International Conference on Logistics Engineering, Management and Computer Science (LEMCS 2014)

Some Distribution of the Discrete Time
Insurance Risk Model under Interest Rates
with Autoregressive Structure of Order 2

Chunping LI
Department of Mathematics, Hubei Engineering University

Hubei Xiaogan, 432100, China
lichunping315@163.com

Abstract-this paper discusses ruin problems in the discrete
time insurance risk model under the assumption that the
rate of interest is dependent upon the second autoregressive
structure. By using inductive method, the recursive
expressions of the distribution of the deficit at ruin, the
distribution of maximum surplus before the ruin and the
time that the surplus process reaches a given level x for the
first time are obtained, then the corresponding integral
equations for the distributions are obtained.
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. INTRODUCTION

In 1986, Ref. [1] has discussed the discrete time
insurance risk model. Suppose the premiums in the unit
time is constant and the claims for each period are i.i.d. in
Ref [1]. Yang [2] and Sun [3] have considered some
distributions about a generalized classical risk model when
interest rates are identical constant. Cai [4] has discussed
many distributions of the generalized classical risk model
when interest rates are i.i.d.. Cai [5], Kun [6] and Hao [7]
have discussed ruin probability, the deficit at ruin about the
generalized classical risk model under interest rates with a
dependent autoregressive structure of order 1. Su [8] has
considered the ruin probability of upper bound the discrete
time insurance risk model under the assumption that the
rate of interest is dependent upon the second
autoregressive structure.

In this paper, we discussed the discrete time insurance
risk model under interest rates with autoregressive
structure of order 2, by inductive technique, the recursive
expressions of the distribution of ruin deficit, the
maximum surplus before the ruin and the time that the
surplus process reaches a given level x for the first time are
obtained, then the integral equation for these distributions
are obtained too.

The paper is organized as follows: we definition of the
model in section II; then, in section III, IV, V, we
discuss the distribution of the deficit at ruin , the maximum
surplus before the ruin and the time that the surplus
process reaches a given level x for the first time, the
recursive expressions and integral equation for the

distributions are obtained; finally conclude is in section VI.
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We consider a discrete time risk model under interest
rates with autoregressive structure of order 2 as follows

U, =u[ T+ n)+ I, ) -Y) T [a+m)] - @

i=k+1
where U is the insurance company’s surplus at time

DEFINITION OF THE MODEL

n .U, =Uis initial reserve, Y, T, respectively denotes
the amount of claim and rate of interest from time K —1
to time k , X, is the premiums in the time
interval [K —1,k) . Suppose {X,} and {Y, } are i.id
nonnegative random variables and have common
distribution function F, (x) =P{X, <x}

and F, (y)=P{Y, <y} respectively. {r,} is the
nonnegative random variables with autoregressive
structure of order 2, and I, satisfies

r,=ar,+p0,+W, ,k=12,... )
where 0 < f<a <1, which implies that the rates of
interest depend heavily on the recent rates, I, >0,

r, >0is constant, {W, } is i.i.d nonnegative random
variables  with  common  distribution  function

Fo (W) =P{W, <wW} and E[W,]<+o

Suppose {W, },{X, }and{Y, } are independent.
Let
h=ar,+pr,+w
and
My =Y, —A+ar + B, +W )X,
And assume M has distribution function

G, ry,r,,t)=P{M, <t}
=[] R @+ @+ hyxdF, (0dR, (w)



We suppose E[M, ] < +o0, E[Y, ] < E[X, ] < +o0,

providing a positive safety loading factor. From the above
assumption, the surplus process (1) becomes the model (3

—uH1+rk H1+rk 1£[1+rk Ju-5,) @
k=1 k=1

where

H(1+ r).S, =0

=~
I
LN

and
n
[]@+r)=1itm>n.
k=m
Let T is the ruin time of the insurance company, then

=inf{n:n>0U, <0}=inf{n:n>0,S, >u} (4)
Obviously, T is a stopping time.

For X >0, we denote the distribution of deficit at
ruin with the initial reserve U by
G(u,x,ry,r,) =P{U; >XT<wo/U,=u}, x>0 (5)

We get the following theorem 1 and theorem 2 about
the distribution.

