
by means of the Lie method

The general method for constructing a complete set of inequivalent Lie ansatzes of a

system of PDEs are well known and described, for examle, in [27, 28]. However, in some

cases when the symmetry operators of the system have a special form, this method can
be modified [9]. Thus, in the case of the NSEs, coefficients of an arbitrary operator

Q = €%0; + €9y + 0B + 10,
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from A(NS) satisfy the following conditions:

O =801, =T, n*=n"t D)+, 1), B.1)
B.1
n° = (¢, )p + 0" (¢, Z).

(The coefficients €2, €9, n, and n° also satisfy stronger conditions than (B.1). For example
if @ € A(NS), then €0 = £°(t), n® = const, and so on. But conditions (B.1) are sufficient
to simplify the general method.) Therefore, ansatzes for the Navier-Stokes field can be
constructing in the following way:

1. We fix a M-dimensional subalgebra of A(N.S) with the basis elements

Qm — ngat + gmaaa + (nmabub + nma())aua + (nm01p + anO)ap’ (B.Q)
where M € {1;2;3}, m =1,M, and
rank{(£m0, €™ M2 em3) m =1, M} = M. (B.3)

To construct a complete set of inequivalent Lie ansatzes of codimension M for the Navier-
Stokes field, we have to use the set of M-dimensional subalgebras from Sec. A. Condition
(B.3) is neeeded for the existance of ansatzes connected with this subalgebra.

2. We find the invariant independent variables w, = wy,(¢,%), n = 1, N, where
N =4 — M, as a set of functionally independent solutions of the following system:

L"w = Qmw = ™0w + ™ 0w =0, m=1,M, (B.4)

where L™ := M99, 4 £m29,.
3. We present the Navier-Stokes field in the form:

ut = [ @) + ¢t T), p= D)) + (D), (B.5)

where v and ¢ are new unknown functions of @ = {w,, n =1, N}. Acting on represen-
tation (B.5) with the operators Q™, we obtain the following equations on functions f,
g% f? and ¢

meab — Tlmachb, nga — nmabgb € nmaO, c= 1’ 3’ ( )
B.6
meO — anlfO, ngO — anlgO + anO.

If the set of functions f®, f0, g%, and ¢" is a particular solution of (B.6) and satisfies the
conditions rank{(f1?, f2%, 3*), b=T1,3} =3 and f° # 0, formulas (B.5) give an ansatz
for the Navier-Stokes field.

The ansatz connected with the fixed subalgebra is not determined in an unique manner.
Thus, if
o = (), det{awl} #0,

awn l,n=1,N

fab(t, @) = foc(t, D) FP(@), Gt &) = ¢g*(t, @) + f2(t, 7)G(@),

fo(taf) = fo(tv'f)Fo(@)? gO 755) = go(t7f) + fo(tv'f)Go(@)y

~
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the formulas
ut = L DT@) + G, E), p=FtE)q@) +3°(t, ©) (B.8)

give an ansatz which is equivalent to ansatz (B.5). The reduced system of PDEs on
the functions 9% and ¢ is obtained from the system on v® and ¢ by means of a local
transformation. Our problem is to find or "to guess”, at once, such an ansatz that the
corresponding reduced system has a simple and convenient form for our investigation.
Otherwise, we can obtain a very complicated reduced system which will be not convenient
for investigation and we can not simplify it.

Consider a simple example.

Let M =1 and let us give the algebra < 0; + »Ji12 >, where s € {0;1}. For this
algebra, the invariant independent variables y, = y,(¢,Z) are functionally independent
solutions of the equation Ly =0 (see (B.4)), where

L := 0 + 5(x103, — v20y,). (B.9)

There exists an infinite set of choices for the variables y,. For example, we can give the
following expressions for y,:

1
y1 = arctan — — xt, Yz = (90% + x%)1/2’ Y3 = T3.

Z2
However choosing y, in such a way, for s # 0 we obtain a reduced system which strongly
differs from the "natural” reduced system for s = 0 (the NSEs for steady flows of a
viscous fluid in Cartesian coordinates). It is better to choose the following variables y,:

Y1 = T1 oS st + x9sin »t, Yo = —x1Sinxt + Ty cossxt, Y3 = x3.

The vector-functions f b— (f1b, f2b 30) b =T, 3, should be linearly independent solutions
of the system

Lft = —xf? Lf?=sxf', LfA=0

and the function f° should satisfy the equation Lf% =0 and the condition f° # 0. Here
the operator L is defined by (B.9). We give the following values of these functions:

fl= (cos s, sin 5, 0), 2= (— sin s, cos s, 0), 3= (0,0,1), fO=1.

The functions g% and ¢° are solutions of the equations
Lg1 = —%92, L92 = %gl, L93 =0, Lg0 =0.

We can make, for example, g and ¢° vanish. Then the corresponding ansatz has the form:
ul = 9l cos st — 0% sinst, u? =0'sinst + 02cosxt, ud =03, p=4q, (B.10)

where 0% = 09%(y1,y2,y3) and ¢ = ¢(y1, Y2, y3) are the new unknown functions. Substituting
ansatz (B.10) into the NSEs, we obtain the following reduced system:

VDL — 0L, + G1 + seye®] — a0 — 0% =0,
VU2 — 92, + G2 + 2y207 — sy1 03 + 0t = 0,

(B.11)
3 — 03, + @3 + sya0f — s 03 = 0,
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Here subscripts 1,2, and 3 of functions in (B.11) denote differentiation with respect to yi,
Y2, and y3 accordingly. System (B.11), having variable coefficients, can be simplified by
means of the local transformation

~1

ot = ol — sy, o?

= o, 0 =0% G=q+ 57 ). (B.12)
Ansatz (B.10) and system (B.11) are transformed under (B.12) into ansatz (2.2) and
system (2.7), where

g =—sxxs, ¢ =sa1, g3=0, ¢°=23i(a}+a3), (B.13)
71 = —2%, and 72 = 0. Therefore, we can give the values of g* and g" from (B.13) and
obtain ansatz (2.2) and system (2.7) at once.

The above is a good example how a reduced system can be simplified by means of
modifying (complicating) an ansatz corresponding to it. Thus, system (2.7) is simpler
than system (B.11) and ansatz (2.2) is more complicated than ansatz (B.10).

Finally, let us make several short notes about constructing other ansatzes for the
Navier-Stokes field.

Ansatz corresponding to the algebra Al(1, %) (see Subsec. A.2) can be constructed
only for such t that m(t) # 0. For these values of ¢, the parameter-function y can be
made to vanish by means of equivalence transformations (A.7).

Ansatz corresponding to the algebra AZ(\, !, p,1?) (see Subsec. A.3) can be con-
structed only for such ¢ that p(t) # 0. For these values of ¢, the parameter-function
¥? can be made to vanish by means of equivalence transformations (A.8). Moreover, it
can be considered that A;p — Ap; € {0;1}. The algebra obtained finally is denoted by
AZ(\, X, p,0).

Ansatz corresponding to the algebra AZ(m!, x!,m?% x?) (see Subsec. A.3) can be
constructed only for such ¢ that rank(m!,72) = 2. For these values of ¢, the parameter-
functions x* can be made to vanish by means of equivalence transformations (A.9).

The algebras A3y (x,0), A3(0), and A%,(c) can not be used to construct ansatzes
by means of the Lie algorithm.

In view of equivalence transformation (A.11), the functions 7° in the algebra
A3(n',n%, 1) (see Subsec. A.4) can be considered to satisfy the following condition:

nin® —n'nf € {01}
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