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1. COBL(1,1) DRIVEN BY FRACTIONAL BROWNIAN MOTION

In discrete-time series analysis, the assumption of linearity and/or Gaussianity is frequently made. Unfortunately these assumption lead to
models that fail to capture certain phenomena commonly observed in practice such as limit cycles, asymmetric distribution, leptokurtosis,
etc. Motived by these deficiencies, non linear parametric modelling of time series has attracted considerable attention in recent years. Indeed,
one of the most useful class of non-linear time series models is the bilinear specification obtained by adding to an Autoregressive moving
average (ARMA) model one or more interaction components between the observed series and the innovations. However, it is observed that
these models are not be able to give full information about some datasets exhibit unequally spaced observations and hence the resort to a
continuous-time version is crucial. So, in this paper we consider a continuous-time bilinear (COBL) processes (X (f)):er defined on some
complete probability space (€2, &, P) equipped with a filtration (&/1);», and subjected to be a solution of the following affine time-varying
stochastic differential equation (SDE)

dX () = (@O X® + u®)dt+ BO +y O X ©)dW" (.t > to, X (to) = Xo (1)
denoted hereafter COBL (1, 1). The parameters a (¢), u (), y (t) and f(¢) are differentiable complex deterministic functions subject to the
following assumption
Condition 1
Al Forall T> to, [ la(tldt < oo, [, lu(Bldt < oo, [/ lr())Fdt < co. [ 1Bt dt < co.

A2 a(t), u(t), f(t) € Cand Re(y(t)) = 0 and Re {a (t)} < 0, for all t > t.
In Eq. (1) (Wh (H)er is a real fBm with Hurst parameter heo,% defined on a basic given filtered stochastic probability space
(Q, A, (A0 ,P), its covariance kernel is Cov (Wh o, W (s)) = %h) (Itl2h+1 + s — i — s|2h+1), for all t,s > 0, where k(h) =
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'(1-2h) ith _ 1
hQh+Dr

complex—valued Gaussian spectral measure defined on (L, &/, P) with zero mean, variance E {IdZ @) I2} =dG(4) = j—/l and where the
T

- and dZ () is a

cos (g a- 2h)> and admits a spectral representation wh = IR ¢>z(ﬁ)(i/1)_hdZ(A) where ¢ (1) = ¢

principal value of ZL IR ¢:(A)d(A) is 0. Note that the initial state X (fo) is a random variable, defined on the same probability space (€2, &/, P)
T
independent of o(W(t), to < t < T) such that E {X (t)} = m (ty) and Var {X ()} = R(t) < +oo.

It is well known that if h = 0, then the corresponding fBm reduces to the usual Brownian motion, otherwise, (Wh (t)) o is neither a Marko-

vian nor a semimartingales processes and hence the usual calculus cannot be used, so a different calculus is required. This non Markovian
processes have not an independent stationary increments and are well suited for modelling data exhibiting a long-range dependency. For an
in-depth detailed mathematical framework of the pertinent properties of fBmn, we refer the reader to Mishura [1] and the references therein.

The SDE Eq. (1) is called time-invariant when a (£), u (f), y () are complex deterministic constant functions, i.e., there is some constants
complex a, p, y such that a (t) = @, p (t) = p, y (f) = y and for all ¢.

The SDE Eq. (1) encompasses many commonly used models in the literature. Some examples among others are
1. First-order continuous-time autoregressive processes (CAR(1) for short): This classes of SDE may be obtained by assuming y (f) =0
for all t (see [2] and the reference therein).

2. Gaussian Ornstein-Uhlenbeck (OU) process: The Gaussian OU process is defined as dX (f) = (u (t) — a () X (t)) dt + B () dw® ),
with f(f) > 0 for all t > 0. So it can be obtained from SDE Eq. (1) by assuming y (f) = 0 for all ¢ (see [3] and the reference therein).

3. Nelsons diffusion process: In the diffusion process of Nelson (see [4], Chapter 2), the time-varying volatility process may be defined
as the second-order solution process (V (t));5o of dV(t) = A(H) (u(H) = V(@) dt + y () V(¥) dW® (¢) in which A (£), u () and y (¢) are
positive deterministic functions. This SDE can be obtained easily from Eq. (1).

4. Geometric Brownian motion (GBM): This class of processes is defined as a R—valued solution process (X(t)), of dX(t) =
a®X@®dt+y@)X (@) dw® (t),t > 0. So it can be obtained from Eq. (1) by assuming f(f) = u(f) =0 for all ¢ (see [5] and the
reference therein).