Theorem 1 Let G(uU, X, Iy, I ;) be defined as (5),
then we have

G(u, X,

THE DEFICIT DISTRIBUTION AT RUIN

I,V y) = ign(u,x, Iy, )
when n=1, g,(u, X, 1y, r,) :1

.[:[G(u,ro,r_l,u(1+ h)+X)-G(u,, 1y, r;,u+h))JdF, (w)
when n>2, g,(U,x,r,,r,) =

[T5 g0au@+ h)—tx, b1, )dG(u, .1, AR, (W)
Proof
G, x,ry,r ) =P{U; >—XxT <oo/U, =u}

Z PU, >—xT =n}

8

8

> P{0<U,0<U,,--0<U ,,—x<U, <0}

8

=> P{u<S, <u-——5,<uS,,<u,,S <u}
n-1 H(l”“

=9, (Ux 1,1 y) ()
n=1

where g, (U, X,1,,I ;) is the distribution deficit at ruin time n.

According to definition (5), when N =1
g,(u,x,ry,r,)=P{—x<U, <0}
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=P{u<S, <u+%

l+r

=P{u@+r) <M, <u@+r)+x}
[7 PRuC+h) <M, <u(t+ )+ x3dR, (w)

= [ 1605 UL 1) +2) -G, 1 UL ), () )

when n = 2
g,(u,xr,r)=P{S, <u,u<S, <u+

=P{M, <u(l+ar, + pr, +W,),

X
A+ )(1+r, )}

<ul+n)-M, + >

1+r

u@d+r)-M, < M,
1+,

+o0 eU(1+h)
jo [T Plu@+h)—t<iz<
u@d+ h)—t+l+r HWG(u,r,,r,,t)dF, (W)

LT 6.0 h)-tohn)dG(.n, 1 R, (1)
By inductive assumption, when n >3, we have
g,(u,x,r,r,)=

[T G0 1) -t X DI DGR, () (B

Obviously Zgn(u,x, ry,r,) is convergence,
n=1

that G(U, X, Iy, I;) has the following theorem 2
Theorem 2 Let G(U, X, F,,I ;) be defined as (5),

then G(U, X, Iy, r ;) satisfies the following integral
equation
G, X, ry,ry) =0,(u, X1, r)+

[ jfi1+“) G(U(L+h)—t,x h, r,)dG(u.,, ., t)dF, (W)

Proof
G(U, X, Ty, Ty) =D g, (U, X, 1,1 y)
n=1
= gl(u’ X’ rO r—l) +Zgn(u’ X7 r()a r_l)
n=2

=0, (U, X, 1y, 1)+

T 6ush) -tx )G .00, () ©

IV. THE DISTRIBUTION OF MAXIMUM SURPLUS BEFORE
THE RUIN

Denote the distribution of maximum before the ruin
with the initial reserve U by

H(u,x,1,,r,) =P{supU, <x,T <wo/U;=uU} (10)

0<k<T
Theorem3 Let H (U, X, Iy, r ;) be defined as (10), then
we can get



(1) When X< U, we have
H(u,x,r,,r,)=0;
(2) WhenX = U, we have
HU, X, 1,1 y) =D h (U, X,15,r )
n=1
where n =1, we have h (u, X, ry,r,)=1-
[ G, 1,15 u+h)dR, (w)
and N> 2, we have
h, (U, X, 1y, r,) =

I:ffh) h,_,(u+h)=t,x h,r)dG(u,r,,r,t)dF, (W).

Proof
(1) when X<uU,
easily get

according to definition(10), we

H(u,x,ry,r,)=0
(2) when X = U ,we have

H(u,x,r,,r,)= ZP{supUk <x,T=n}

n=1 0<k<T

00

=Y P{0<U, <x0<U, <x--0<U , <xU, <0}

n=1
:ZP{U_H<S <UU WMSSZSU,
n=1
-, U——*—<S_ ,<u,S, >u}
[Ta+n)

k=1

(11)

=> h(u,x,1,,r,)
n=1

where h, (U, X,1,,r) is the distribution of maximum

before the ruin time n .
According to definition (10), when N =1

h,(u,x,1,,1;) = P{S; >u}=P{z+ > u}
=P{M, > u(l+oat, + Br, +W,)}
- I:[l— P(M, <u(l+h))]dF, (w)

=1-["G(u, 1, 1, u+h))dR, (w) (12)

when n=2
hz(u,x,ro,r_l)zP{u—1+r <§, <u,S, >u}

= P{ul+r)-x<M, <u(l+r,),
}

Ml
1+

(1+r)(1+r )~
U Y U ) =t x b E)AG(U, I T R, (W)

