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Abstract

In this paper, we introduce and study a new class of
random generalized bi-linear mixed variational-like
inequality for random fuzzy mappings. By using the
minimax inequality and extending auxiliary principle,
we prove an existence and uniqueness theorem of the
solution for the random generalized bi-linear mixed
variational-like inequality.
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1. Introduction

It is well known that variational inequality theories
are very effective and powerful tools for studying a
wide class of linear and nonlinear problems arising in
many diverse fields of pure and applied sciences such
as mechanics, physics, optimization and control,
nonlinear programming, economics and
transportation equilibrium, and engineering sciences,
etc. In recent years, classical variational inequality
theories have been generalized and applied in various
directions, the readers refer to [1]-[3] and the
references therein. A useful and important
generalization of variational inequalities is the mixed
variational-like inequalities, which have potential and
significant applications in optimization theory [4,5],
structural analysis [6], and economics [7,8]. It is
noted that there are many effective numerical
methods for finding approximate solutions of various
variational inequalities. Among these methods, the
projection method and its variant forms is the most
effective  numerical technique. However, the
projection type technique cannot be used to study
mixed variational-like inequalities, since it is not
possible to find the projection of the solution. These
facts motivated Glowinski et al. [7] to suggest
another technique, which does not depend on the
projection. The technique is called the auxiliary
principle technique. Very recently, Huang et al. [9]
and Ding [10] extend the auxiliary principle
technique to study generalized nonlinear mixed
variational-like inequalities.

On the other hand, in 1989, Chang and Zhu [11]
introduced the concept of variational inequality for
fuzzy mappings, which was extended by Lassonde
[8], Shih and Tan [12]. Recently, the random
variational inequalities have been introduced and

studied (see [13, 14,15]-[17]).

Inspired and motivated by recent works
[18,19,14,16,17], we introduce and study a class of
random generalized bi-linear mixed variational-like
inequality for random fuzzy mapping. By using the
minimax inequality and extending auxiliary principle,
we prove the existence and uniqueness theorem of
the solution for the random generalized bi-linear
mixed variational-like inequality. Our results
improve and generalize many known corresponding
results presented in [10,13,20,14,9].

2. Preliminaries

Throughout this paper, let H be a real Hilbert
space with norm and inner product denoted by || -||
and <>, respectively, and D be a nonempty
closed convex subset of H . We denote by 2" and
CB(H) the families of all the nonempty subsets
and the families of the nonempty bounded closed
subsets of H , respectively. Tﬁ(’) represents the
Hausdorff metricon CB(H).

Let (Q,X) be a measurable space, where
is a set and X is o —algebra of subsets of €.
We denote by S(H) the class of Borel
o —fieldsin H .

Definition 2.1. A mapping f :Q — H is said to
be measurable if forany C € f(H) and
fHC)={teQ: f(t)eC}ex.
Definition 2.2. A mapping f:QxH —H is
called a random operator if for any
we H, f(t,w)=w(t) is measurable. A random
operator f:QxH — H s said to be continuous
if for anyt € ), the mapping f(t,-):H —> H s
continuous.
Definition 2.3, A  multivalued  mapping
A:Q — CB(H) is said to be measurable if for
any Ce S(H)and

ATC)={teQ:At)NnC = D}eX.

Definition 2.4. A mapping U:€ — H is called a
measurable selection of the multivalued measurable
mapping A:Q — CB(H) if Uis a measurable
mapping and t e Q,u(t) e A(t).
Definition 2.5. A mapping T :QxH — CB(H)
is called a random multivalued mapping if for any
we H,T(,w) is measurable. A random multi-
valued mapping T :QxH — CB(H) is said to
be H — continuous if for any teQ,T(t,-)is
continuous in the Hausdorff metric.

Let F(H) be a collection of fuzzy sets over



H . A mapping F from Q into F(H)is called a

fuzzy mapping. If F is a fuzzy mapping on H , for
any teQ, F(t)(denote it by F, in the sequel)

is a fuzzy seton H and lft(z) is the membership

function of z in Ift. Let MeF(H) ,

g €[0,1], then the set
(M), ={ueH:M(u)=q}

iscalleda q-cutsetof M .
Definition 2.6. A fuzzy mapping F :Q — F(H)
is called measurable if for any a €[0,1], (If())a :
Q — 2" is a measurable multivalued mapping.
Definition 2.7. A fuzzy mapping F:QxH —
F(H) is called a random fuzzy mapping if for any
weH, F(ww):Q— F(H) is a measurable
fuzzy mapping.

