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Abstract

Mathematical techniques based on auxiliary equa-
tions and the symbolic computation system Maple
are employed to investigate a generalized Benjamin-
Bona-Mahony differential equation. The Jacobian
elliptic function solution, the soliton solutions and
the triangle function solutions to the equation are
constructed under various circumstances.
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1. Introduction

Many mathematical techniques have been em-
ployed to find traveling wave solutions of nonlin-
ear partial differential equations. Rosenau and
Hyman[1] used the pseudo spectral methods in
space and a variable order, variable time-step
Adams-Basford-Moulton method in time to study a
family of nonlinear KdV equations, and obtained a
class of solitary waves with compact support, which
were called compactons. Wadati[2][3] developed
the trace method to investigate the exact travel-
ing wave solutions for a modified Kortweg-de Vries
equation. The tanh method developed by Malfliet
et al.[4][5] is a reliable algebraic technique to obtain
exact solutions of many nonlinear equations. Fan
and Zhang[6][7] extended tanh method and investi-
gated the generalized mKdV equation and the gen-
eralized ZK equation. This extended method was
a powerful tool to seek exact solutions of nonlin-
ear equations. By decomposing the time and space
variables of nonlinear partial differential equations
into two integrable ordinary differential equation,
Ma and Wu[8] have found some exact solutions of
KdV,mKdV and KPP equations.

Benjamin, Bona and Mahony[9] established the
model

Uy + aty — blgz + k(uz)z =0, (1)

which was called BBM equation. It is used as
an alternative to the KdV equation which de-
scribes unidirectional propagation of weakly long
dispersive waves[10]. As a model that character-
izes long waves in nonlinear dispersive media, the
BBM equation, like KdV equation, was formally
derived to describe an approximation for surface
water waves in a uniform channel. The equation
covers not only the surface waves of long wave-
length in liquids, but also hydromagnetic waves in
cold plasma, acoustic waves in anharmonic crystals,
and acoustic gravity waves in compressible fluids.
Many researchers are attracted by the wide applica-
bility of the BBM equation[10]{11].

Using the tanh method and the sine-cosine
method, Wazwaz[12] obtained compactons, soli-
tons, solitary patterns and periodic solutions for
the following generalized form of Eq.(1)

up + aty — buge + k(u™), =0, (2)

where a # 0,b # 0,k # 0 and m > 1 are constants.

In the present work, making use of two differ-
ent kinds of auxiliary equations, we will focus on
deriving the exact traveling wave solutions includ-
ing Jacobian elliptic function solution, solitons and
triangle function solutions for Eq.(2). Our results
includes those presented in Wazwaz’s paper|[12] as
a special case.

2. Exact traveling wave solu-
tions to the Eq.(2)

Firstly, we illustrate the main approach used in this
work.

The transformation u(x,t) = u(€) (£ = p(z —
ct)) turns a given nonlinear equation

P(uvutvuxvuwv’muxhutt"') =0 (3)
into the following nonlinear ordinary different equa-

tion
Q(u, ug, uge, ugee, - -) = 0. (4)



We seek for the solutions of Eq.(4) in the form

u(€) = 3 g1 (), (5)

where ¢;(i =0,1,2,---, N) are constants which will
be determined later. The parameter N is a pos-
itive integer and can be determined by balancing
the highest order derivative terms and the highest
power nonlinear terms in Eq.(4). The highest de-
gree can be calculated by

o (6)
O[U 8§g]ZqN+p7 Q7p:071527" <.

{ O[gZu]:N_’_p’ p=0,1,2--
q

2.1. The first auxiliary equa-
tion for solving Eq.(2)

To find the traveling solutions for Eq.(2), we know
that the wave variable £ = pu(x — ct) turns Eq.(2)
into the ordinary differential equation

(a —c)u' + bepu” + k(u™) = 0. (7)

Integrating Eq.(7) once and ignoring the inte-
gral constant give rise to

(a — c)u + bep*u” + ku™ = 0. (8)
Setting u™1(¢) = v(€) yields

bep?(2 —m) beu?
2 2
(a —c)v* + (m—1)? v —

v+ kod = 0.

(9)
From (6) and (9), we can assume that v(§)
takes the form

v(€) = go + g12 + g22°. (10)

Supposing z(§) = sn(§), that is

v(€) = go + grsn(€) + gasn®(€), (11)

where go, g1 and go are constants to be determined
later. Function sn(§) = sn(&,r) is a Jacobian ellip-
tic function and 7(0 < r < 1) is the modus of the
function.

