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Abstract

It is proved that if the spectrum and spectral measure of a semi-infinite Jacobi matrix
L(t) change appropriately, then L(t) satisfies a generalized Lax equation of the form
L(t) = ®(L(t), t)+ [L(t), A(L(t),t)], where ®(\,t) is a polynomial with t-dependent
coefficients and A(L(t),t) is a skew-symmetric matrix which is determined by the
evolution of the spectral data. Such an equation is equivalent to a wide class of
generalized Toda lattices. The theory of Jacobi matrices gives rise to the procedure of
solution of the corresponding Cauchy problem by the inverse spectral problem method.
The linearization of this nonlinear equation in terms of the moments is established.

0 Introduction

In brief communications [1-3] we considered non-isospectral deformations of finite and
semi-infinite Jacobi matrices which are governed by a generalized Lax equation (see Sec-
tion 3 below) and used the inverse spectral problem method [4, 5] to solve the correspon-
ding Cauchy problem in the class of bounded operators.

To explain our approach recall that the famous Toda lattice

1 )
ap = ian(anrl —by), b, = ai - a%_l (0.1)

admits the Lax representation:
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L(t) = [L(t), A(t)] , (0.2)

where L(t) is a Jacobi matrix constructed from the solution of (0.1) and A(t) = A(L(t),t)
is a skew-symmetric matrix connected with L(t). As it is well known [6, 7] L(t) undergoes
the isospectral deformations. Moreover, for a finite Toda lattice with free ends [8] or
a semi-infinite Toda lattice with one free end [4, 5] it was discovered that a spectral
measure dp(A,t) of L(t) meets a very simple differential equation, which after a proper
normalization can be written down as follows:

dp(\,t) = A dp(\, ) . (0.3)

Thus, in order to integrate the finite or semi-infinite Toda lattice it is enough to construct
the spectral measure dp(\,0) of the initial Jacobi matrix (the direct spectral problem),
to take the solution dp(\,t) = e*dp(),0) of (0.3), and finally, to recover a self-adjoint
Jacobi matrix L(t) from the obtained measure (the inverse spectral problem of the theory
of Jacobi matrices).

This procedure has been used in [4, 5] to solve the Cauchy problem for (0.1) on the
semi-axis n = 0,1,... with a boundary condition a_; = 0. Later, modifications of
the procedure were applied to some important isospectral lattice equations, such as non-
abelian Toda and Volterra lattices, discrete mKdV and NLS equations on the finite or
semi-infinite intervals [1, 9-11]. In this connection we should also mention [12, 13], where
semi-infinite lattice equations were treated by means of the continued fractions theory,
a study of the generalized Toda flows in /¢9 [14], and an investigation of the semi-
infinite Toda lattice with a fixed end [15]. Unlike the inverse scattering method [6, 16, 17]
the approach, which is described above, allows us to construct the solution for arbitrary
bounded initial values.

One of the ways to generalize the Lax equation is to describe the evolution of L(t)
compatible with a given evolution of the spectrum. The corresponding infinite lattice
equations were first considered in [18, 19] in the framework of the inverse scattering (see
also recent paper [20] and the book [21]). In the present paper we show that the more gen-
eral than (0.3) evolution of the spectral measure [1-3] naturally leads to the nonisospectral
flows having the following form :

L(t) = ®(L(t),t) + [L(t), A(t)] (0.4)

where ®(\,t) is a polynomial in A and A(t) = A(L(t),t) is a skew-symmetric matrix
whose form is determined by this evolution. Note that an autonomous system which is
similar to (0.4) has been treated in [22]. In our derivation of (0.4) the important role is
played by orthogonal polynomials on the line (see [23], where they appeared for the first
time in the context of integrable systems and the inverse scattering method).

To construct solutions of the Cauchy problem for (0.4) we apply the inverse spectral
method. In addition, we obtain the linearization of these nonlinear equations in terms
of the properly normalized moments of the spectral measure corresponding to the Jacobi
matrix L(t) and prove the uniqueness of the solution of the Cauchy problem.

The paper is organized as follows. At the end of this section we introduce the necessary
notations. In Section 1 well known facts of the spectral theory of Jacobi matrices are
reviewed and some useful formulas are established. Section 2 is devoted to the construction
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of a measure transformation which plays an important role in the sequel. In Section 3 we
formulate our main results. Section 4 contains two auxiliary lemmas which allow us to
prove the main results in Section 5. Section 6 is devoted to the uniqueness theorem. In the
last Section 7 we consider one of the possible modifications of our scheme and illustrate it
by specific examples.

Some words on the notations. We denote the o-algebra of the Borel sets on real axis
by B(R). The symbol M stands for the set of all finite measures p(-) on B(R) with
compact support and infinitely many growth points. The symbol £ designates the set of
all bounded selfadjoint semi-infinite Jacobi matrices L with real entries along the principal
diagonal and positive entries along two adjacent diagonals.

If A = (a;k)%—o 18 a semi-infinite matrix which defines an operator acting in Hilbert
space £, then we denote

{A}jk = (Abk, 65)e, = aji

where (6;)72, is a standard basis in £5. For this matrix A we denote by (A4) the matrix
with elements (A);r = aj, if j >k, (A)jr =0 if j =k, and (A)jr = —ay; if j <k.
We write (A); instead of {(A4)};z. The symbol [-,] designates the usual commutator,
ie., [A, B] = AB — BA whenever the multiplications make sense, and [A, B];;, stands for
{[A, B]} 1. We denote the transpose of matrix A by A7, ie., {A"};1 = {A}x;. The dot

stands for the derivative = % or for the partial derivative -~ = % with respect to t,
while ' = % denotes the partial derivative with respect to .

1 Preliminaries

To begin with, we review some well-known facts of the theory of semi-infinite Jacobi
matrices (see e.g. [24] for more details). In the space /¢35 of square summable sequences
U = (Uj);‘)io let us consider the action of a difference expression

(‘Iu)j = aj_1uj—1 + bjuj +ajujy1, a; >0, bjeER, (1.1)

where j =0,1,... and a_; = 0. If the coefficients a; and b; are bounded, then ¥ generates
in /5 a bounded selfadjoint operator L (Jacobi matrix):

(Lu)j = (Su)j , U €Ll 7=0,1,...; wu_1=0. (1.2)
We denote by £ the class of all such Jacobi matrices. Let
B(R) 5 A p(A) € ]0,00) (1.3)

be its spectral measure. It has the following well known properties:

(1) The support is a compact set in R |

(2) There are infinitely many points of increase,

(3) p(R) = 1.

Let us denote by 97 the set of all nonzero finite measures on B(R) with properties (1)
and (2). It turns out that every dp(\) € 9 is a spectral measure (up to a scalar factor)
of some bounded selfadjoint Jacobi matrix. The problem of recovering the corresponding
Jacobi matrix L from the given dp(\) € M is called the inverse spectral problem (ISP).
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Since the ISP plays an important role in our further considerations we outline here
two different approaches to its solution.
I. Let
PO(/\) = (p(R))_1/2, Pl(/\)7"' (1'4)

be a sequence of orthonormal polynomials which is constructed by the Schmidt procedure
of orthogonalization of the powers
LML

in the Hilbert space
L2 = Lg(R,dp()\)) .

The orthonormality means that
A&(A)Pk(k)dp(A) — 6 k=0,1,... (1.5)
It turns out that these polynomials satisfy a three-term recursion:
ak—1Pr—1(A) + b P(N\) + ax Perr(A) = APr(A), k=0,1,...,P-1=0. (1.6)

Therefore, the coefficients a; and b; of the difference expression T can be found by the
following formulas:

4= [ ABNPO Ao, b= [ APENdp(), j=01e (L)
II. Let
Sn—/)\ndp n=0,1,..., (1.8)

be a moment sequence of dp(\) € M. Since dp()\) is a finite measure with bounded
support, all the moments exist. Moreover, as dp(A) has infinitely many points of increase,
every Hankel matrix Hj of the form

S0 S1 e Sk
Hy= | %2 0 ML k=0 (1.9)
Sk Sk+1 ... S2k
is positive definite:
Dy, = det H, > 0, k=0,1,...
Denoting
S0 S1 cee o Sk—1 Sk+1
Ap=det |°1 "2 o Sk SRR k=0,1,...,
Sk Sk+1 .- S2k—1  S2k+1

one can solve the ISP by the following formulas (see e.g., [25]):

0 — VDn-1Dpiq _An Ap
n — ) n —

Dn Dn Dn—l7
n=0,1,..., D_{:=1, A_1:=0, Ag = 1. (1.10)
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Note that in terms of the entries of the inverse matrices H, L' k=0,1,..., these formulas
can be rewritten as follows:

/-1 -1 -1
an = \/TaTri1s bn = €nT),  — €ni1Thiy (1.11)

where 7, = {Hk_l}kk , € = {Hk_l}k,Lk , k=0,1,..., ¢ := 0. It is probably worth
noting that a fast algorithm is known, which produces ag,a1,...,a, and by, by,...,b,
from sg, 51, ..., Sonto after O(n?) operations (see e.g., [26]).

