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Abstract   

A duffing system under approximate 

sawtooth wave excitation obtained by a 

relaxation oscillator is proposed, and its 

dynamic properties (including phase tra-

jectory, time evolution, bifurcation dia-

gram) are analyzed, also the impact of 

excitation magnitude change on phase 

trajectory is discussed. The synchroniza-

tion of two duffing systems under various 

excitations is achieved by nonlinear inte-

gral feedback method based on the sum 

of squared errors. Simulation results 

show that excitation amplitude affects the 

state of the system. Finally, it has been 

explained the effectiveness of this scheme 

on the generation of chaotic source in se-

cure communication and synchronization 

control. 
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1. Introduction 

There have been many studies on chaos 

which exhibits complicated dynamic 

phenomena in nonlinear systems. Famous 

chaotic systems such as Lorenz, Chua, 

Chen systems, and discrete Logistic, He-

non maps [1-4] have been addressed ex-

tensively. These studies mainly concen-

trate on the following aspects: dynamical 

behaviors analyses of chaos and complex 

chaos (see for example fractional-order 

chaos and multi-scroll chaotic system) in 

theory; Chaos control and synchroniza-

tion, chaotic weak signal detection, and 

chaotic secure communication (stream 

cipher, chaotic modulation, chaotic en-

coding, chaotic masking and chaotic shift 

keying etc) in application. Oscillator 

source has played an important role in 

communication. Nonlinear oscillator usu-

ally includes complex continuous chaotic 

signal [5-6]. Duffing oscillator is a typical 

nonlinear system, and it exhibits different 

dynamic properties under the periodic 

force excitation. In most papers on the 

research of duffing systems, the case of 

definite harmonic excitation is taken into 

account [7]. In some papers this problem 

is further extended to multi-frequency 

excitation [8-9]. Reference [10] studies 

the chaotic control of duffing system with 

random phase. In our paper we have ana-

lyzed various state characteristics based 

on the sawtooth-wave excitation obtained 

by relaxation oscillator.   

From the perspective of chaotic com-

munication, useful information can be 

demodulated and detected usually under 

chaotic carrier synchronization. In such 

cases we need to utilize synchronization. 

Sometimes we need to suppress chaos 

and desynchronize in order to avoid the 

destruction of chaos resonance [11]. 

Hence, by studying the mechanics of 

chaos and synchronization, and the fac-

tors of affecting synchronization, we can 
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utilize and control chaos freely. Different 

methods about chaos synchronization 

have been presented in prior papers, such 

as PC synchronization, linear or nonlinear 

feedback synchronization, adaptive syn-

chronization, delay feedback or delay 

coupling synchronization, state observa-

tion synchronization, impulsive synchro-

nization, active control synchronization 

and so on. The synchronization of two 

duffing systems under various excitations 

and various states is investigated based 

on nonlinear integral feedback technique 

in this paper.  

2. Duffing system based on sawtooth 

wave excitation obtained by relaxa-

tion oscillator 

Many researchers have obtained the 

sawtooth-wave from the relaxation oscil-

lator based on different methods and dif-

ferent circuits. Actually, a relaxation os-

cillator has been widely used in science 

and engineering. Toshimichi has imple-

mented the coupling relaxation oscillator 

by utilizing the piecewise linearity of op-

erational amplifiers combined with RC 

circuits [12]. Ref. [13] has designed the 

relaxation oscillator by coupling a simple 

S-shaped current controlled nonlinear re-

sistor to a timing RC network, and di-

rectly modified it to be a low-power con-

sumption chaotic oscillator. In this paper, 

the sawtooth wave by relaxation oscilla-

tor (see [12]) is applied as the excitation 

of duffing system, in which various dy-

namical features are shown and synchro-

nization of two duffing systems is 

achieved. 

The equation of duffing system with a 

sawtooth wave excitation is as follows: 
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In Eq.(1), yx,  are the state variables 

of duffing system, b  is the damping ratio, 
3cxax +  is the nonlinear restoring force, 

γ  is the excitation amplitude coefficient, 

z  is the excitation term of duffing sys-

tem provided by the sawtooth wave of the 

relaxation oscillator, qpw ,,  are the 

other state variables, and d  denotes the 

detuning. 

3. Characteristic simulation and 

analysis 

The dynamic characteristics of duffing 

system is addressed in this section. The 

approximate periodic sawtooth wave (the 

variable z  in equation (1)) is shown in 
Fig. 1. By the aid of MATLAB simula-

tion, phase portraits and time histories are 

shown in Figs. 2(a)-(h). With the varia-

tion of excitation magnitude, different 

phenomena exhibit including equilibrium 

point, period, chaos to large scale period 

are obtained. 
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Fig. 1: The approximately periodic relaxation 

oscillator 
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Fig. 2: Duffing system with different excita-

tion magnitudes, initial value x0=(0.01, 0.02, 

0.685, 1.1, 0, 0) 

 

Figs. 2(a), 2(c), 2(e), 2(g) denote the 

phase trajectories; Figs. 2(b), 2(d), 2(f), 

2(h) depict the time evolution waveforms. 