Clearly, the random fuzzy mapping includes
multi-valued  mappings, random  multivalued

mappings and fuzzy mappings as the special cases.
Let AT:QxH — F(H) be two random

fuzzy mappings satisfying the following condition (I):

if there exist two mappings a,C:H —[0,1] such
that

V(t,w) e QxH, (Aj,w)a(w) e CB(H),
(Tt,w)c(w) ECB(H)~

By using the random fuzzy mappings A and
T , we can define two random multi-valued
mappings A and T as follows:

V(t,w) e QxH

A:QxH —CB(H),(t,w) > (Aw)a(w),

T:QOxH —CB(H),(t,w) > (Tt,w)c(w)'
So A and T are called the random multi-valued
mappings induced by the random fuzzy mappings
A and 'I:,respectively.

Given mappings a,c:H —[0,1] , the
random fuzzy mappings AT :QxH — F(H)
satisfy the condition (1). LetN,7:H xH — H be
two mappings. Letb:H xH — (—o0,+w] be a
real-valued function. We shall study the following
problem: Find measurable mappings U, X,Yy:Q
— H such that

A (X(©) 2 a(u(), T, (Y1) = c(u(t)
and
<N(x(t), y(®), (v, u(®)) >
+b(u(t),v)—b(u(t),u(t)) >0, (2.1
for all teQ and veH , where the function
b(-) is nondifferential and satisfies the following

conditions:
(i) for anyw,v e H,b(w,V)is line in the first
argument;
(i) for each we H,b(w,-)
function;
(iii) for anyw,v € H,b(w, V) is bounded, that is,
there exists a constant > 0 such that
b(w,v) < |- v]:
(iv) forallw,v,z e H
b(w,v)—b(w,z) <b(w,v-2).
Remark 2.1.

(1) for anyw,veH ,b(-w,v)=-b(w,Vv) and
b(-w,v) < 7||W||||V|| hold from condition (i) and
(iii), respectively. So |b(W, V)| < }/||W||||V||

(2) for anyw,v,ze H , |b(W,V)—b(W, Z)| <
y|w-|v—2|| from condition (ii) and (iv). So
b(w,v) is continuous with respect to second

argument.

Inequality (2.1) is called random generalized
bi-linear mixed variational-like inequality for random
fuzzy mappings. The set of measurable mappings
(u, X, y) is called a random solution of the random
generalized  bi-linear  mixed  variational-like
inequality.

Special cases:

@ 1 N(x(t), y() = Pt x(t)) - F(t, y(1)),
n(v,u(t)) =v—g(t,u(t)) , where F=1f—g,
P,f,0:QxH —>H , and b(u,v)=¢(v) for
all u,veH , the problem (2.1) reduces to the
following

is a convex

random generalized nonlinear mixed
variational inclusions for random fuzzy mappings:
Find measurable mappings U,X,y,W:Q —>H ,
such that forall te Q,u(t) e H, A]u(t)(x(t)) >
a(UM)): Tou (YD) 2 cU(t) ) Stuw (W(H)) 2
d(u(t)), g(t,w(t))Ndom(o¢) = ® and

<Pt x(t)) —{f (t, y(t) — gt w(t)}, v-g(t, w(t)) >

2g(g(t,w(t)-¢(v), YweH. (22
The problem(2.2) was studied by Ahmad and Bazan

[13].

(2) EN(x(), y(t) = f(t, x(t)) - p(t, y(t)),
n(v,ut)) =v—-g(t,u(t)) and b(u,v)=¢(v)
for all u,ve H , the problem (2.1) reduces to the
following random generalized nonlinear variational
inclusions for random fuzzy mappings: Find
measurable mappings U, X,y :Q — H, such that
for all teQu(t)eH,A,,X{t)=a(u(),
Tro (YD) = c(u(t))

and

< f({t.x(t) - p(t, y(©),v-g(tu(t) >



2¢(g(tu®))-4(v), VvveH. (23
The problem(2.3) was studied by Huang [14].

