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ABSTRACT

In this paper, we study the Bayesian estimation of functions of parameters of some power series
distributions. These estimators are better than the classical minimum variance unbiased estimators
(MVUE) as given by Patil and Joshi (1970), in the sense that these increase the range of the

estimation and also have simpler forms.
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1. INTRODUCTION

Patil (1961) defined a generalized power series distribution (GPSD) if its probability mass
function (p.m.f.) is given by

ay 0%

P(X=x) = (@)

X ES, (1
where g(0) is a generating function i.e.,

g®) = Zaxe", 80>0a,=>0
XES
so that g(0) is positive, finite and differentiable and S is a non-empty countable sub-set of non-

negative integers.

It can be easily seen that proper choice of S and g(8) , the GPSD model (1) reduces to the
binomial, negative binomial, Poisson and logarithmic series distributions. When g(0) =0 , the
GPSD model (1) coincides with the class of distributions considered by Roy and Mitra (1957). Patil
(1962a, 1962b) has investigated some structural properties and statistical problems associated with
GPSD. Patil (1962¢,1964) obtained the maximum likelihood estimation of GPSD where as Patil
(1962d) obtained estimation by two moments method for GPSD. Patil (1963) and Patil and Joshi
(1970) studied properties associated with minimum variance unbiased estimation (MVUE) for power
series distributions. Eideh and Ahmad (1989) have investigated tests based on the Kullback-Leibler

information measure, for a one parameter power series distribution.

In this paper we study the Bayesian estimation of GPSD for proper choice of S and (8) .
These estimators are better than the classical minimum variance unbiased estimators (MVUE) as
given by Patil (1963), and Patil and Joshi (1970) in the sense that these increase the range of the
estimation and also have simpler forms. In particular, we derive the Bayesian estimator of ¢(0) =

0", r € (—o0,0). Note that the range of estimation is increased as we have takenr € (—o0, ).

For Bayesian estimation of discrete distributions we refer, among others, to Irony (1982),

Howlader and Balasooriya (2003), Abdul Razak and Patil (1986), Bhattacharya (1968).
2. SOME PRELIMINARIES

Let X4, X5, --+, Xy denote a random sample of size N from a given probability mass function

(p-m.f.), then

Ty = 2, Xi. )
We shall use the following result as given Abranowitz and Stegun (1964)
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M) = fooo u*"le U du, 3)

I(x)b™* = f0°° ux—le—bu du, 4)

F(b-a)r@M(ab;z) _ (1 51,1 . \b—a—1_zt
— o = [ -19 e?tdt, (5)

where M(a, b; z) is the confluent hypergeometric function and has a series representation given by

o (@jz

where (a)g = 1and(a), =ala+1)(a+2)-(a+n—-1). (6)

3. BAYESIAN ESTIMATION
Let Xy,X5,-:+, Xy be a random sample of size N from (1). The likelihood function of the

random sample denoted by L(6) is given by

_ v @0
LO) =1l

= 0" (g(0) VI, ay,
ie. L(6) « 8N (g(0)7V, (7

where ty is an observed value of Ty defined by (2). The posterior probability density function of 8,

corresponding to prior h(8) is given by

_ _ L®n®)

Under the squared error loss function (SELF) given by L(¢(8),d) = (¢(8) — d)?, where
¢(8) is a function of @ and d is a decision, the Bayes estimate ¢ of ¢(6) is given by

s = [, d(OIn(6/t)d6 ©)
Similarly, under the weighted squared error loss function (WSELF) given by L(¢(0),d) =
w(0)(¢(8) — d)?, where w(6) is a function of 0, the Bayes estimate ¢, of ¢(0) is given by

~ [ w(®)¢®)m(8/tn)do
Pw = Jo w(®)m(8/tn)do

(10)

We consider two different forms of w(8) as given below:

(i) Let w(6) = 872, The Bayes estimate ¢,; of ¢(6) known as the minimum expected loss

(MEL) estimate is given by

By = Iy 672¢(0)m(8/ty)d0
M= [“e-2m(8/ty)do

(11
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This loss function was used by Tummala and Sathe (1978) for estimating the reliability of
certain life time distributions and by Zellner (1979) for estimating functions of parameters of some

econometric models.