It corresponds to equilibrium point with 

0=γ (see Figs. 2(a) and 2(b)), periodic 

orbit with 1.0=γ (see Figs. 2(c) and 

2(d)), large scale period with 1=γ (see 

Figs. 2(e) and 2(f)), and chaos  status 

with 10=γ (see Figs. 2(g) and 2(h)), 

respectively. 

For clarity, the previous 5000 instant 

points are ignored in phase trajectory. 

Other parameters are taken as: 

4,3,5.0,1

,9.0,10/1,4.0 4

===−=

===

hcba

deg
 

where the duffing system is under a 

sawtooth wave excitation derived from 

differential equation (1), γ  impacts the 

magnitude of sawtooth wave excitation. 

Simulation results show that the variation 

of periodic oscillation amplitude impacts 

the dynamic characteristics of the system. 

Besides the phase trajectories and time 

evolution waveforms shown in Fig. (2), 

the bifurcation diagram obtained by Poin-

care section is analyzed in Fig.3.  
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Fig. 3: Bifurcation diagram of the system. (x 

vs γ ) 

Fig.3 shows the situations from equi-

librium point to period, and from period 

to chaos, then to large scale period. Si-

multaneously, Fig.3 shows that period 

may exist in the regimes of chaos, like 

γ =0.4~0.45, period 3 exists among large 

region of chaos. Moreover, chaos and pe-

riod may coexist in one system with same 
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parameters. Under γ =0.25, single scroll 

chaos is observed. Until t =280, it degen-

erates to period status under the excita-

tion as shown in Fig. 4. Here the excita-

tion is equivalent to the role of interfer-

ence. 
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Fig. 4: The Duffing system with the excitation 

amplitude coefficient γ =0.25, and the initial 

value x0=(0.01, 0.02, 0.685, 1.1, 0, 0) 

4. Synchronization 

Synchronization plays an important role 

in communication as mentioned in Sec-

tion 1. It has been applied in many fields 

such as chemistry reaction, power trans-

fer and so on [14]. Synchronization phe-

nomena also exist in biological system 

like cardiovascular, neural system etc 

[15]. Synchronization is a broad concept 

in science, many literatures have studied 

different aspects of synchronization. The 

importance and mechanics of oscillator 

synchronization are analyzed in detail 

[16]. In the above sections of this paper, a 

relaxation oscillator based duffing system 

with a sawtooth wave excitation is con-

structed, and the synchronization of 

duffing systems will be addressed in this 

section. 

The synchronization of oscillator sys-

tem will be realized with different con-

trolling methods, but it is usually caused 

by external disturbance and the coupling 

of systems [16]. The phase trajectories of 

two independent duffing systems are 

shown in Fig. 5. Fig. 5(a) is system (1) 

with a large scale periodic behavior 

where h =1, c =3, γ =10, a =-1, g =0.4, 

d =0.9. Fig. 5(b) shows a chaotic duffing 

system with a common harmonic function 

(0.425 tcos ) excitation as in Eq. (3).   
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where ( ) ( )tutu 21 ,  are nonlinear con-

trolling variables. 
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Fig. 5: Two independent duffing systems with 

different excitations and parameters. m=0; h=1; 

c=3; γ=10; a=-1; g=0.4; d=0.9. 

 

Combing Eqs.(3), (4) and (5), the con-

trolling variables ( ) ( )tutu 21 ,  are func-

tions of integral for k .  Figs.(6) and (7) 

show that the synchronization of two sys-

tems has been achieved ( 11
xxe xx −=− ).  

 

62



-3 -2 -1 0 1 2 3
-10

-5

0

5

10

(a)      x

y

-3 -2 -1 0 1 2 3
-10

-5

0

5

10

(b)      x
1

y 1

 

 

Fig. 6:  Synchronization of two duffing sys-

tems with different excitations and parameters. 

m=-10; h=1; c=3; γ=10; a=-1; g=0.4; d=0.9 
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Fig.7: Time evolution of errors. m=-10; h=1; 

c=3; γ=10; a=-1; g=0.4; d=0.9  

When drive and response systems are in 

different chaotic states (Fig. 8), how is 

the controlling result? 
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Fig. 8: Two independent duffing systems with 

different excitations and parameters. m=0; h=1; 

c=3; γ=80; a=1; d=0.6; g=0.1 

Simulation results show that the synchro-

nization has also been achieved through 

integral feedback control, as shown in 

Figs. (9) and (10), respectively. 
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Fig. 9: Synchronization of two duffing sys-

tems with different excitations and parameters. 