(3) If in Banach space, let A,'I: QxD
—> B"be measurable mappings, N(,-)=T()—
Q() and the real-valued function b(u,v) = f(v)
for all u,v e D, then the problem (2.1) reduces to
the following random mixed variational-like

inequality problem: Vv e B
<T(t,u(t)) — At,u(t)), 7(v,u(t)) >

< f(u(t))— f(v). (2.4)
The problem (2.4) was considered by Ding [20].
(4) If in reflexive Banach spaces, let

AT:D>B ad 75:DxD—>B be
mappings, then the problem (2.1) reduces to the

following nonlinear mixed variational-like inequality:

for a given W €B", find UeD such that
< N(Tu, Au)-w,7(v,u) > +b(u,v)—b(u,u)

>0, VveB. (2.5)
The problem (2.5) was considered by Ding [10].

It is noted that the problems (2.2) - (2.5) are
special cases of the problem (2.1). In brief, problem
(2.1) is the most general and unifying one, which is
also one of the main motivations of this paper.
Definition 2.8. Let D be a nonempty closed
convex subset of H , a mapping 7:DxD — D
is called o — Lipschitz continuous, if there exists a
constant ¢ > O such that

|7(u,V) <o |lu=V]], vu,veD.
Definition 2.9. Let D be a nonempty closed convex
subset of H, letz7:DxD — Dand N(,-):D
xD — D be two mappings.

(1) N(.,-)is said to be Lipschitz continuous in
first argument, if there exists a constant r > 0 such
that

IN(u, )=N(v,)|[gr]|Ju=v]|, Vu,veD.

(2) N(--) issaidto 7 —strongly monotone in
first argument with respect to the random multi-
valued mapping A, if there exists a constant & > 0
such that forany t (2,
<N ) =N, )t 0,) >2 5 0, —u, P,

Yu,,u, € H, x € A(t,u,), %, € A(t,u,).

Similarly, we can define Lipschitz continuity and
the 77— strongly monotonicity of N () in second
argument with respect to the random multi-valued
mappings T .

Definition 2.10. Let A, T:QxH — CB(H) be
two random multi-valued mappings induced by the
random fuzzy mappings A and'I:, respectively,
and 77: Dx D — D be mapping. The mappings

u— N(x(t), y(t)) and 7 are said to have 0—
diagonally concave relation, if for any t€Q, the
function ¢:QxDxD — (—o0,+] defined by

B(t,v,u) = (N (x(1), y()), 7(u,v))

has O —diagonally concave in Vv, where X(t) e
A(t,u),y(t) eT(t,u), ie, for any teQ, any

m
finite set {v,,v,,...,V,}< D and UZZﬂ,Vi

i=1

(42034 =), 3 Ag(tv,u) <0.
i=1 i=1

3. Existence uniqueness theorem

At first, we give the following Lemmas.

Lemma 3.1. [21] Let T:QxH — CB(H) be a
H — continuous random multivalued mapping, then
for measurable mapping U:Q — H , the multi-
valued mapping T(,u()):Q—>CB(H) s
measurable.

Lemma 3.2. [20] Let (Q,X) be a measurable
space, and D be a nonempty convex subset of a
topologi- cal vector space. Let
@ QxDxD —[—w,+0] be a real-valued
function such that

(1) for each (v,u)e DxD, t— o(t,v,u)is
measurable mapping;

(2) for each (t,v)eQxD, u— ¢(t,v,u) is
continuous on each nonempty compact subset of
D;

(3) foreach (t,u)eQxD, v—p(t,v,u)is
lower semicontinuous on each nonempty compact
subset of D ;

(4) for each te ), each nonempty finite set

m
V..V, 3D and for each U=Zﬂ,ivi
i=1

(4=0and > 4 =D, ming(t,v;,u) <0;
-1 <I<m

(5) for each teC), there exists a nonempty
compact convex subset D,of Dand a nonempty

compact subset K of D such that for each
ueD\K , there is a veco(D, u{u}) with
o(t,v,u) >0.
Then there exists a measurable mappingu : Q — D
such that ¢(t,v,u(t)) <0 for all veD and
teQ.

Now we now state the main result of this paper.