(ii)) Let w(8) =6072e7%,a > 0. The Bayes estimate ¢ of ¢(6) known as the
exponentially weighted minimum expected loss (EWMEL) estimate and is given by

0

¢3 _ Jy 67279 ¢(6)n(6/tN)dO
B [T6-2e=a0n(6/ty)do

(12)

Now we shall consider some special cases of the probability mass function given by (1) and obtain the

corresponding Bayesian estimate in each case.
4. POISSON DISTRIBUTION

A random variable X is said to have Poisson distribution if its probability mass function is

given by
0%e~0
Pg(x)z{T, xES,9>0, (13)
0, otherwise

where = {0,1,2,--} . It is a special case of (1) when a, = % and g(0) = e~ .
In this case the likelihood function L(8) is given by

L(B) o (8)ine=ON, (14)
With the gamma prior for 8 given by

B
h(6) = i‘—ﬁe-af’eﬁ-l, a,B,0>0, (15)

the posterior probability distribution function of 8 is given by

__LOOKO  _ WN+NE ey +B)-1,—(N+a)o
n(0/tw) = Jy LORO)A6 ~  T(tn+B) (@) e (16)

Under the squared error loss function (SELF) given by L(¢(8),d) = (¢(8) — d)? , the Bayes

estimate ¢ of p(8) is given by

» _ _[(n+h+r)
fo ‘Ib(@)”(g/tN)de T (N+)TT(ty+B) o

b5

Note that if r = 1, then we get the Bayes estimator of 8 as

« _ Tn+B+1) _ tn+B _ Y xi+P
9% = (N+a)[(ty+B) ~ N+a N+a (18)
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which is identical to maximum likelihood estimator (MLE) of 8 if @ = 8 = 0.
Similarly under WSELF, when w(8) = 672, the MEL estimate of ¢(8) = 6" is given by

© ar-2 (ty +B)-1,—(N+a)0
fo 0" < (0) e daé
fow g-2 (9)(tN +B)-1p—(N+a)b 4@

ar
M

_ r'(ty+B+r-2)
T (N+a)T(ty+p-2)’ (19)

Finally under WSELF, when w(0) = 672¢7%%, ¢ > 0 the EWMEL estimate of ¢(6) = 87 is given
by

o fo"ogr—ze—ae(e)(tl\, +[§)—1e—(N+a)0 do
E =

f(;’o g-2 g—ab (9)(tN +B)~1e-(N+a)0 g9

_ r'(ty+p+r-2)
= (Nta+a) Tty +p-2) (20)

If r =1, we get Bayes estimator of 6 for (19) and (20). Bayes estimator of 8", in each case can be

obtained by replacing ty by Ty, in each equations of Bayes estimator.

Note that the MVUE of 6" , exists as long as z = r and is zero (0) if z < r,which is a serious
limitation of the MVUE. The Bayes estimates, on the other hand, as given above, are free from such
restrictions on ty and 7, as long as r = 1. This is another advantage of Bayesian estimation over the
MVUE. However, if r < 0, Bayes estimates are zero (0), if ty + § < —rin(17)and ty+—2<

—7 in (19) and (20) respectively.
5. NEGATIVE BINOMIAL DISTRIBUTION

A discrete random variable X is said to have negative binomial distribution if its probability

mass function is given by

Po(x) = ("THe* - o), 1)
which is a special case of GPSD(1) whenever

a =", g@®=01-0)" xe5={0,12,,0,0<6 <1.
The likelihood function (6), in this case, is given by

L(6) x (B)N (1 — o)™V, (22)
Since 0 < 8 < 1, we take two different prior distributions given below

oP-1(1-0)a-1

h, (6) = B(p.9)

,0<0<1,p,q>0 (23)
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r(rq and

where B(p,q) = Tt

e P0gr-1(1-g)a-1

hy(0) = B(p.)M(p,p+q;—b)’

0<6<1pq>0, 24
with M (a, b; z) is given by (6).

The posterior probability density function of 8, corresponding to h () is given by

LOR(8)  _ (O)N+P 1 (1-g) PN+

m (8/ty) = [FL®)R1(6)a0 B(ty+p.nN+q) (25)
The posterior probability density function of 8, corresponding to h,(6) is given by
(ty+P)-1(1 _pgy(MN+q)—1,-bO

Jy LO)h2(0)d6  B(tn+P.AN+)M(tn+P,p+q+nN+ty;=b)

Both h,(8)and h,(0) are natural conjugate prior density. The prior density h,(0) is known as the
generalized beta density considered by Holla (1968) and Bhattacharya (1968).