It follows from (11) that

v = gren(§)dn(§) + 2gasn(&)en(€)dn(§),
o' = 2gaen?(€)dn*(€) — sn(€)x (12)
(91 + 2g25n(8))(dn?(&) + r2en?(£)).

Substituting Eq.(11) and (12) into Eq.(9) and
equating each coefficients of sn’(0 < i < 6) to be

zero in the resulting equation, we get the following
algebraic equations

6bcuzg§r2 8bcu2ggr2

(m — 1)
=0, (13)

k3
1 + rgs +

4bcp®mgir?
C (m—1)?
8bcpgirgo
(m—-1)2
+850M291T292
m—1

4bcp®mgir2 go
(m—1)?

+3kg1g5 = 0, (14)
_bc,ung%r2 _ 4bcp?gar? B 4bcu®g2
(m—=1>  (m—-1*> (m—1)*
+2bcu29?7“2 6bcp®gar? go
m—1 m—1
2bcp?g3r?
(m—1)?
_3bc,u292917’2 B 3bcu’gagr
(m—1)? (m—1)?
_ bepPmgag
(m—1)?
+2bCM2917“290
m—1

+ (a — ¢+ 3kgo)g3

+3kgi g2 + =0, (15)

beuPmgagir?
(m—1)?

+ 6kgog192 + 2(a — ¢)g192

+ kgi =0, (16)

o Adbcp*mgs  4bep”gago
(a—c)gi — -
(m—1)2 m—1
2bcp®gy | 8bep’gs
m—1 (m—1)2
4bepi® gargo
-1

+ 3kgog;

+2(a — ¢)gogz — + 3kggge

bep?gt (r? +1)
_ = 1
(m— 172 0, (17)
(6 — 2m)bep®g201
(m—1)?

(2@ —2c+ ?)kgo)gogl +

bep?gi (r? 4 1)go
 m-1
2bepi® gago
m—1
bep*mgs
S (m—1)2

=0 (18)

+ (a—c)gg

2bep* g3
o = (19)

k:gg +

Solving Eqs.(13) to (19) with the Maple, we get

a
€= b,u27‘2—|—b,u2—|—1’m
2abpr?
k(bu2r? + bp2 + 1)’

= 3790 = 07 (20)

91=0,92=— (21)



or

r=1, m#3, ¢ =0, (22)
(m? —2m +1)a
T T — 1+ 2m—m? (23)
2(m + 1)abu?
90 TR b — 1+ 2m — m2)’
2(m + 1)abu?
92 = k(4bu? — 14 2m —m?2)’

Substituting Eq.(20) and (21) into Eq.(11) and
using the transformations u™~(¢) = v(£) admit
the exact solution of Eq.(2) to have the form

B 2abu’r?
U(IE,t) - {7k(bu2r2 + bMQ + 1) Sn2
e ¢ ))}#.(26)

¢
bulr? +bp? +1

From (22), (23), (24) and (25), the exact solu-
tion is expressed by

2(m + 1)abu?
4bp? — 1+ 2m —m?)

(m? —2m + 1)a
4bp? — 1+ 2m — m?2

(1 — tanh?

u(z,t) = {_k(

DI} (27)

(> +

2.2. The second auxiliary equa-
tion for solving Eq.(2)

We assume that z(£) of Eq.(10) satisfies the follow-
ing auxiliary equation

dz
dg

12 = a12% + apz? 4 a3z’ (28)

(

Substituting Eq.(10) and (28) into Eq.(9) and
setting the coefficients of each order of z to be zero,

we get a set of algebraic equations

8bcpgiar  4bcu’mgiar
m—1  (m—1)?
8bcu’giay
(m—1)

—4bcp?mgr gaay

(m—1)
n 11bcp”g1gaan
m—1

=0, (29)

8b0H291g2al
(m—1)?

=0, (30)

3bcuzglalgo 8bC/I,29192a2
m—1 m—1
(8 — 4m)bcu? g1 goas
=0 31
1) : (31)
k:gg’ ngg%

3kgig3 +

8g2a1 90 295 a2
2 (m=-12%2 m-1 (m—1)2

bep
2 2
gray 2mgia1
- =0, 32
m—12 " (m— 1)y (32)
dbep®mgsas
(m—1)?
2bcp®gias
-1

(3kgo — c+ a)gs —

n 6bcp” gaazgo
m—1
bep?mgiay  dbepgias
w12 T 1P
2(a — ¢+ 3kgo)g1g2 + kg? | 3g19203
bep? (m—1)2
mgi192a3 | 2914290