Let us return to the orthogonal polynomials. Formulas (1.5)—(1.7) show that the
operator of multiplication by A in the space Lo has the Jacobi matrix L as its matrix
representation in the basis (P;()))72,. Consider the matrix form Dy of the differential

operator 8% in the same basis:

Dy = (djk)ﬁ:o, (1.12)
where

dix = (PLO). PO = [ APV dp(Y) (1.13)

It follows easily from (1.5) that dj; = 0 when j > k, i.e., D is a strictly upper triangular
matrix, and therefore

() =D dPi(N), g k=0,1,... (1.14)

By differentiation of identities (1.6) with respect to A, one can get the recurrent formulas
for the calculation of d;, and then express them in terms of a,, b,. For example, one has

k
dkfl,k = kalz—llv dk72,k = a,;_12a];_11 (Z bj_l - kbkl) . (1.15)
j=1
An arbitrary polynomial C(\) = ¢y + c1A + - - - + ¢, A™ with real coefficients ¢; € R,
j=0,1,...,m, generates the operator C' of multiplication by this polynomial in the space
Lo and the selfadjoint operator

C(L)=cl+ciL+--+ec, L™,

which acts in £2. The matrix form of the operator C' in the basis (P;(A))32, coincides
with the matrix form of C(L) in the standard basis for ¢5:

Con = [ COORNPN dpN) = (O, k=010 (11§

Note that by the spectral theorem, (1.16) holds for any function C'(\) which is continuous
on the spectrum of L. In the sequel we will need the following formula

{c }oo—/c )PZ(\) dp(\ /c ) dp(A (1.17)



NONISOSPECTRAL FLOWS ON SEMI-INFINITE JACOBI MATRICES 121

The operator C' % acting in Ly can be represented in the orthonormal basis (P;(A))52,

as a matrix with jk-entry:

(c; ) [ e AP0 dp) = [ o (Z 43 Py(A ) () dp(\) =
Z d’LkJCj’L = ZCjZdlk - {C( )DL}jk- (1'18)

For any matrix A = (a;i)3>, we define (A) = Ajoy — A, , Wwhere Aj,, stands for
the strictly lower triangular part of A and 7 denotes the usual transpose. This definition

can be rewritten as

ajk .7>k7
(A =10, i=k, (1.19)
—Qkj j<k.

Obviously, the matrix (A) is skew-symmetric:
(A)" =—(4), (1.20)

and
(0 A+ BB) = a(A) + B(B), a,feR. (1.21)

We proceed with the following elementary
Lemma 1l IfL= (ij)?,ok:O is a Jacobi matrix, then for any matrix R = (Rjk)fk:(),

[L,R]jk, j>k+1,

(L, (R)] 1 = { LRk, k-1, (1.22)

where [L,B] = LB — BL is a commutator. Furthermore, if LR = RL, then
[L(R)jxr=0 for |j—kKkl>1. (1.23)
Proof Since L is a Jacobi matrix, all the elements in the j-row, except for
Lij-1=aj-1,  Lj=bj,  Ljjr=aj,
and all the elements in the k-column, except for
Li_1p=ak1, L = by, Lyiix = ag,
are zero. Hence

(L, (R)jr = {L{R)}jx — {{R)L}jk = Ljj—1(R)j—1k + Lj;{R)jk +
Ljiri(R) sk — (R)jr—1Lr—1k — (R)jxLir — (R)jxk+1 Ly k-

If j > k + 1, then by definition (1.19) we have

(L, (B)jr = Ljj-1Rj—1k+ LjjRik + Ljj1Rjp1k — Rjp—1Lp—1k —
RjkLkk — Rjkr1Lgv1r = {LR}Yjr — {RL}jx = [L, R j.
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To complete the proof of (1.22), it is enough to observe that

(L (R)]" = (L(R))" = ((R)L)" =
(R)"L" — L"(R)" = —(R)L+ L(R) = [L, (R)], (1.24)
i.e., [L,(R)] is a symmetric matrix. Formula (1.23) for commuting L and R is an imme-

diate consequence of (1.22). O
The following formula will also prove useful:

[A, (B)]oo = 2{AB}o0 — 2A00Boo (1.25)
provided A = A™ and all multiplications make sense. To check (1.25) it is enough to take

into account definition (1.19):

(A, (B)loo = Y _(Aoj(B)jo — (B)ojAjo) =
j=0
(AOijO + Bj(]A()j) =2 Z AOijO — 2A00Boy = 2{AB}00 — 2A00Bgo-

j=1 =0

It immediately follows from (1.25) that if Bjo =0, j=0,1,..., then

[A, (B)loo =0 (1.26)

2 Measure transformation

Let p(-,0) be a finite measure of the class M. Our objective is to introduce a one-parametric
family of measures p(-,t) € 9, which depends on ®(\,¢) and W(\,t), the polynomials in
A with continuously differentiable ¢-dependent coefficients:

CD()‘at) = ngl(t))‘za (21)
1=0

T(\t) = fﬂmwﬂ, AeER. (2.2)
=0

Let p be any number in the compact set M = supp dp(),0) and let us consider the Cauchy
problem
d(t)
Sdt
It follows from the standard theory of ordinary differential equations that one can chose
T =T(M,®) € (0,+00) such that:

= d(\1),t),  A0) =L (2.3)

(1) For every fixed p € M there exists a solution \(¢) = A(¢, u) of the Cauchy problem
(2.3) for all t € [0,T];

(2) For every fixed t € [0, 7], the function

M > p w(p) = AL, p) (2.4)
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is bounded on M, and moreover, the following uniform estimate holds true:
lwe(p)| < C < 400, V(u,t) € M x [0,T]. (2.5)
For every fixed t € [0,7] let us define a new finite measure p(-,t) by the following rule:
p(A ) = plwy 1(A),0), YA € B(R), (2.6)

where w; 1(A) is the full preimage of the set A under the mapping wy. It follows from
estimate (2.5) that for every ¢ € [0,7] the measure p(-,t) has a compact support. Since
the initial measure p(-,0) has infinitely many points of increase, so does the measure p(-, t),
and therefore, p € M.

Now consider the solution

r(\ 1) = exp (/Ot T, 7) dT)

of the following equation

or(\t) _
ot

and introduce a measure p(-,t) by putting

/AT )—/ exp (/t\lf(/\,r)dT) dp(\ 1) =
/Wt exp (/ U(A dT) dp(u,0) (2.8)

for every A € B(R) and fixed ¢t € [0,7]. One can easily check that p(-,t) € M, t €
[0,T]. Thus the functions ® and ¥ define through equations (2.2) and (2.7) some measure
transformation

T\ Or(\L),  te[0,T], AeR, (2.7)

M3 p(-,0) — p(-,t) €M, t€0,7T] (2.9)

of the type "mapping + multiplication”. This transformation will be sometimes referred
to as a (@, ¥)-transform of p(-,0).
Let F(\,t) € CL(R x [0,T]) (T as before) and consider the following integral:

_ / FOLDdp(\t),  te[0,T].
R
Since p(-,t) is a finite measure with a compact support, the function f(t) is defined for
every t € [0,T]. Moreover, it is continuously differentiable on [0, 7] and our next objective

is to derive a formula for the differentiation of f(¢). Let us observe first that in view of
(2.6) and (2.8) we have

ft) = /RF(M)T(A,t) dp(\ t) =
[ Pl 1o, 1) dis0) =
wy ~(R)

| FO ), 07t 10.1) dp(1,0). (2.10)
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Using (2.3), we get

F(A(t, u),t)W} dp(p,0),

where

C““(A(;’t“)’t) — O\t ), ) ((I)()\(t,u),t) /Ot ‘W dr + @(A(WH)) (2.11)

by (2.3), (2.7) and the formula

Gré))\\, 2 = %(exp </Ot \Il()\,T)dT)) =

t
r()\,t)/o O\If(a)\,T))\T’ reR.