Theorem 3.1. Let (€2,X) be a measurable space,
and D be a nonempty convex subset of H . Let
random fuzzy mappings AT :QxH — F(H)



satisfy the condition (1), and A and T be the
random multi-valued mappings induced by the
random fuzzy mappings A and f, respectively.
Let N,7:DxD—>D be two mappings. Let
b:DxD — (—o0,+o] be a real-valued function

such that

(1) for each t € Q, the mapping A(t,), T (t,
1) is H —continuous with constant0 < 4, 4, <1,
respectively;

(2) the mapping 7 is Lipschitz continuous
with constant o >0 ; the mapping 7(U,V) is
continuous in first argument and semicontinuous in
second argument , and for all u,ve D,n(u,v)=
-n(v,u);

(3) the mapping N (:,-) is Lipschitz continuous
and 77 —strongly monotone with respect to the ran-
dom multi-valued mapping A in first argument
with constant K;; >0 and Kk, >0 respectively.
N(-,-) is Lipschitz continuous and 77— strongly
monotone with respect to the random multi-valued
mapping T in second argument with constant
K, >0 and k,, >0 respectively, too;

(4) for each t e, the mappings U —> N(
X(t), y(t)) and 7 have the O—diagonally con-
cave relation;

(5) the function b(-,) satisfies conditions (i)
- (iv) where y € (0,k, +K,,).

Then the problem (2.1) has a unique random solution

(t) e D, X(t) € A(t,U(t)), y(t) e T (t,u(t)),

ie.
(NR(®), 9(0), 7(v, (1)) +b((t),v) -
b(l(t),d(t)) >0, VweD,teQ.
Proof.  Firstly we prove that for each fixed
u'(t)eD , there exists a  unique
((t) e D, R(t) e At, (1)), Y(t) e T (t,G(t))
such that
(N(R(®), 9()), (v, G(1))) + b(u" (1), v) -
b(u'(t),i(t)) =0, WeD,teQ (3.1
For any fixed U* € D, we define a function Q.
QxDxD — (—o,+x0] by

o(t,v,u) = (N (x(t), y(t), 7(u,v)) +b(u",u) -

b(u*,v), Yv,ueD,teQ,
where X(t) € A(t,u), y(t) eT(t,u).

Since A and T are the random multi-valued
mappings induced by the random fuzzy mappings
A and '|: respectively, i.e. for each ueD ,
A(-,u) and T(:,u) are measurable mappings, so for
any fixed (v,u) e DxD,t — ¢(t,v,u) is mea-
sureable.

For any Ve D, the mapping u— 7(u,v)

is continuous. Then for each ve D and any
sequence {U.}= D with u, —Uu , we have
n(,,v) > n(,v) (n—o) . Since for each
teQ , the mappings A(t,), T(t,-) are H-
continuous, it follows for any fixed (t,v) e QxD
that

(N X (), Y (072005, V) (N, Y(0). 72, V)
<[(N O, (), ¥, (£) = N(x(1), y(©), 7 (u,, V)| +
K N (X(t)1 y(t))! 77(Un J V) - 77(U1V)>‘
<|(N(X, (1), Y, (£) = NCX(V), Y, (), 72U, V)| +

(N (X(E), ¥n (1) = N(X(), Y1), 7(u,, )|+
K N (X(t)’ y(t))’ 77(Un | V) - 77(U,V)>‘
<IN (X, (©), Yo (©) = N (X(E), Y, ()] [, V)| +

INCXC), ¥, () = N(x(E), yO)||- |7 (U, V)| +
IN(x(®), yO) - 72U, v) =22, V)|

<Ky %, @) = x@)||- |72 (u,, V)| +

Koo [ () = YO |7 (U, V)| +

IN(x(t), y@O)||- 72Uy, v) = 72(u, V)|

<kipy Ju, = - (V)| +

Kip o [luy = -2 Cuy V)] +

IN(x(t), y@O)||-[72(u,,v) = 7(u, V)|

—>0 (h—> ).

Therefore for each fixed ét,v) e QxD, the
function U — (N(X(t), y(t)), 7(u,v)) s
continuous on D, where X(t) € A(t,u),y(t) e.
T(t,u). Since the function U —b(u*,u) is con-
tinuous and convex on D by the remark 2.1 (2), so
for each fixed (t,v)eQxD, u— ¢(t,v,u)
is continuous on D . Since the function Vv —
b(u®,v) is continuous on D and for any ueD,
v — n(u,V) is semicontinuous , so for each fixed
(t,u) e QxD,v— @(t,v,u)is semicontinuous
on D. Thus, we can confirm that the function
(o(t,v, u) satisfies the conditions (i)(ii)(iii) in Lem-
ma 3.2.

