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Abstract—This paper studies the global exponential stability
for a Takagi-Sugeno (T-S) fuzzy system with bounded uncertain
delays. Most existing T-S method represent global nonlinear sys-
tems by connecting local linear systems with linguistic description.
However, many complex systems cannot be represented by linear
systems. In this paper, a class of local nonlinear systems having
nice dynamic properties is employed to represent some global
complex systems. Moreover, the delays are any uncertain bounded
continuous functions. Sufficient conditions for global exponential
stability of these delayed global complex systems are derived.
Criteria for design of nonlinear fuzzy controllers to feedback
control the stability of global nonlinear fuzzy systems are given.
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I. I NTRODUCTION

Since Tanaka and Sugeno [1] proposed Takagi-Sugeno (T-
S) fuzzy model in 1985, a great number of results have been
reported for T-S systems [2], [3], [4], [5]. The T-S model gives
an effective method to combine some simple local systems
with their linguistic description to represent complex nonlinear
dynamic systems. Stability of T-S model fuzzy systems is quite
important for practical applications. It has been widely studied
by many authors, see, for examples, [6], [7], [8].

Time delays in dynamic systems has been studied for many
years. T-S model of fuzzy systems with delays was first
introduced in [9]. It is well known that delays can affect
dynamics of some nonlinear systems, a stable system may
become unstable by introducing some delays [10]. In recent
years, some authors have paid their attention to control of
nonlinear systems with delays by using T-S fuzzy models.
There exist two kinds of delays, one is continuous, see, for
examples [11], [12], [13], [14]. The other is discrete, see, for
examples, [15], [16]. In control engineering, delays are difficult
to be known exactly, so stability for systems with uncertain
delays are quite interesting [17]. In this paper, the delays are
assumed to be any uncertain bounded continuous functions.
Stability conditions will be derived, some of them will be
represented by simple algebraic inequalities and are easy to
check.

As we know, in most reported stability results of T-S model,
simple linear systems are used to form global nonlinear fuzzy
systems [18], [19], [20]. However, there are many complex
nonlinear fuzzy systems cannot be connected by using local
linear systems. In this paper, unlike using local linear systems

in previous study, a class of nonlinear systems with delays
having nice dynamical properties [21] will be used as local
systems to form some global complex nonlinear fuzzy systems
by T-S method. Since global exponential stability (GES) is
more interesting than global asymptotic stability, Our stability
conditions will guarantee the global exponential stability of the
global complex nonlinear fuzzy delayed systems.

This paper is organized as follows. In Section II, some
preliminaries for delayed fuzzy control systems will be given.
In Section III, conditions for global exponential stability of
fuzzy systems with delays will be proposed and proved. In
Section IV, simulations will be given. This paper will be
concluded in Section V.

II. PRELIMINARIES

Consider a T-S fuzzy time-delay model which is composed
of r plant rules. For eachs = 1, · · · , r, the sth plant rule can
be represented as follows:

Plant Rule s: IF α1(t) is M1s AND · · · AND αp(t) is Mps

THEN

ẋ(t) = −x(t) + Wsg(x(t)) + Jsg
(
x(t− τs(t))

)
(1)

for t ≥ 0, wherex(t) = (x1(t), · · · , xn(t))T is the state vector,
r is the number of IF-THEN rules,α1(t), · · · , αp(t) are the
premise variables and eachMis(i = 1, · · · , p) is the fuzzy
set corresponding toαi(t) and plant rules. u(t) is the control
input vector,τs(t) is the time delay which satisfies0 ≤ τs(t) ≤
τ .

For any x ∈ Rn, g(x) = (g
(
x1

)
, · · · , g(

xn)
)T

, and the
function g is defined as follows:

g(s) =
|s + 1| − |s− 1|

2
, s ∈ R.

The function g is continuous but non-differentiable. So the
local system is nonlinear which is the main feature of this
paper different from others.

The system of (1) can be described as follows:

ẋi(t) = −xi(t)

+
n∑

j=1

[
W s

ijg
(
xj(t)

)
+ Js

ijg
(
xj(t− τs(t))

)]
(2)
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for t ≥ 0 and i = 1, · · · , n. WhereWs =
(
W s

ij

)
n×n

, Js =(
Js

ij

)
n×n

is the constant matrix.
Let Mis(αi(t)) be the membership function of the fuzzy

setMis at the positionαi(t) and denote

ws(α(t)) =
p∏

i=1

Mis(αi(t)),

hs(α(t)) =
ws(α(t))∑r
i=1 wi(α(t))

≥ 0

r∑
s=1

hs(α(t)) = 1.