As a result we obtain

i [ OF(\D) IF(\ 1)
@i /R{ o A+

F(\t) (\I/(A, £) + (N, 1) /Ot Wdf) bp(\,1).

This important formula can be written down as follows:

c;lt/RF(/\’t) dp(/\,t):/R(F’(/\,t)é()\,t)—l—F()\,t)—i—F()\,t)@()\,t)) dp(\t),  (2.12)
where

LOU(N, T Hml

@(A,t):\p(A,t)+<1>(A,t)/O > ) dr = > 0N, AER, (2.13)
=0

is a polynomial in A\. Note that its coefficients 6;(t), which can be expressed in term of
©;(t), smoothly depend on ¢.

Note that if the initial measure p(-,0) is concentrated on a finite (or countable) set
with no limit points, then one should consider instead of (2.3) and (2.7) the following
equations [2, 3]:

20
dt

— B\ (0. 8), dpéft) U0, 0pi(1), G=1,2... N <oo. (2.14)

After solving (2.14) one can construct the measure p(-,t), which is concentrated at the
points A;(t) by the rule

p(At) = ps(t), VA € B(R), (2.15)
j
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where the summation is taken over those j for which \;(t) € A. It is easy to understand
that the rule of differentiation (2.12) remains valid for such a measure p(-,t) with ¥ in
place of ©.

3 Nonisospectral flows. The Cauchy problem

Assume that the entries of the Jacobi matrix L € £ are continuously differentiable
functions of ¢ on the interval [0, T:

aj:aj(t), bj:bj(t), LZL(t), j=0,1,... tE[O,T] . (3.1)

The functions ®(A,t) and W(A,t), as in (2.1), have the polynomial dependence on A and
therefore,

4 l+m—1
O(L(t),t) = Y _¢i(t)(L(1))', O(L(t),t) = > 6:i(t)(L(t))’ (32)
1=0 =0

are polynomials of the Jacobi matrix L(t) (©(\,t) is given by (2.13)).
Let us consider the following differential equation:

£(t) = ®(L(1), 1) + [L(), ((L(0). 1) Dy + 5O(L(0), 1) (33)

where - = &4 [-,.] denotes the commutator, the matrix operation (-) is defined by (1.19)
and Dy is given by formulas (1.12) and (1.15).

We shall see in Section 5 that equation (3.3) is equivalent to the following differential-
difference equations in variables a,(t) , b,(t) , n =0,1,...:

an(t) = {P(L(t), 1)} ns1n + 1an({@( L(#), ) nt1n41 — {O(L(F), 1) }n) +
an+1{®(L(t),t) Dy, }n+2,n - an—l{Q(L(t)at)DL(t)}n+1,n—1 +

(br41 — b ){D(L(t ) )DL In+1ns (3.4)
bn(t) = {@(L(t), ) }tan + an{Q(I)(L(t)’t)DL(t) + G(L(t)vt)}n-i-l,n -
an—1{2®(L(t),t)Dry + O(L(t),t) }nn—1, (3.5)
where n =0,1,...; a_1 = 0.

REMARK 1 Since Dy is a strictly upper triangular matrix and the matrices ®(L(t),1)
and ©(L(t),t) have only a finite number of nonzero diagonals, it follows that in (3.3) all
the matrix multiplications make sense.

REMARK 2 When taking ®(\,t) = 0 (isospectral deformation) and W(\,t) = A, equation
(3.3) becomes

. 1
L(t) = [L(@), S (L)), (3.6)
which is the Lax form of the semi-infinite Toda lattice
1 .
an(t) = =an(bpy1 — bp), bp(t) =a2 —a®_,, n=0,1,...; a_1=0. (3.7)

2
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The Cauchy problem for the differential equation (3.3) can be stated as follows. Given
Ly € £, i.e., a bounded selfadjoint Jacobi matrix with a; >0 ,b; € R, j =0,1,..., find
a £-valued function L(t) with continuously differentiable entries a;(t),b;(t) such that:
L(t) is a (weak) solution of the equation (3.3) for t € [0,7] (T" > 0 depends only on
Ly and ®(\,t)) and
L(0) =Ly . (3.8)

Theorem 1 A solution of the Cauchy problem (3.3), (3.8) exists, and can be found
in the following way. Let p(-) € M be the spectral measure of the Jacobi matrix Ly € £.
Chose T (as in Section 2) and construct p(-,t) € M , t € [0,T], the (P, ¥)-transform of
p(+,0) = p(-). Obtain the solution L(t) , t € [0,T], by solving the ISP via formulas (1.7)
or (1.10).

It is not always possible to implement Theorem 1, since the construction of the (®, ¥)-
transform requires the solution of the nonlinear equation (2.3). Another approach to
the Cauchy problem takes advantage of the description of a Jacobi matrix L through its
moments s, = {L¥}go. It turns out that the nonlinear equation (3.3) can be linearized in
terms of the appropriately normalized moments sy.

Theorem 2 If L(t) € £, t € [0,T1], is a solution of the nonlinear equation (3.3), then
1ts moments

Sk(t) = {Lk(t)}oo, k= 0, 1, ey (3.9)
after normalization

ha(t) = i (t) exp < / (O(L(r), ™) }oo dv) , (3.10)

satisfy the following linear system:

dhy(t) .
e ko (t)h—1(t) + Y (kpig1(t) + 0;(t)) hers(£) +
=0
f+m—1
zje Yhgai(t) k=0,1,...; h_;=0, (3.11)

where ;(t) and 6;(t) are the coefficients of the polynomials ®(\,t) and O(\, t) respectively.
The converse is also true, as the following theorem shows.

Theorem 3  For all t € [0,T] let the sequence (hi(t))72, be a moment sequence of
some measure p(-,t) € M , i.e

:/ﬁ@mw.
R

Assume further that the moments hy(t) satisfy the linear system (3.11) with continuously
differentiable coefficients p;(t), (i =0,1,...,¢), and 0;(t), (: =0,1,...,£+m—1). Then
the corresponding Jacobi matriz L(t) (which is built via formulas (1.10) with hy(t) instead
of si,) meets the generalized Laz equation (3.3) on the same interval.
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REMARK 3 Theorems 2 and 3 suggest another procedure for the construction of solutions
to the Cauchy problem (3.3), (3.8) in the class £. Namely, starting from an initial value
L(O) =Lge L

(1) Construct initial moments
hk(O) = Sk = {Llé}oo s . (3.12)
(2) Find the solution (h(t))72, of the Cauchy problem (3.11), (3.12),

(3) For those t for which (hy(t))72, is a moment sequence of some measure p(-,t) € 9,
solve the ISP via formulas (1.10), to obtain the sought-for solution L(t).

Note that at least for ¢ from the interval [0,7], where T is chosen as in Section 2, the
solution L(t) does exist.

4 Relations for orthogonal polynomials P;j(\, )

Let p(-,t) € M be a (P, ¥)-transform of some spectral measure p(-,0), where ®(\,t) and
U (A, t) are polynomials in A, as in (2.1) and (2.2). Consider a sequence (P;(\, 1)), of the

j=0
corresponding orthogonal polynomials which is an orthonormal basis in Lo (R, dp(\, t)):
[ POOPO A = b5 GE =01, (4.1)
R
The evolution of these polynomials in time ¢ is complicated. Nevertheless, for all j, k =
0,1,... the following two important quantities,
OP,(\ t
130 = [ Boun A g0 (42)
R t
and OP;(\ 1)
En(t) = [ AL RO dp(0 (4.3)

can be expressed in terms of the Jacobi matrix L(t) corresponding to the measure p(-,t).

Lemma 2 If I;;(t) is given by (4.2), then the following equalities hold:

(@) ILin(t)=0, j>k, (4.4)
(b) Ink(t) = _{(I)DL(t)}k:k_%@kk , (4.5)
(¢) Lix(t) = —({®Drw tik +{®Dr ki +Osk) , J <k, (4.6)

where  ® = ®(L(t),t) , ©Oj; ={O(L(t),t)} k.