Now we prove that the function @(t,V,u)
satisfies the condition (iv) in Lemma 3.2. We
suppose that the function ¢@(t,V,U) satisfies the
condition (iv) of Lemma 3.2. If it is not true, there
exists t, € Q, a finite set {v,,V,,..,v,}c D

and U=) A4V, (4 >0, 4 =1, such that
i=1 i=1
o(t,,v,,u) >0 foralli =1,2,..m, that is



(N (x(t), y(t)), 7(u,v;)) +b(u’, u) ~b(u",v;) > 0.

It follows that

3 A (N (x(t), V(4,0 7(09)) +b(u" ) -

Abu®,v,) >0
i=1
Noting that b(u,V)

argument, that is
D> Abut,v)=bu’, > A4v,) =bu”,u),
i=1 i=1

we have
3 A4 (N(x(to), ¥t ). 71, )) > 0.

is convex in the second

3.2)
Since for any t €, the mappings U — N (x(t),

y(t)) and 7 have the O— diagonally concave
relationin V,soforany teQ,

3" 4 (N(X(O), y(O), 70, ) <0

which contradicts (3.2). Therefore, for any teQ,
any finite set {v,,v,,..,v, }c D and

u=> A4V, ( 420> 4 =1) we have
i=1 i=1
o(t,v,,u)<0 (i=12,..m). Thus condition (iv)
of lemma 3.2 holds.
Foreach teQ), let
1

0= @ N Oy o)+

K={ueD:ju-u"|<8}, D,={u‘},

then K and D, are both compact convex subsets

u*

\E

of D. By assumptions (1) - (4) of the theorem, for
each ue D\K , there exist u” eCo(D,u
{u}), x*(t) e A(t,u”), y"(t) e T (t,u”) such that
p(t,u’,u) =(N(X(), y(1)) 7(u,u")) +b(u",u) ~b(u",u")
=(N(x(), Y() - N (1), y(@©). m(u,u’)) +
(NOC@®), y@) =N (), Y (). 7(u,u”)) +
(NOC@), y @) m(u,u7))+
b(u*,u)—b(u*,u”)
—aN®), y )
Ju—u =7 u]-Ju -]
'[(k21 + kzz)Hu -u’

* 2 *
szlHu—u +k22Hu—u

-

a|[ N @),y @) -7|u|1>o.

Hence condition (5) of Lemma 3.2 is also satisfied.
By Lemma 3.2, there exists a measyrable mapping
u:Q—D , such that ¢(t,v,u(t)) <0 for
allve Dandt € Q.

We know the mapping N(:,-) is Lipschitz
continuous in first argument and in second argument,
and the mappings A(t,)), T(t,)) are H-
continuous. Based on Lemma3.1, we obtain that for
the measurable mapping LAJ :Q— D, there exist
X(t) € A(t,G(t)), (t) e T (t,0(t)) such that

(N(X(t), 90, m(v,G())) +b(u’ (t), v) — b(u" (1), G (1)
<0. YwveD,teQ

By n(u(t),v) =-n(v,u(t)), we have

(N(X(), 9(0)), 7(d(1),v))+b(u’ (1), 4(t)) -

b(u*(t),v)>0, YveD,teQ

This implies that for any t e and for each fixed
measurable mapping U” (t) € D , the measurable
mapping U:Q— D, X(t) e A(t,U(t)), Y(t) €
T(t,G(t)) is a random solution of the Auxiliary
problem (3.1).