Then the overall delayed fuzzy control system is inferred as

ẋ(t) =
r∑

s=1

hs(α(t))
[
− x(t) + Wsg(x(t))

+Jsg
(
x(t− τs(t))

)]
(3)

for t ≥ 0.
For each solution, the initial value is assumed to be

x(t) = φ(t), t ∈ [−τ, 0]

where φ(t) = (φ1(t), · · · , φn(t))T is a vector continuous
function. We define

‖φ‖ = sup
−τ≤θ≤0

√
φ2

1(θ) + · · ·+ φ2
n(θ).

In this paper, for a matrixS, we will useS > 0 andS < 0
to denote thatS is a symmetric positive matrix or a symmetric
negative matrix, respcetively.

D+ is used to denote theupper righthand Dini derivative
in this paper. For any continuous functiong : R → R, the
upper righthand Dini derivativeof g(t) is defined as

D+g(t) = lim
θ→0+

sup
g(t + θ)− g(t)

θ
.

It is easy to see that ifg(t) is locally Lipschitz then|D+g(t)| <
+∞.

III. STABILITY ANALYSIS OF FUZZY DELAYED SYSTEMS

Consider the fuzzy system (3), we can see that it is a global
nonlinear fuzzy system and its nonlinear local delayed systems
are represented as follows

ẋ(t) = −x(t) + Wsg(x(t)) + Jsg(x(t− τs(t))) (4)

for t ≥ 0.
In [17], we can see that the fuzzy system (3) is globally

exponentially stable, if there exist constantsε > 0 andΠ ≥ 1
such that

‖x(t)‖ ≤ Π‖φ‖e−εt

for all t ≥ 0.
In the following Theorem, we will derive some global

exponential stability conditions which will be presented in
some simple algebraic inequalities.

Theorem 1:If

−1 + W s
ii +

n∑

j=1

[
|W s

ij |(1− δij) + |Js
ij |

]
< 0

for all i = 1, · · · , n ands = 1, · · · , r, where

δij =
{

1, i = j
0, i 6= j,

then, the free fuzzy system (3) is globally exponentially stable.
proof For any delaysτs(t)(s = 1, · · · , r), since0 ≤ τs(t) ≤

τ , the free fuzzy system of (3) can be rewritten as

ẋi(t) = −xi(t) +
r∑

s=1

hs(α(t))
[ n∑

j=1

(
W s

ijg(xj(t))

+Js
ijg(xj(t− τs(t)))

)]
. (5)

Then, it follows that

D+|xi(t)| ≤ −|xi(t)|+
r∑

s=1

hs(α(t))
[
W s

ii|g(xi(t))|

+
n∑

j=1

(|W s
ij |(1− δij)|g(xj(t))|

+|Js
ij ||g(xj(t− τs(t)))|

)]
(6)

for all t ≥ 0.
Since

−1 + W s
ii +

n∑

j=1

[
|W s

ij |(1− δij) + |Js
ij |

]
< 0,

then there must exist aε > 0 such that

ε− 1 + W s
ii +

n∑

j=1

[
|W s

ij |(1− δij) + eετ |Js
ij |

]
< 0.

Denote

ηis = −
[
ε− 1 + W s

ii +
n∑

j=1

[
|W s

ij |(1− δij) + eετ |Js
ij |

]]

and let
σ = min

1≤i≤n,1≤s≤r
(ηis) .

Obviously,σ > 0. Definezi(t) = |xi(t)|eεt, (i = 1, · · · , n) for
all t ≥ −τ . Then, it follows from (6) that

D+zi(t) ≤ (ε− 1)|xi(t)|eεt +
r∑

s=1

hs(α(t))
[
W s

ii|g(xi(t))|

+
n∑

j=1

(|W s
ij |(1− δij)|g(xj(t))|

+|Js
ij ||g(xj(t− τs(t)))|

)]
eεt

for all t ≥ 0.
From the definition of functiong, we can see that

|g(xi(t))| ≤ |xi(t)|, (i = 1, · · · , n).
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So,

D+zi(t) ≤ (ε− 1)|xi(t)|eεt +
r∑

s=1

hs(α(t))
[
W s

ii|xi(t)|

+
n∑

j=1

(|W s
ij |(1− δij)|xj(t)|

+|Js
ij ||xj(t− τs(t))|

)]
eεt

≤ (ε− 1)zi(t) +
r∑

s=1

hs(α(t))
[
W s

iizi(t)

+
n∑

j=1

(|W s
ij |(1− δij)zj(t)