P r o o f By differentiation of the polynomial Pg(\,t) with respect to ¢, we obtain the
polynomial in A of the same degree k. Hence the following expansion according to the
basis (P;(A,1))72 holds for some coefficients 3;(t) , i =0,...,k,

PN &
—a > Bi(HP(A)

=0
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Now it follows immediately from (4.1) that
Lip(t) =0,

when j > k. To prove relations (4.5) and (4.6), let us differentiate identities (4.1) with
respect to ¢, using formula (2.12):

o::j/pmmmmmwmz/QQMM&mmwmmmw+
/ S (PO OPLO D) dp(\ 8 +/ Py PN O ) dp( A, t) (4.7)
y (1.16), (1.18), and by definition (4.2) of Ix(t), it follows from (4.7) that
(@D }jk + {@D ) by + L) + I (8) + Oz = 0. (4.8)
If now j — k, then
211k (t) + 2{®Dppy brk + Orre = 0,

which implies (4.5). If j < k, then I;;(t) = 0, and (4.6) follows easily from (4.4). O
In order to express Eji(t) in terms of L(t), it is convenient to denote

0= (L), )Dyy,  ©=O(L(t),1). (4.9)
Lemma 3 If Ej(t) are given by (4.3), then one has:

(a) Ej(t) =0, Jj<k-1,
1
(b) Ep_1x(t) = _ak—1{§@+9}k—1,k—1 ,
1
(c) Ew(t) = _ak;—l{Q+QT+@}k—l,k_bk{Q+§@}kk ;

1
(d)  Brr1p(t) = —{QL+ (LY +OLbkr1 p+a{Q+ 5O kst et
(e) Ejk(t) = —{QL+(LQ)"+OL}jk,  j>k+1,
where ay, by, are elements of L = L(t), and 2 and © are given by (4.9).

P r oo f Recall that the orthogonal polynomials (Pj(A,t))32, satisfy the three-term
recursion

)‘Pk()‘a t) = ak—l(t)Pk—l()‘a t) + bk(t)Pk()‘v t) + ak(t)Pk+1()\, t)? A€ R? te [07 T]7
where a(t) = {L(t)}k p+1 = {L(E) }ot1.k 5 Ok(t) = {L(t) }rr , £ =0,1,... This allows us to

rewrite £j,(t) in the following form:

ot
ap—1 () I—1,5(t) + bk () Ix;(t) + ar(t) Irq1,5(t).

Bat) = [ PBRD 0RO 00 =
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In view of (4.9) we have: Ij(t) = 0, if j > k, while Iy,(t) = —{Q + 10}, and
Lin(t) = —{Q+ Q7 + O}, if j < k. To complete the proof, it is enough to take into
account formulas (1.16) and the three-diagonal structure of the Jacobi matrix L(¢). O

5 Proofs

Now we are ready to prove the results formulated in Section 3.

Proof of Theorem 1 Let p(-) € M be a spectral measure of the initial value
Ly € £, and let p(-,t) € M , t € [0,T], be the (P, ¥) transform of p(-). Thus, we have

p(-,0) = p(-). (5.1)

Let (Pj(A,1))32( be the orthogonal polynomials in La(R, dp(A,t)). Then the entries Lj(t)
of the Jacobl matrix L(t) corresponding to p(-,t) can be expressed as follows:

Li(t) :/R)\Pj()\,t)Pk()\,t)dp()\,t), G k=0,1,... (5.2)

It follows from (5.1), (5.2) that L(0) = Lg. Hence it remains to show that L(t) satisfies
the generalized Lax equation (3.3)

L(t):<I>(L(t),t)+[L(t),((l)(L(t),t)DL(t)+%@(L(t),t)>], tef0,7].  (5.3)

Using formula (2.12), let us write

Lu(t) = & /)\P O\ ) Po(N D)dp(X, £) /m AP\ D) Po(N ) B(A, £)dp( A, £) +

/AM (0, )dp(A, 1) /AP o2

/R AP\ 1) Po(A, )O(N, D)dp(A, ) = Aji(t) +

0P
a()dp(A,t)—F
T Elt) + Eig(t) + Byi(t), (5.4)
where
0
Ajk(t) = /Ra()“Dj()‘vt)Pk()\vt))q)(Avt)dp(/\t)v
Bilt) = [ ABAORODON Odp(A. )

and Fji(t), Ey;(t) are given by Lemma 3.
Taking into account formulas (1.16), (1.18) one can find that

Biu(t) = {LOOEW®). )} Gk =0,1,..., (5.5)
Ap(t) = /R Pi(\ ) Pu(A\ )@, H)dp(\ 1) + /]R AWPAA,t)@(A,t)dp(A,t)%—

R e

{@(L(1), O}k + {LO)Q e + LD e, Gk =0,1,.., (5.6)
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where € = ®(L(t),t)Dp ) as in (4.9).
We proceed in steps.

Step 1 The nontrivial entries
an(t) = {L(t)}nJrl,n = Ln+1,n(t)v bn(t) = {L(t)}nn = Lnn(t)

of the Jacobi matrix L(t) satisfy equations (3.4), (3.5):

an = Pptin+ %an(®n+1,n+l = Onn) + an1{®Drp tnt2n —
an-1{®Dr) tn+1n-1 + (b1 — b ){P Dy bnt1m, (5.7)
bn = Pun+ 20, {®Dpy tns1n — 200-1{®Dpp) bnm—1 +
anOntin — An—19p n—1, (5.8)

where ® = ®(L(t),t), O =0O(L(t),t), n=0,1,...; a_1 =0.

Proof of Step1 By (54),(5.5), (5.6), and Lemma 3 (c) it is easy to verify that

by = Lun(t) = Aun(t) + 2Eun(t) + Bun(t) = (®pn + 2{LQ}0n) +
2=t 1 {0+ O+ Ohn1m — ba{Q + %@}m) (L}, =

D, + Q(anlﬂnfl,n + annn + anQnJrl,n) - 2(anflgnfl,n + annn) -
2an719n,n71 - 2an71®n71,n — b, Opnn + anfl(“)nfl,n + 0,00, + an®n+1,n =
Dy + 2anQn+1,n - 2an719n,n71 + an@nJrl,n - anfl(“)n,nfla (59)

which proves (5.8); Q is given by (4.9).
Similar arguments work for (5.7) where now Lemma 3 (b, d) is invoked:

an = Ln+1,n(t) = An+1,n(t) + En,nJrl(t) + En+1,n(t) + BnJrl,n(t) =
1
((I)n+1,n + {LQ}n,n+1 + {LQ}nJrl,n) + (—an{Q + i@}nn) + (510)

1
(—HQL+ (L) + OL}ns1n + an{Q+ 50}srns1) +{LO}ns1n-

Taking into account that OL = LO and {LQ}, p+1 = {(LQ)" }r41,n, We continue (5.10):

. 1
an = (I)n+1,n + ian(®n+1,n+1 - @nn) + {LQ}nJrl,n — anSlpn —

QLY 10 + annyin1 =

Ppt1n + %an(®n+l,n+1 — Onn) + (@ Qn + bpp 1 Q10 + Gnp1Qng2m) —
annn — (Ut 1n—-1n—1 + Qg 1000 + Qo1 nt10n) + @ Qg1 ng1 =

Dpy1n+ %an(9n+1,n+1 — Onn) + anr1Qnt20 —

n—1+1n-1 + (b1 — bp)Qni1 0, (5.11)

which completes the proof of Step 1.
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Step 2 Equations (5.7), (5.8) can be rewritten as

L= {R(L(8),£) + [L(0), ((L(0). 1) Dy + 5O(L(), )]}
k=0,1,..., j=kk+1. (5.12)

Proof of Step 2 Let us denote for a moment
1 1
R=Q+ 5@ = ®(L(t),t)Dr) + 5@(L(t),t) ) (5.13)

and rewrite (5.8) in the following form:

Lnn(t) = bn =P,, + (anfl(*Rn,nfl) + bn -0+ aanJrl,n) - (Rn,nflanfl +0- bn +
(_Rn—i—l,n)an) =d,, + (an—1<R>n—l,n + bn<R>nn + an<R>n+l,n) -
(<R>n,n—1an—1 + <R>nnbn + <R>n,n+1an) = {(I) + [L7 <R>]}nna

where (-) is defined by (1.19), ® = ®(L(¢),t). To rewrite (5.7) as required, it is convenient
to use its equivalent form (5.11):