00 1+h)
LT

h, (u(+h) —t,x,h,r,)dG(u, r,, 1, t)dF, (W)

00
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By inductive assumption, when N >3, we have
h, (U, X, 1y, r,) =

U@ h)—txhr)AG(U, o A, (W) (13)

LL

From (11), we know that Zhn(u,x,ro,r_l) is
n=1
convergence. Then, we can get the follow theorem

Theorem4 Let H(u, X,r,,r,) be defined as (10),
then H(u,X,r,,r,) satisfies the following integral
equation
H(u,x,ry,r,)

=1—L°°G(u,,r0, r_,u(l+h))dF, (w)

o0 eU(1+h)
o))
0 J-o

Proof
According by (10) and (13), we can get

H (u’ X, r-0’ r—l) = Zhn (U, X, r()a r_l)

n=1

H(u@+h)—t,x,h,r,)dG(u,ry, 1, t)dF, (w)

=h (U, X, 1, r3)+ D h (U, x,15,1)
n=2
=h,(u,x,ry,r,)

o eu(l+h)
* '[0 J._ H (u(1+ h) _t’ X’ h’ rO)dG(ul IFO ’ r,l)t)dFW (W)

V.  THE TIME THAT THE SURPLUS PROCESS REACH A

GIVEN LEVEL X FOR THE FIRST TIME

Denote the time that the surplus process reach a
given level x >0 for the first time and probability by

k !f k_|-nf{n.Un >x} PIT. ==t (1) (1)
w if co=inf{n:U, >x}
Let p(u,Xx)=P{T, <o} ,

following theorem 5.

Theorem 5 Let T, , P{T, =n}=t (u,x) be
defined as (11), then we have
() whenx<u, p(u,x)=0

X

we can get the

(2ywhenx>u, p(u,x) = itn (u, x)

n=1
where n =1, we have

t(u,%) = [ G(u, 1y, 1, u+h) + y)dR, (W),

when N > 2, we have

L =[]t

Proof
(1) when X < U, according to definition (11), we

easily get T, =0, then p(u,Xx) =0.

 (U@+h)—t,x)dG(t)dF, (w)



(2) when X=U, according to definition (11), we
have

p(u,x) = PET, <ecb= 31, (u,X)

whenn =1, we have

t,(u,x) = P{T, =1}= P{ul > x}

M, X
1+, =4 1+rl}
- jo“’ P{M, < u(1+ h) — x3dF,, (w)
= [ G, .1, u(L+h) + y)dR, (w)
whenn = 2, we have
t,(U,X) = PU, (U) < x,U, (U) > 3
X X
ZP{S&ZU—E’Szﬁ —m}
= Lo )-t- (t)dR, (W)

= | Lmh)_x t, (UL +h) —t, X)dG(t)dF,, ()
By inductive assumption, when n > 3, we have

t (UX) = j j s tra (UL D)~ )G )R, (w)

Obviously, we know Zdn(u,x,y,ro,r_l)
n=1

convergence, that when X <u, D(u,X,y,r,,r ) has
the following theorem 6
Theorem 6 Let p(U, X) be defined as above, when

X>U then p(u,X) satisfies the following integral
equation
U, X) =, (U, X)

M -EO -[T(Jlm)fx pU@+h)—t,x)dG(t)dF, (w)

where

t, (u,x) :_[:G(u,r

Proof

p(U,X) = itn(u,x) 0+ Dt (U %)

ORI W
—t,(u,X) + jj

r,,ull+h)+y)dr, (w).

t,, (u+h)—t,x)dG(t)dF, (w)

p(U(L+h) —t, X)dG(t)dF,, ()

u(L+h)-x
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where

t,(u,%) = [ Gu, 1, 1, u+ h) + y)dr, (w)

VI. CONCLUSION

In this paper, we have studied the discrete time risk
model under interest rates with autoregressive structure of
order 2. Via inductive method technique, some important
distributions are obtained. Main results are:

1. The recursive expression of the distribution of the
deficit at ruin is obtained, and its corresponding integral
equation for the distribution is obtained.

2. The distribution of maximum surplus before the
ruin is obtained, and its corresponding integral equation
for the distribution is obtained.

3. The time that the surplus process reaches a given
level x for the first time is obtained, and its corresponding
integral equation for the distribution is obtained.
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