+eετ |Js
ij |zj(t− τs(t))

)]

≤
r∑

s=1

hs(α(t))
[(− 1 + W s

ii + ε
)
zi(t)

+
n∑

j=1

(|W s
ij |(1− δij)zj(t)

+eετ |Js
ij |zj(t− τs(t))

)]
(7)

for all t ≥ 0.
For any constanta > 1, it is easy to see that

zi(t) = |φi(t)|eεt ≤‖ φ ‖< a ‖ φ ‖
for all t ∈ [−τ, 0]. We will prove thatzi(t) < a ‖ φ ‖ (i =
1, · · · , n) for all t ≥ 0. Otherwise, then there must exist some
i and a timet1 > 0 such that

zi(t1) = a ‖ φ ‖
and

zj(t)





< a ‖ φ ‖, j = i, for t ∈ [−τ, t1)

≤ a ‖ φ ‖, j 6= i, for t ∈ [−τ, t1].

Then, we haveD+zi(t1) ≥ 0. But on the other hand, it follows
from (7) that

D+zi(t1) ≤
r∑

s=1

hs(α(t1))

[(
− 1 + W s

ii + ε
)
a ‖ φ ‖

+a ‖ φ ‖
n∑

j=1

(
|W s

ij |(1− δij) + eετ |Js
ij |

)]

= −a ‖ φ ‖
r∑

s=1

hs(α(t1)) · ηis

≤ −σa ‖ φ ‖
< 0.

This is a contradiction and it proves thatzi(t) < a ‖ φ ‖ (i =
1, · · · , n) for all t ≥ 0.

Letting a → 1, we havezi(t) ≤‖ φ ‖ for all t ≥ 0. Then,
it follows that

|xi(t)| ≤‖ φ ‖ e−εt

for all t ≥ 0.
The proof is complete.
The above theorem provide some conditions to guarantee

the exponential stability of the free fuzzy systems of (3) subject
to any uncertain continuous bounded delays.

IV. SIMULATIONS

In this section, we will give an example to illustrate the
above theory.

Consider the following nonlinear system with delay




ẋ1(t) = −x1(t)− g
(
x1(t)

) · (1 + sin2 x2(t)
)

+g
(
x1(t− τ(t))

)
+ g

(
x2(t− τ(t))

) · sin2 x2(t)
ẋ2(t) = −x2(t)− g

(
x2(t)

)

+
(
g
(
x1(t)

)− g
(
x2(t)

)) · cos2 x2(t)
+g

(
x1(t− τ(t))

) · cos2 x2(t)
+g

(
x2(t− τ(t))

) · sin2 x2(t)
(8)

for all t ≥ 0.
Define some matrices

W1 =
( −2 0

0 −1

)
, J1 =

(
1 1
0 1

)

W2 =
( −1 0

1 −2

)
, J2 =

(
1 0
1 0

)

and some functions

M11(x2(t)) = sin2 x2(t), M22(x2(t)) = cos2 x2(t).

We can interpretM11(x2(t)) andM22(x2(t)) as membership
functions of some fuzzy setsM11 and M22, respectively.
Using these fuzzy sets, the above nonlinear system (8) can
be presented by the following TS fuzzy model

Plant Rule 1: IF x2(t) is M11 THEN

ẋ(t) = −x(t) + W1g
(
x(t)

)
+ J1g

(
x(t− τ(t))

)
. (9)

Plant Rule 2: IF x2(t) is M22 THEN

ẋ(t) = −x(t) + W2g
(
x(t)

)
+ J2g

(
x(t− τ(t))

)
. (10)

Using the Theorem 1, it is easy to check that the non-
linear system (8) is globally exponentially stable. The delay
τ(t) could be any bounded continuous function, say,sin2(t),
cos2(t), 1/(1 + |t|) (not differentiable), etc.

Fig. 1 shows the global exponential stability of the nonlinear
system (8) withτ(t) = 1.

Fig. 2 and Fig. 3 show the global exponential stability of
the local systems (9) and (10) withτ(t) = 1.

V. CONCLUSIONS

In this paper, the global exponential stability analysis for
a class of fuzzy systems with uncertain time delays has been
studied. Some global exponential stability conditions for free
delayed fuzzy systems have been proposed. Then an example
has been used to illustrate the results. We believe that all of
the results obtained in this paper can be extended to the fuzzy
systems with multiple time delays or with time-varying delay.
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Fig. 1. Global exponential stability of (8) withτ(t) = 1.
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Fig. 2. Global exponential stability of (9) withτ(t) = 1.
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