Now we prove that for anyt € €2, the measure-
able mappingt — G(t), X(t) e A(t,0(t)), y(t) e
T(t,G(t)) is a unique random solution of the auxi-
liary problem (3.1). Supposing the measurable
mappings U, (t) € D, X (t) € A(t,u,(t)), y,(t) €
T(t,u,(t))and u,(t) € D,x,(t) € A(t,u,(t)),
Yy, (t) e T(t,u,(t)) are two random solutions of
problem (3.1), we have the conclusion that for
alve D, teQ,

(N O (), 2 (0), 720, Uy () +

b(u™(t),v)—b(u"(t),u,()) =0, (33
(N (% (1), Y, (0), 77(v, u, (1)) +
b(u™(t),v) —b(u(t),u,()) 20 (3.4

Taking V=U,(t)in (3.3) and vV =u,(t)in (3.4)
and adding two inequalities, by the assumption on
the function b, we obtain

(N0 (0), Y (0), 72(u, (8), U, (D)) +
(N (%, (1), Y, (0)), 70, (1), U, (1)) 2 0
Since for allu,v € D,7(u,v) = —n(v,u) , we have
(N (%, (0), ¥, (1)) = N (0), v, (), 720, (1), uy (1))
<0
Noting that N(-,-) is 77— strongly monotone
with respect to the random multi-valued mapping A
in first argument with constant K,, >0, and 77—
strongly monotone with respect to the random multi-
valued mapping T in second argument with cons-
tant K,, >0, we get



(kg + ki) ®) =, O
(N OG0, Y, (0) = N (0), 2 (1), 72U, (1), y (1)) +
(N (1), y, () = N(x, (1), Y, (), 72(u, (1), s (1))
<0.
SinceK,;,K,, >0, we have U, (t) =u,(t).
Further, let
X (1) € At u, (1)), X, (t) € A(t, u, (1))
and
yi() €T (6 uy (1), y,(t) e T (t,u, (1)),
we have
[ ) =%, ()] < H (At uy (1)), Act,u, (1))
= /11 ||u1(t) —U, (t)”,
[y =y, @] < HT (€, u, (1), T (¢, u, (1))
<A, Ju () —u, (1)
So we get X (t)=X,(t) and y,(t)=y,(t),
which imply that for any t € and the measurable
mapping U (t)e D , the mappings u(t)eD ,
X(t) € A(t,0(t)), y(t) e T(t,0(t)) (denote it by
in the sequel) is a unique random solution of the
auxiliary problem (3.1). Thus we have proved that
for each te() and the measurable mapping
U'(t)e D, there exists a unique solution w
satisfying (3.1). Defining a mapping F:D — D
by u*(t) - %(ur(t)) , we will prove that the
mapping F is a contraction mapping. Indeed, for
any U,"(t),u,”(t) e D, there exist unique Wi =
F(u (1)), élz =F(u,’(t)) , for all ve D and
t € Q) such that
(N0 (), Y, (), 7(v, uy (£))) +
b(u,"(t),v) —b(u,"(t),u,()) =0,  (35)
(N, (), Y, (), 77(v,u, (1)) +
b(u,"(t),v) —b(u, (t),u,(t)) 0. (3.6)
Taking V=U,(t) in@35)and V=u,(t) in(3.6)
and adding two inequalities, we have
(N(x (1), Y, (), 7(u, (8), U, () +
(N (% (1), Y, (), 72w, (0), U, (1)) +
b(u," (1) —u," (1), u, (1)) —b(u," () —u," (1),
u,(t))>0.
By n(u,v)=-n(v,u) and the assumption on
b(--), we have
(kg + k), () —u, O
< (N0, Y, (0) = N0 (1), ¥, (), 70, (1), U, (1)) +
<N (X, (1), Y2 (1)) = N (X, (), ¥, (1), m(u, (1), U, (t))>
<b(u,” () - u," (©,U, (1) ~ by, () u," (V) u, ()

< yflu ® —u, O] fu, ® -, @),
which derives

”ul (t) - u2 (t)” <

i
k21 + k22

U (t)-u," (1),

(3.7)
[%.(t) = %, (1)) < H (A(t, u, (1)), A(t, u, (1))

A -u, ),

- kZl + k22
(3.8)

[:0 -y, O < HT €u,O).T L, O)
< 2w @ -u, )

- k21 + k22
(3.9)

The inequalities (3.7, (3.8) and (3.9) together with
7 €(0,k, +Kk,,) and 0< A, 4, <1 result in
that F
exists a unique point U(t)e D such that
G(t) = F(G(t)) and
(N(X(), 9(©)), 7(v, G(t))) +b(G(t), v) -
b(G(t),d(t)) =0, YveD,teQ
Now we know
U(t) e D, X(t) e A(t,u(t)), y(t) e T (t,u(t))
is the unique solution of the problem (2.1).
This completes the proof.

is a contraction mapping. Hence, there
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