m=-10; h=1; c=3; γ=80; a=1; d=0.6; g=0.1 
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Fig. 10: Time evolution of errors. m=-10; h=1; 

c=3; γ=80; a=1; d=0.6; g=0.1 

5. Conclusion 

Duffing system which exhibits special 

chaotic characteristics under sawtooth 

wave excitation by relaxation oscillator is 

presented. The effect of excitation magni-

tude on dynamical properties is described 

through the plots of time evolution, phase 

portrait, bifurcation diagram etc. And it 

shows dynamical behaviors transit from 

equilibrium to cycle, then to chaos, large 

scale period. Finally, synchronization of 

two duffing systems by nonlinear integral 
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feedback control of sum of squared errors. 

It is useful for secure communication by 

selecting period carrier or chaotic carrier.  

6. Acknowledgement 

This work is supported by the National 

Natural Science Foundation of China un-

der Grant No.61174025. The authors 

want to thank all the anonymous referees 

and editors for their valuable comments 

and suggestions.  

7. References 

     

[1]  E. N. Lorenz, “Deterministic non-

periodic flow,” Journal of the Atmos-

pheric Sciences, pp. 130-141, 1963. 

[2] T. Matsumoto “A chaotic attractor 

from Chua’s circuit, ” IEEE Transac-

tions on Circuits and Systems I,  pp. 

1055-1058,  1984. 

[3] G. R. Chen, T Ueta. “Yet another 
chaotic attractor,” International Jour-

nal of Bifurcation and Chaos, 

pp.1465-1466, 1999. 

[4] S. G. Chen, “Maps and Chaos, ” Na-

tional defence industry press, 1992. 

[5] G. M. Maggio, O. De Feo, M. P. Ken-

nedy, “Nonlinear analysis of the Col-

pitts oscillator and applications to de-

sign ,” IEEE Transactions on Circuits 

and Systems I, pp.1118-1130, 1999. 

[6] A. Sharma, V. Patidar, G. Purohit, K. 

K. Sud. “Effects on the bifurcation 

and chaos in forced Duffing oscillator 

due to nonlinear damping,” Commu-

nications in Nonlinear Science and 

Numerical Simulation, pp.2254-2269, 

2012. 

[7] G. R. Tomlinson, G. Manson, “A 

simple criterion for establishing an 

upper limit to the harmonic excitation 

level of the Duffing oscillator using 

the volterra series,”  Journal of Sound 

and Vibration, pp. 751-762, 1996. 

[8] D. S. Yang, L. Dong, J. Shi, C. F. Lan, 
“Duffing system vibration behavior 

under multi-frequency excitation,” 

Journal of Vabration and shock, pp. 

19-68, 2011. 

[9] A. Chatterjee, “Parameter estimation 

of Duffing oscillator using Volterra 

series and multi-tone excitation ,” In-

ternational Journal of Mechanical 

Sciences, pp.1716-1722, 2010. 

[10] S. Li, W. Xu, R. H. Li, “Chaos con-

trol of duffing systems by random 

phase,” Acta Physica Sinica, 

pp.1049-1054, 2006. 

[11] R. Chacon, P. J. Martinez, J. A. 

Martinez, et al. “Chaos suppression 

and desynchronization phenomena in 

periodically coupled pendula sub-

jected to localized heterogeneous 

forces,” Chaos, solitons and Fractals, 

pp. 2342-2350, 2009. 

[12] T. Saito, “On a coupled relaxation 
oscillator,” IEEE Transactions on 

Circuits and Systems, pp.1147-1155, 

1988. 

[13] A. S. Elwakil, M. P. Kennedy, “A 

low-voltage, low-power, chaotic os-

cillator, derived from a relaxation 

oscillator,” Microelectronics Journal, 

pp. 459-468, 2000. 

[14] M. M. Al-sawalha, M. S. M. Noorani, 

“Adaptive reduced-order anti-

synchronization of chaotic systems 

with fully unknown parameters,” 

Communications in Nonlinear Sci-

ence and Numerical Simulation, 

pp.3022-3034, 2010.  

[15] C. S. Schafer, M. G. Rosenblum, J. 

Kurths, et al. “Heartbeat synchro-

nized with ventilation,” Nature, 

pp.239-240, 1998. 

[16] N. F. Rulkov,  “Images of synchro-

nized chaos: Experiments with cir-

cuits,” Chaos, pp.262-279, 1996. 

 

 

  

64