. . 1
Ln—i—l,n(t) = an(t) = q)n—&—l,n + ian(gn-i-l,n—&—l - enn) +
{LQ}n—l-l,n - anan - {QL}n+1,n + anQn+1,n+1 =
q)n—l—l,n + an(Rn—l—l,n—l—l - Rnn) + {LR}n—I—l,n - {RL}n—H,n, (514)
where it is worth to remember that R is defined by (5.13) and ©L = LO.
Since

{LR}ni1n = anRn + bpy1Rog1n + ang1Ruyon
and
{RL}pt1n = Rutin—1an-1+ Rpy1nbn + Ry nt10n,
it follows from (5.14) that

Loiin(t) = @piip+bnt1Rotin + @np1Rovon — Rotin—1an-1 — Ryt1,nby =
Ppi1m + (an (R)nn + bng1(R)nt1,n + ans1 <R>n+27n) -
(R)ns1n-10n-1+ (R)nt1.0bn + (R)ni1nt1an) =
‘I)n+1,n + {L<R>}n+1,n - {<R>L}n+1,n = {(I) + [La <R>]}n+1,n, (5-15)

as needed.
Step 3 Equation (5.12) holds for j > k + 1, i.e.,
{@+[L,(R)]}jx=0, j>k+1 (5.16)

Proof of Step 3 It follows from (5.4), (5.5), (5.6) and Lemma 3(a,e) that for
i> k41,

0 = Ljk(t) = Aji(t) + Ejr(t) + Ex;(t) + Bji(t) =
((I)jk; + {LQ}kj + {LQ}jk) + (—{QL + (LQ)T +
OL}jk) + 0+ {LO} . (5.17)
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Using again the fact that {LQ},; = {(LQ)7};x and LO = ©L, we have
0 = O+ {LQ}r — {QL}jk = Pjr + [L, Ui =
1
®ji + (L, Qi + [L, 5Ok =
O + [L, Rl = {® + [L, (B)]} i,
where the last equality is justified by Lemma 1.

Step 4 is to complete the proof of the theorem. It remains to show that (5.12) holds for
j < k. Both sides of equation (5.3) are symmetric, since L(t) and ®(L(t),t) are symmetric
in view of the symmetricity of L(t), and [L, (R)] is symmetric by (1.24). Therefore, the
equality (5.12) holds for j < k since in view of Steps 2 and 3 it is valid for j > k. O
To prove Theorem 2, we need the following

Lemma 4 Let a Jacobi matriz L(t) € £ is such that

L

L) = S @i L() + L), 50),  te[0,T] (5.18)
=0
for some matriz-valued function S(t) and scalar-valued p;(t) , i = 0,...,¢. Then its

powers L¥(t) meet the following equation:

l
%(L’f(t)) _ kggoi(t)ﬂ*k_l(t) LR, SM], te0.T], k=1,2... (5.19)

4 .
P roof Letuscheck (5.19) for k = 2. Denoting ®(t) = > ¢i(t)L*(t), we can write

i=0
GO = (HLO)LO+LOLLO = @0 + LOSO - SOLOLE +
L(t)(®(t) + L(t)S(t) — S(t)L(t)) = ®(t)L(t) + L(t)P(t) +
¢
L2()S(t) = S(HL*(t) = 2 @i(t) L () + [L2(1), S(1)]
i=0
Now the standard induction arguments serve to complete the proof. a

Proof of Theorem 2 If L(t) satisfies the generalized Lax equation (3.3), then its
moments si(t) = {L*(t) }oo satisfy, in view of Lemma 4, the following system, k = 0,1, ... :

14

4t) = (LMW o0 = kY iOsianr(t) + (50, SDloo (5.20)
=0

where now
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L

O(L(t),t) = Y @et)L'(t)
=0
l+m—1 ]

O(L(t),t) = Z 0;(t)L(t); s—1 = 0.

=0
Using (1.21) let us rewrite
[L¥(1), S(t)]oo = [L*(8), (®(L(1), ) Drey)loo + [L*(2), %<@(L(t),t)>]oo : (5.21)

The first term on the right-hand side of (5.21) is equal to zero by formula (1.26), while
the second term can be computed via formula (1.25):

[L* (), (0L, )0 = {LFOO(L(), t) Yoo — {L*()}oo - {O(L(t), 1) }oo =

l+m—1
{Z 0;(t) L7 (t) } —{L*(t)}00O00(t) =
00

l+m—1

Z 0;(t)sj+k(t) — sk (t)O0o(t),

where ©go(t) is a short notation for {O(L(t),t)}oo. Thus (5.20) can be rewritten as

follows:
/ l+m—1

k(t) = ngOi(t)Si+k 1(t) + Z 9 S]+k — 5,(t)Boo(t) (5.22)
=0

Multiplying both sides of (5.22) by

t
N(t) = exp ( / @00(7)d7> , (5.23)
0
and denoting h(t) = N(t)sk(t), one can easily obtain
) 14 l+m—1
he(t) = k> @i(t)hite—1(t) + Z 0, (1) hjyr(t k=0,1,...; ho1=0, (5.24)
i=0
which is the same as (3.11). ad

Proof of Theorem 3 Let us consider (hy(t))32, which is a moment sequence
for an arbitrary measure p(-,t) € M, and which satisfies (3.11) or the equivalent system

S
(5.24). Let us take any polynomial F(X,t) = 3 fx(t)\F , with continuously differentiable
k=0
coefficients f(t), and prove that the basic differentiation formula (2.12) still holds. Indeed,

jt/RF(A,t)dp(A,t) = dt/ (Z St A"‘) dp(\t) =
i (o 0m0) = 3= B0 13 it
k=0 k=0

k=0
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and, after substituting hy(t) from (5.24), we obtain

OF(\, 1)
dt/F A\ t) = /Riat dp(\, t) +

£4+m—1
ka(t) (k2¢i(t)hi+k 1(t) + Z 0;(t)hji( ):
k=0 =

OF(\1) o Z
/R or P +};) Z;/ (fu(t) - KA (i (8)A)dp (A, ) +
s A+m—1

Z Z /fk HAR)(0;()X)dp(A,t) =
J=

/aF(A’t)dp()\,t)jL/ W@(A,t)dp@,tH/F(A,t)@(A,t)dp(A,t),
R R R

ot O\

as needed. Since the ISP has a unique solution, formulas (1.7) and (1.10) lead to the same
Jacobi matrix L(t) € £. Thus, by repeating the arguments of the proof of Theorem 1, we
can conclude that L(t) meets (3.3). O

6 Uniqueness of solutions of the Cauchy problem

Let us return to the Cauchy problem (3.3), (3.8). We consider its solutions in the following
class: the entries of the Jacobi matrix L(t) € £ are continuously differentiable functions
with respect to t, and the sequences an(t) > 0, by(t) € R (n = 0,1,...) are uniformly
bounded on [0, 7], i.e., there exists a positive number @ such that

IL@#)|| < Q < 400, te]0,T]. (6.1)

Theorem 4 Let the coefficients p;(t),¥;(t) of polynomials ®(\,t), U(\,t) be (real)
analytic functions, t € [0,T]. Then any two solutions Li(t), La(t) of the Cauchy problem
(3.3), (3.8) from the class defined just above, for which L1(0) = L2(0), are identically
equal.

REMARK 4 If the coefficients ¢;(t),1;(t) are analytic or smooth (i.e., belong to C'*)
then every solution of (3.3) from our class is automatically smooth. This is easily seen by
inspecting the right hand side of the equivalent system (3.4), (3.5).

Before proving Theorem 4 we need several auxiliary results.
Let Jacobi matrix L(t) be any solution of the generalized Lax equation (3.3):

£(t) = (L), 1) + [L(1), (B(L(1), 0Dy + 3000, 1€ 0.7),  (62)

and let dp(A,t) be its unique spectral measure such that p(R, ¢) =1, t € [0,T]. It is
convenient to normalize the spectral measure of L(t) (which is defined for every ¢ € [0, 7]
up to a scalar factor) as follows:

dp(\t) = q(t)dp(\,t), P(R, t) = q(1),
o) = exp( /0 /]R O\, 7)dp(\, 7) dr), te[0,7). (6.3)
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Thus, without lost of generality we can assume that the spectral measure dp(\,t) of L(t)
is such that

AR, 1) = /R (N dp(N 1),  te0,T). (6.4)

In view of (6.1) there exists a finite interval [a, b] € R which contains for every ¢ € [0, T
the support of dp(A\,t) :
supp dp(A,t) C [a, b], (6.5)

(in fact, we can take a = —-Q, b= Q).