T T mo1 =% (34)

+ 3kgige +

(3kgo — 2¢ + 2a)goge + Aberr 921390
m—1
bep®gias
-1
bep?mgiaz  2bcp’gias
S (m=-1)2 T (m—1)?
2(a — ¢)gogr + 3kgo o
+ bep® grasgo
m—1
—cgg + agg + kgy = 0. (37)

+(a — ¢+ 3kgo)gi +

=0, (35)

Solving Eq.(29) to (37) by using the Maple, we
obtain

_ —2bepi(m 4 1)

=0.g1=0,g9 = 38
go , g1 » 92 k(m — 1)2 a27( )
_  (a—¢)(m—1)?
[ 0, az = 4bCﬂ2 s (39)

where as is a nonzero constant. The equation

2
(%)% = ayz2* — %22 admits the solutions



_ (a—c)(m—1)?

in the case where ¢ e

and %< > 0

() = (g e (Vo —et)}E, - (10)
A9 = (g s (Vola — )}, ()
and in the case %—* < 0
A0 = g sec(V=da — )}, (12)
A = {esct® (=0 — e)}E, (43

asexp(+v/—2¢(x — ct 1
() = af ORIV ) sy
exp(£v/—2¢(x — ct) — 4as)
From Eq.(38) and (39), the solutions of z(&)
and the transformations u™~1(¢) = v(£), we get
the following results

) = (U= oo - e} 7
(45)
u(xvt) = {%(]zn—’—l) CSC2(\/$(:£ — ct))}ﬁ’
(46)

where “=¢ > (.
u(w,t) = {%Sech}(ﬂ(zf@))}ﬁ’
(47)
u(w,t) = {%&SC}F(H(;E—CQ)}%?

(48)

8(a — ¢)(m + 1)ag exp(£v/—2¢p(x — Ct))}ml ;
Fexp(Ev/—26(z — ct)) — 4a3) ’
(19)
where %= < 0 and az is a nonzero constant.
Solution formulas (45)-(48) are in full agree-
ment with the solutions presented in Wazwaz[12].

u(z,t) =4

a—c

3. Conclusions

In this paper, by using the ansatz method with the
help of two forms of auxiliary equations and the
Maple, we have obtained some exact solutions to
a generalized Benjamin-Bona-Mahony equation. It
is worthwhile mention that the ansatz method can
also be applied to many other evolution equations,
which is our future work.

Acknowledgment

This work is supported by the Scientific Research
Fund of Southwestern University of Finance and
Economics (Grant No. 07YB53).

The corresponding author’s email address:
mychenjing2007@sina.com

References

[1] P. Rosenau, J.M. Hyman, Compactons: solitons
with finite wavelenths, Phys. Rev. Lett., 70(5):
564-567, 1993.

M. Wadati, Introducton to solitons, Pramana:

J. Phys., 57(5-6): 841-847, 2001.

M. Wadati, The exact solution of the modified

Kortweg-de Vries equation, J phys Soc Jpn., 32:

1681-1687, 1972.

W. Malfliet, W. Hereman, The tanh method:

Exact solutions of nonlinear evolution and wave

equations, Phys. Scr., 54: 563-568, 1996.

W. Malfliet, W. Hereman, The tanh method:

Perturbation technique for conservative sys-

tems, Phys. Scr., 54: 569-575, 1996.

E.G. Fan, H.Q. Zhang, New exact solutions for

a system of coupled KdV equation, Phys Lett

A, 245: 389-392, 1998.

E.G. Fan, H.QQ. Zhang, A note on the homoge-

neous balance method, Phys Lett A, 246: 403-

406, 1998.

W.X. Ma, H.Y. Wu, Time-space integrable de-

compositions of nonlinear evolution equations,

J. Math. Anal., 324: 134-149, 2006.

T.B. Benjamin, J.L. Bona, J.J. Mahony, Model

equation for long waves in nonlinear dispersive

system, Philos Trans Royal Soc London Ser A,

272: 47-78, 1972.

[10] J.L. Bona, R. Smith, The initial value prob-
lem for the Korteweg-de-Vries equation, Philos
Trans Royal Soc London Ser A, 278: 555-601,
1975.

[11] J.C. Saut, N. Tzetkov, Global well-posedness
for the KP-BBM equations, Appl Math Res Fzx-
press, 1: 1-6, 2004.

[12] A.M. Wazwaz, Nonlinear variants of the BBM
equation with compact and noncompact physi-
cal structures, Chaos, solitons and Fractals, 26:
767-776, 2005.