Under SELF, the Bayes estimate of ¢(6) = 0", corresponding to posterior density (25) is
given by

1

sr ol =
01 = fo 0", (0/ty)d6 = B(tN+pmN+q)

fol(e)(t,v+p+r)—1(1 _ 9)(nN+q)—1d9

__ B(tytp+r,nN+q)
B(ty+pnN+q)

27

Similarly under WSELF, when w(8) = 672, the MEL estimate of ¢(8) = 6" corresponding to
posterior density (25) is given by

or @ EN+P+T=0-1(1_g) "N+ -1gg
IM T [Lg)(En+P-2-1(1-0) (N +D)-1ag

__ B(tntptr-2,nN+q)
- B(ty+p—-2nN+q)

(28)

Finally under WSELF, when w(8) =072 %% a >0 the EWMEL estimate of ¢(6) = 8"

,corresponding to posterior density (25) is given by

r

fol(e)(tN+p+r—2)—1(1 _ 9)(nN+q)—1e—a9d9
1E =

fol(e)(tAHp—Z)—l(l — §)(N+)-1g-ab gg

_ B(ty+ptr-2nN+q)M(ty+p+r—2,p+q+nN+r—2+ty;—a)
- B(ty+p—2nN+q)M(ty+p—2,p+q+nN+ty—2;—a)

(29)

Also under SELF, the Bayes estimate of ¢(8) = 8", corresponding to posterior density (26)
is given by
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(9)(tN+p+r)—1(1_9)(11N+q)—1e—b0d9

ar _ (lor _ 1
623 - fO 6 T[Z(e/tN)de - J‘0 B(ty+p,nN+q)M(ty+p,p+q+nN+ty;—b)

_ B(tntpt+rnN+q)M(tny+p+7rnN+p+q+ty+1r;—b)
B(ty+pnN+q)M(ty+p,p+q+ty+nN;—b)

(30)

Similarly under WSELF, when w(8) = 672, the MEL estimate of ¢(8) = 6" ,corresponding to
posterior density (26) is given by

A~ fol(e)(tN+p+r—2)—1(1_9)(n1\1+q)—1e—b9d9

2M — f()l(g)(tN+p—2)—1(1_9)(nN+q)—1e—b9dg

_ B(tytptr-2nN+q)M(ty+p+r—2nN+p+q+ty+7r—2;—b)
- B(ty+p—-2nN+q)M(ty+p—2nN+p+q+ty—2;—Db)

€2))

Finally, under WSELF, when w(8) =072 %% a >0 the EWMEL estimate of (8) = 6T,

corresponding to posterior density (26) is given by

R fol(e)(tN+p+r—2)—1(1 — §)(N+a)-1=(a+b)0 gg

r
2E

- fol(g)(tN+p—2)—1(1 — §)(N+)~1—(a+b) 4g

__ B(ty+tptr-2nN+q)M(ty+p+r—2,p+q+nN+r—2+ty;—(a+b))
- B(ty+p—2nN+q)M(ty+p+7r—2,p+q+tny+nN+r—-2;—(a+Db))

(32)

Note that the MVUE of 67 is zero (0) if z < r,which is a serious limitation of the MVUE. The Bayes
estimates, on the other hand, are zero (0), if r <Osuch that ty +p < —7r ,ty+p—2< -1 ,ty +
nN+p+q<-rty+nN+p+q—2<—r,depending upon the various loss functions. For n =

1, we get the estimate for geometric series distribution.
6. LOGARITHMIC SERIES DISTRIBUTION

A random variable X is said to follow logarithmic series distribution if its probability mass function is

given by
PX=x)=2—2 _ x=123- 33
=X " x[-log(1-6)]’ X = a3 (33)
which is a special case of generalized power series (1) whenever a, =% and g(0) =—1log(1—

0). In this case the likelihood function L(8) is given by
L(9) x (0)*[—log(1 — )] 7M. (34

With the prior density given by

A+t (1-0)A (~log(1-0)N
h(g) = D , 0<6<1,2>0 (35)
0, otherwise

the posterior density would be

Published by Atlantis Press
Copyright: the authors
425



Anwar Hassan et al.

mO/tn) = T = ST (6)
Under SELF, the Bayes estimate of ¢p(8) = 87, is given by
$h = I, 07n(6/tn)do = T (37)
Similarly under WSELF, when w(8) = 672, the MEL estimate of ¢(8) = 8" , is given by
Ay [ (O)ENTTD=1(1-0)2al
M @D a-0)1as
_ B(ty+7-1A+1) (38)

B(ty—1,A+1)

Finally under WSELF, when w(6) = 072¢~%,a > 0 the EWMEL estimate of ¢(8) = 67, is given
by

fol(g)(tN+r—1)—1(1 _ e)le—aedg
[, (@)tv=D-1(1 — g)e=a0dg

ar
E

_ B(tny+r—-1,A+1)M(ty+r—1ty+1+4,—a)
- B(ty—-1A+1D)M(ty—1ty+A;—a)

(39)

Note that the MVUE of 67 is zero (0) if z < r. The Bayes estimates, on the other hand, are zero (0),
if r<Osuch that ty+1<-r, ty—1<-—r ,ty+ 1< —r,depending upon the various loss

functions.
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