Lemma 5 For every complex number z € C\[a,b], the following formula holds

Z/R)\l—zdp()\’t) - /]R {_ &)(_A’Zt))g + @A(i’? } dp(\,t),  t€0,T]. (6.6)

Proof Fix z € C\la,b] and let R,(t) = (L(t) — 21)~! be a resolvent of the
bounded operator L(t) in the space ¢2. The operator-valued function R,(t) is continuously
differentiable with respect to ¢t on [0,7] in a strong sense. Therefore, formulas (6.2) and
(1.21) imply that

Rz(t) = _Rz(t)(L(t) - Zl)'Rz(t) = _Rz(t)L(t)Rz(t) =
—Ro(O{®(L(¢), t) + [L(¢), (®(L(?), 1) Dy + %@(L(t), HIR:(t) =
—RZ()P(L(t),t) — R (L)[L(t) — 21, (D(L(t), 1) Dppy + %@(L(t), t)R:(t) =

—RZ()P(L(t), 1) + [Ra(t), (®(L(1), 1) Dppy + %G(L(t)ﬂf)ﬂ =

—RZO)(L(t), 1) + [Ra(t), (D(L(t),t) Droy)] + [R: (1), (s

26(L(t),t)>]. (6.7)

In particular, for the upper left hand side entry of corresponding matrix we get:

{R.()}o0 = —{RQ() (L(t), 1) Yoo + [R=(t), (R(L(t), t) Drry)oo +
[R(1), ( O(L(t),t))]oo = —{RZ(t)P(L(t), 1) }oo +
2{R.(t)® ( (t),£)Drytoo — 2{R=(t) boo{ P(L(¢), £) Drz) boo +
{R-(1)O(L(t), ) Yoo — {R=(t) boo{O(L(?), t }oo,

where formula (1.25) is invoked. Since Dy is a strictly upper triangular matrix, the
entry {C' Dy }oo vanishes for an arbitrary bounded operator C' . Hence we can rewrite
the last equation as follows:

{R:(D}o0 = —{RAOD(L(1) ) }oo + {R=(t)O(L(t), 1) }oo —
{R-(t)}oo{O(L(t), 1) }oo,  t€[0,T], ze€C\a,b]. (6.8)

Using the general formula (1.17) and taking into account (6.4), we obtain

CZ(p(Ié £) /R \ i de()\,t)) = %{Rz(t)}oo = {Rz(t)}oo =
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_p(ﬂi? / (/\(j\zt)) do(A.1) + p(Ié,t) /]R Gz\(i’?dp(/\,t) _
%JK/A_ZW%&ﬂl/@QJMMkw:
p(ﬂét)/R{ ()\( ’))2 o0, )}dp()\,t)_
pp?(( 7,) / o)

which yields the required formula (6.6). O

Using Theorems 2 and 3 one can show that the basic formula (2.12) is valid under
the assumption that p(-,t) is the spectral measure of the solution L(t) (before we proved
(2.12) when assuming that p(-,t) is the (®, ¥)-transform of p(-,0) ). Below we formulate
this result precisely and give an alternative proof on the base of Lemma 5.

Lemma 6 Let F'(\t) be a complex valued function which is analytic with respect to X in
some neighborhood G C C of the interval [a,b] (for every fized t € [0,T]) and continuously
differentiable with respect to t in [0,T] (for every fired A € G). Then the function

= [FO0dp0, te.T) (6.9)
R
1s continuously differentiable and its derivative has the form
d .
%/ F(\ t)dp(\, ) :/ (F’()\,t)@(k,t)+F(/\,t)+F()\,t)®(>\,t)) dp(\,t).  (6.10)
R R

Proof LetI' CG besome contour which encloses [a,b]. Then it follows from the
Cauchy formula that

F(\t) d,o()\,t): 1 fEGY d¢ | dp(At) =
R 2mi Jr (— A

1
T omi F< ﬁdﬂ(A t))F(C,t)dc, t € [0,7).

Using this representation and formula (6.6) we get:

G [ PO =~ f{( [ s dnn) e+

1 DA,
([ 5Zeter0)Fen}ac =5 d{( [ (g +
i“@d<>ﬁm>( 77@0®ﬂw$ﬂz

F(¢,t) F(¢,t)
/R{mﬁ@_@ ¢ - B\, t)+— = LG O ) +

2% 4 Z(E’i)dg} dp(\ 1) = /R{F’()\,t)é()\,t)—l—

F(\ DO ) + F(\ )} p(\, t),
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as needed. O

REMARK 5 The assertions of Lemmas 5 and 6 hold true for polynomials ®(\, ), U(\, 1)
whose ¢t dependent coefficients are continuously differentiable (as in Section 2).

Lemma 7 Assume that the coefficients ¢;(t),v¥i(t) of polynomials ®(\,t), V(A t), and
the function F(-,t) from Lemma 6 are smooth, i.e., belong to the class C*°([0,T]). Then
the function (6.9) is also smooth and its derivatives are given by the following formula:

FM @) = % (/R F(A,t)dp(A,t)) = /R(M”F)()\,t)dp(/\,t), n=0,1,..., (6.11)

where the differential expression M is of the form

(MEYO 1) = (1) (‘gf:) (A,t)+<6£> (1) + O )F(\ 1),

e [a,b], tel0,T); M°F:=F. (6.12)

Proof Forn =0andn = 1 formula (6.11) is the same as (6.9) and (6.10),
respectively. Under our assumptions the function (M F)(A,t), (A,t) € G x [0,T] has the
same differential properties as F'(A,t). It follows from Lemma 6 that the function

(ZJ;) (t) = /R (MF)(\ t)dp(A, 1)

is differentiable, and for its derivative the representation (6.10) is valid. This justifies
(6.11) for n = 2. One can easily complete the proof by induction. O

Proof of Theorem 4 Let Li(t) and La(t) be solutions of the Cauchy problem
(3.3), (3.8) such that L;(0) = L2(0). Let us take the corresponding spectral measures
p1(A,t) and dpa(A, t), which are normalized as in (6.3). This means that they both meet
the condition (6.4). The inverse spectral problem has a unique solution which can be
found via formulas (1.8)—(1.10). Hence, to prove the theorem it is sufficient to show that
the moment sequences of measures p;(-,t) and pa(-,t) are the same on [0,7]. Introduce
for every t € [0,T] a real-valued measure B(R) 3 A — w(A,t) = p1(A,t) — p2(A,t) € R.
We need to prove that all the moments of the measure w(-,t) vanish:

/Aqdw(/\,t):o, ¢=0,1,..., tel[o,T]. (6.13)
R
To do this, let us take any nonnegative integer ¢ and prove that the function
) = / M dw(\, 1) (6.14)
R

is identically equal to 0 on [0, 7.
By Lemma 7 we have f € C*°([0,71]), and

Fm @) = /R(M”F)()\,t)dw()\,t), FMt) =X, n=0,1,..., tel0,T]. (6.15)
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Under our assumptions dp1(\,0) = dpa(),0), ie., w(-,0) =0, and hence f™(0) =0,
n=20,1,---. We shall prove below that for some constant K > 0

f™M@) < K™l n=1,2,..., tel0,T]. (6.16)
These estimates ensure the analyticity of f(¢) in some neighborhood of [0, T, and therefore
the conditions f™(0) =0, n=0,1,..., will give the equality f(t) =0 for all t € [0,T].

Let us prove the estimates (6.16). Bearing in mind (6.15), (2.1), and (2.13), we take
r enough large and write down the polynomials F, ®, and © in the following form:

r—1 r—1 r—1
FOLH) =) filhA . e\ =D @b\, O\ t) =D 0N, (6.17)
i=0 i=0 i=0
where the coefficients f;(t), ¢i(t),0;(t), i =0,1,---,7 — 1, are analytic in some domain

D 5 [0,T] of the complex plane (clearly, some of the coefficients are zero). One can see
that the expressions (M"™F')(\,t) are polynomials in A\ with analytic in the same domain
D t-dependent coefficients:

F(\t) = X,
(MF)(\,t) = @(A,t)(%F)()\,t)+(%F)()\,t)+9()\,t)F()\,t):
iqw(twﬂl + Hil 0;(t)A\T (6.18)
(M2F)(\t) = i)()\,t)(;\MF)()\,t)+(;MF)()\,t)+@()\,t)(MF)(>\,t):...,
(MPF)(\t) = @(A,t)(EgM?F)(A,t)+(;MQF)(A,t)+@(A,t)(M2F)(A,t):...,

and so forth. The estimate for derivatives of any analytic function [0,7] >t~ g(t) € C

|
3C, >0 g™ (#)] = ’;ﬁﬁ%dd <crtinl
n=0,1,..., telo,1], (6.19)

(fixed T encloses [0,T], I C D) ensures the existence of constants A, B > 1 such that the
absolute value of every derivative 9" /0t™ of the terms

fitNk pit)VEk 0i(t) Nk (6.20)

is not greater than AB"n!, n = 0,1,..., (\,t) € [a,b] x [0,T], 4,5,k =0...,r — 1. For
example, we can take

A= (r—1) max{l, Q"'}, B=max;{Cy, C,,, Cp}, i=0,1,...,r—1,

where @ is given by (6.1), while the constants C' come from (6.19).

The polynomial F' from (6.17) contains r terms of the first type from (6.20), therefore
[F(\ )] <7-A, (\t) € [a,b] x[0,T]. The polynomial MF', according to (6.12), contains
less than r-7-3 terms, where every such term is a product of two terms of the type (6.20) or
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some of their first derivatives 9/0t . Therefore, one can write |(MF)(\,t)| < 3r2- A- AB1!,
(\,t) € [a,b] x [0,T]. Similarly, the polynomial M?F contains less than r - 3r% - 3 terms,
each of which is a product of three terms of type (6.20) or some of their derivatives
0/0t,0%/9%*. Hence, one has |[(M2F)(\,t)| < 3%3 .- A. AB - AB?2!, (\,t) € [a,b] x
[0,T]. Continuing this procedure, it is easy to understand that for every n = 3,4,...
the polynomial M™F contains less than r - 3" !¢ . 3 = 3"r"*1 terms, each of which is a
product of n 4 1 terms of type (6.20) or some of their derivatives 0"1/0t"1, ..., 0 [0tV
where v1 + -+ + 1 < n. Therefore, the absolute value of every such product does not
exceed A" B ... BVl ) < AHIB™n)) in [a,b] x [0,T], and we have

(M"F)(\,t)] < 3%t AmH Bl (AW t) € [a,b] x [0,T], n=0,1,....
This estimate and (6.15) prove (6.16), which completes the proof of the theorem. O

REMARK 6 The application of Theorem 4 to the linear system of Theorems 2 and 3 gives
the uniqueness of the solution for the Cauchy problem (3.11), (3.12) in the class of moment
o

sequences (hi(t))32, of measures p(-,t) € M. Because of the factor k on the right hand
side of (3.11), in general the operator of this linear system is unbounded.

7 Modification and examples

Let us consider instead of (2.7) the following partial differential equation:

Os(A, 1) 0s(A, 1)
P D SO e A ) 1
Pl + 200w s (7.1)

Let s(A,t) be its nonnegative solution, such that
s(A0)=1, AeR. (7.2)

Replacing r(A,t) by s(A,t) in the procedure of Section 2, we can construct a new measure
o(-,t) e Mm: do(At) = s(\t)p(At). Tt follows from (7.1) that if A(¢) = ®(A(¢),¢) then
one has:

d
D500, = D, D), 1) (73)
The basic formula (2.12) (with ¥ in place of ©) remains true for this measure (com-
pare (2.11), (2.13) and (7.3)). Hence, the corresponding Jacobi matriz L(t) meets the

appropriately modified equation (3.3):

. 1

L(t) = @(L(2),t) + [L(2), (@(L(2), ) Drgry + 5L (L(8),1))] - (7.4)
REMARK 7 Since O(\,t) in (2.13) has a special structure, equation (7.4) is more general
than our original equation (3.3). However, in order to solve (7.4) we have to integrate not
only equation (2.3) but also (7.1) with initial condition (7.2).

REMARK 8 The moment equation (3.11) (or, which is the same, (5.24)) should be re-
placed by the following equation:
4

b)) = kS guOhina(t) + 3 0y (Ohyen(t) (7.5)
=0

=0
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where ;(t) and v;(t) are the coefficients of ®(\,t) and ¥(A,t), as in (2.1).
We are going to write down the differential-difference equations corresponding to (7.4)
for the case when

D\, 1) = @o + @1\ + A2, V(A t) =10+ Y1, (7.6)

where ¢; and 1; are real constants. The following terms appearing in (3.4), (3.5) are
to be expressed through a,, and b,,:

Q. = {P(L(2),

ik ={eol + o1 L(t) + @2L*()}ji, j=kk+1,k+2,
Ui = {P(L(?),1)};
t)

k:{wol"'_wl-[/(t)}]k ) ]:k)k+1 )

Qi = {®(L(t),t)Drw bk = {eoDrw + ©1L() Dy + 02 L) Dy b »
=k 1k+2.
We have
Qrp1r = ar(p1 + w2br + 2bry)
Ppi1p-1 = P2ap_10af,
Py = o+ pibp + pa(ai_y + b +ap)
Vi = by + o,
Vitie = Y1ag.

Since ®(L(t),t) is a 5-diagonal matrix and Dy, is a strictly upper triangular matrix,
one has: Q21 = 0. Moreover, it follows from (1.15) that

U1k = Prp1 k11D f -1k = P2ak_10% = kpaay, .

ar—1

Substituting all these expressions into (3.4) and (3.5) (where © is replaced by ¥), we
obtain the following nonlinear equations:

. 1

an = ian(Q‘pl + 2802(bn + bn+1) + wl (bn+1 - bn) + 2n¢2(bn+1 - bn)) ) (77)

by = o+ piby+ar_i(p2 — 1 — 2pa(n — 1)) + a(p2 + V1 + 2p2n) + p2b2 ,(7.8)
n=01,.... a,=0.

Let us consider several concrete examples. The procedure of integration of the corre-
sponding equations will be explained at the end of this section.

Example 1 For the following choice of coefficients,
900:_457 901:77/)0:07 302:57 Qb1:5_17 (79)

after the change of variables
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we get from (7.7) and (7.8) the so-called inhomogeneous Toda lattice [20] on semi-axis:
A, = A {B,(1-6(2n—-1)) = Buy1(1-62n+3))},
B, = A, 1(1-25(n—1))—A,(1—26(n+1))+3(B:—-4), (7.11)
n=0,1,...; A_1=0.

Example 2 If we take o9 = 1 = ¥p = 0 and ¢ = 1)1 = 1, we get from (7.7) and
(7.8) the following equations:

. 1
anp = §an(bn+1(3 +2n) —b,(2n — 1)),
by = 2a2 (1 —n)+2d2(14n)+b2, (7.12)
n=01,...; a-1=0.
It follows from (7.5) that the corresponding moments are subject to the equation Ay (t) =
(k+1)hg41(t) k=0,1,..., which can be easily integrated:
> .
ho(t) = 3 hy(0)¢ = {(1 = tLo) ™ Joo
5=0
1 (k + J)! .
hi(t) = i dt’f z_: ~hy4(0) - 7,
where h;(0) = {L} Voo, j=0,1,---, are initial moments of L € £.
In view of the estlmate hi(0) < ||Lo||?, 7 =0,1,..., all the series converge absolutely

and uniformly on the interval t € [0,T] for every positive T such that T < ||Lo|~'.
Therefore, the solution of the Cauchy problem on this interval can be found via formulas
(1.10) or (1.11) as will be explained below.

Let polynomials

Z Parp1 (AT W) = ()N
=0

be odd and even functions of A, respectively. Assume that all the diagonal entries
b, (0) of the initial Jacobi matrix Lo are zero. This is equivalent to the fact that the
corresponding initial measure p(-,0) is even, i.e., its support is a symmetric subset of R
and for any odd integrable function g(\) the following integral vanishes:

[ 9d(-,0) =
R

In the present situation the function s(A,t) is even, as one can see from (2.3), (7.1) under
our assumptions on ®(\,t) and W(A,t). Therefore, the mapping (2.4) (more precisely, its
counterpart for our modification) produces the measure p(-,¢), which is also even. Thus,
the solution L(t) of the Cauchy problem corresponding to equation (7.4) preserves this
extra structure for all ¢ for which it exists (cf. [2]):

ba(t) =0, n=0,1,..., (7.13)
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and equations (3.4), (3.5) are reduced to the following system:

anlt) = B, Obnern + g (UL, O} nsrnir — (P, D)) +

an+1{®(L(t), 1) D) bntom — an—1{®(L(t), ) Dr(t) s 1n-1, (7.14)
n=01,...; a1=0.

One can show that the right hand side of (7.14) is a product of a,(t) and some poly-
nomial function in variables ay(t) , and therefore, these equations can be regarded as
generalizations of the classical Lotka-Volterra system.

Example 3 a) If we take ®(\,t) =0 and ¥(\,t) = A, and substitute x, = a2, then
equation (7.14) transforms into the Kac-van Moerbeke system:

.’L'n(t) :$n(.%'n+1 _xn—l)v TL:O,l,"'; x-1=0

(see e.g. [7, 16, 23, 4]).
b) Consider the following equation :

Tn(t) = (T + n)(Tnt1 — Tn-1), n=0,1,...; xz_1=1. (7.15)

Let us rewrite (7.15) in variables a, = /x, +n, n=0,1,...

1
an(t) = —an—i—ian(aiﬂ —a? ), n=0,1,...;a-1=0. (7.16)
It can be easily checked that this equation is of the form (7.14) with ®(\,¢) = —\ and
V(N t) = A2, In view of Theorem 1 this allows us to integrate (7.16) and to find the
solution of (7.15) (the details will be provided below).
c) By taking ®(\,t) = A3 and U(\,t) = A\? we get from (7.14):

an(t) = %an{a?kl(?) —2n) + 2a2 + a2 1 (3 + 2n)}, n=0,1,...;a_1=0.

After the change of variables =z, = 2na? we obtain another kind of ”nonisospectral

Kac-van Moerbeke equation”:

. 1 n n .

T (t) = xn(wnﬂ—xn_l)—i-%xn <n+1:cn+1 +x, + n—lwn_l) , n=0,1,---;2_1=0.
(7.17)

Note that the Cauchy problem for (7.17) can be locally resolved by the ISP method

provided the initial values z,(0) grow with n not too fast (see below).

Let us return to Example 1 and present the ISP method of integration of the inho-
mogeneous Toda lattice (7.11). In this case, according to (7.9), the polynomials ® and
U have the form ®(\,t) = §(\2 —4), ¥(\,t) = (§ — 1)\. Therefore the Cauchy problems
(2.3) and (7.1), (7.2) are as follows:

PO _ 5w -1, A0 =m (7.18)
0s(A, t) ds(\,t)
D\ S\ —4) + o = (6 —DAs(\ 1), (7.19)

s(\,0) = 1, AER.
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Let supp dp(-, A) be a spectrum set of the initial Jacobi matrix. It is easy to calculate the
solution A(¢, ) of (7.18):

f+ 2+ (p— 2)edt

At ) =2
(,,U,) M+2_(M_2)645t7

M € supp dp(7 A) ) te [O7T] ’ (720)

where T' > 0 should be chosen in such a manner that for all u € supp dp(-,\) formula
(7.20) makes sense. Note that a small enough number 7' > 0 with this property always
exists.

The measure (-, t) is constructed as the image of p(-,0) under the mapping R > p —
we(p) = A(t,u) € R. To solve the Cauchy problem (7.19), we explore the method of
characteristics (see e.g., [27]). We rewrite equation (7.19) using the classical variables
(z,y,2) in place of (A, ¢t,s) :

0z(x,y) n 0z(,y)

2 —
d(z= —4) o a9y

=0-1)z z(x,y) . (7.21)

Our next objective is to find a surface z = z(x, y) passing through the curve ¢ : z(z,0) = 1,
x € R, y =0, in the space (x,y, z). Let us represent the curve ¢ in the parametric form
¢ ={(z,y,2) :x =v, y=0, z=1; v € R}, and consider the characteristic system of
equation (7.21):

dx 9

=(z* —4),

do By dw
du -

—=(0—-1 . .22
Do, =-Daw (7.22)
By integrating (7.22) with the initial data z(0) = v, y(0) =0, w(0) =1 we get the
(u, v)-parametric equations of our integral surface:

V424 (v —2)et
v+2— (v—2)etu’

x=x(u,v) =2 y=y(u,v) =u,

1-6
1 1-8
2 =w(u,v) = 201 <4(v +2—(v— 2)646“)> ' , u,v € R, (7.23)

It follows by elimination of u, v from (7.23) that the solution of the Cauchy problem (7.19)

1S
5—1

z(x,y) = 925 20~ 1)y (x +2—(z— 2)6_463/) e z,y R, (7.24)
or, in the old variables,
2029) o(5—1)t A
s\t =27 ¢ (A+2-(=2e )7 | AeR, tel0,T]. (7.25)

The corresponding spectral measure do (A, t) has the form do (A, t) = s(A, t)dp(A, t), where
p(+,t) is constructed via (7.20). The function s(A,t) should be nonnegative on supp p(-,t),
therefore we take a small enough T > 0.

The solution of the Cauchy problem (7.11) is unique (by Theorem 4) and can be found
by the procedure of Theorem 1. One should replace p(-,t) by o(-,t), take into account
relations (7.10), and compute a,(t) and b,(t)) via formulas (1.7) or (1.10).
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To calculate integrals with respect to the measure do (A, t) (this is a necessary step when
using Theorem 1), it is convenient to apply the following formula for enough arbitrary
function F'()\):

_ ) —9 46t
/ FO\) do(\ 1) = 275 e2<5*1>t/ Fotr2t )64& x
R R w+2—(u—2)e
1—

(12— (n—2)e®) 5 dp(u,0),  te€0,1], (7.26)

where p(+,0) is a spectral measure of the initial Jacobi matrix. This formula is a conse-
quence of (2.10), (7.20) and (7.25). The value of T' > 0 is small enough and depends on
supp p(+,0) : T is such that p 42 — (u — 2)e*® > 0 for pu € suppp(-,0) and ¢ € [0, T7.

REMARK 9 If § = 0 then the inhomogeneous Toda lattice (7.11) becomes the classical
one (3.7) up to a simple change of variables. It follows from (7.20) that in this case for
all t € [0,T]: A(t, ) = p, and therefore p(-,t) = p(+,0). It is also easy to verify that the
solution (7.25) tends to e~* when § — 0, which is consistent with the classical situation.

For Example 2, when ® = A2, U = ), the calculations are even simplier, and one can
easily get instead of (7.20), (7.25) and (7.26), the following formulas:

At p) = %m sOt) =1+ A\,

/RF()\)da()\,t) - /RF(1—MM)1—1M do(,0),  tel0,T].  (7.27)

If the initial Jacobi matrix is stable (the spectrum is in the left semi-axis), then 7" > 0 can
be chosen arbitrarily, while in general it has to be small enough to ensure that 1 — ut > 0
for p € supp (p-,0) and ¢t € [0,7]. By Theorem 4 the solution of the Cauchy problem
(7.12) is unique and can be found by means of Theorem 1 for ¢ € [0, 7.

Concerning Example 3, the situation is as follows. In case (a) we have the classical
isospectral equation. As for cases (b) and (c), we can apply the scheme of Example 1 and
get the solutions by means of Theorem 1. The formulas (7.20), (7.25), and (7.26) in case
(b) should be replaced by

Mt,p) = pet, s(A\t) = ez (=) ,
[FN ot = [ Flae e 0= dap(u,0), e (0.7],
R R

respectively, where T' > 0 can be chosen arbitrarily.

In case (c) we have

I
At ) = ——H ANt) =1+ 222,
(t, 1) o s(A\1)

_ P 1
/RF(A)da()\,t) — /RF<\/1_2M%> S W0, el T),

T > 0 is chosen small enough, such that 1 — 2u?t > 0 for p € supp p(-,0) and t € [0, 7T].
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