It is worth noting that beside the above mentioned particular cases, the Eq. (1) may be extended to vectorial case, i.e., when X () is R¢—valued
process, so other particular models can be deduced.

2. THE SOLUTION PROCESSES OF COBL(1,1)

Let P = (W(h)) ‘=¢ (W<h) (t),t > to) (resp Sgh) =0 (W(h) (s),to < s < t)) be the o -algebra generated by (W(h) ()
erated by W (s) up to time f) and let L, (S(h)) =101, (C, g, P) (resp. L (Sﬁh)> ) be the Hilbert space of nonlinear L,—functional of
(h)
t

50 (resp. gen-

1>

(W(h) (t)) o In this section, we are interested in solving the SDE Eq. (1) in L, (8’ ) As already pointed by several authors (see for instance

[6] for further discussions), that there is no general theory for the solution of SDE driven by an fBm if h # 0. Nevertheless, recently some
studies was investigated the existence of such solutions for various families of SDE driven by an fBm.

2.1. The It6 Approach

Our first approach is based on the Ito formula with respect to fBm and the general results on SDE to prove the uniqueness of the solution.
First, we start by the fractional Ito’s formula which is a powerful tool for dealing the solution. Consider the following SDE driven by fBm

dX (1) = a(t, X () dt + b (£, X (1)) dW" (), X (o) = Xo (2)

in which a (., .), b(.,.) are known continuous functions that represents the drift and diffusion respectively of the SDE Eq. (2) supposed to
be smooth enough, and set Y (¥) = U (¢, X ()) for some differentiable function U : R — R. Then Dai and Heyde [7] have shown that the
Ito formula with respect to fBm is given by

dy (t) = { v &X@®)+at,w) ou (t,X(t))} dt+ b (t,w) ou t, X (1) dw" ®). 3)
ot 0x ox
Therefore, from the SDE Eq. (2) and the It6 formula Eq. (3) we obtain
dy(t) = v (&, X () dt+ ou t, X () dX () (4)
ot ox

So, the Itd's solution of the SDE Eq. (1) is given by
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Theorem 2.1. Under the assumption 1, the unique Itd’s solution of SDE Eq. (1) in L, (S(h)) is given by

t t
X (t) = Dy (t, to) {X(to) + J @, " (s, t0) pt (s)ds + J @, (s, to) f(s) AW (s)} >t (5)

0} ty

where @, (¢, to) = exp {L; a(s)ds+ LZ y(s)d wh (s)} with @, (o, to) = 1 and the stochastic integral Lf) y(s)d W"(s) is defined in Riemanrs

sense in probability.

Proof. First it is no difficult to see that @y, (t, o) is the unique solution of SDE
Ay, (t, to) = a (1) @i (£, to) dt + ¥ (£) By (1, to) AW (1)

Now, set @y, (t, to) = exp { Y (1)}, Z(£) = X(0) + Li e YO y(s)ds + LZ e YO B(s)dW"(s) and let X (f) = U(Y (£), Z (1)), where U is the function defined
by U (x, y) = ¢"y. The fractional It 4 formula Eq. (3) and the expression Eq. (4) gives
axX (=27 (V) Z@)dY () + i—;} (Y (). Z(1) dZ (1)

=" DZ () dY () + e"PdZ (1)

=X () dY (1) + " PdZ(t)

=X (a@®dt+y®dW" ®) + O (e Ou® + e Op@ AW (1)) dt
=@®OX O+ p @) dt+ ¢ OX O+ pO)AW" ().

and hence the result follows. |

Remark 1. If g () = 0, then the Itd solution of SDE Eq. (1) reduces to

t
X () = Op (t, o) {X(to) + J @, (s, 10) p (s) dS} St 1o (6)

to

and when y (f) = 0 and f (¢) # 0, this is provides a solution of Gaussian OU process, therefore if we are interested in non-Gaussian solution
of Eq. (1) , it is necessary to assume that |y () 2 +18@ 1 > 0andy(f) # 0.

Remark 2. In time-invariant case, with Re {y} = 0 and Re {a} < 0, then the It 6 solution of SDE Eq. (1) can be written as

X(t) = p J exp{a(t—s)+iy(Wh(t)— Wh(s)>}ds+ﬂ J exp {a(t— )} dW" (s).

2 a(s)ds + L:) Y$)dW"(s) and #'(p) = L; u(s)ds + LZ B(s)dW"(s), then the solution process Eq. (5)

Remark 3. For any t > to, let —&(¢) = L

may be rewritten as

t
X(t) = e {X(to) + J Oy (s)} >t (7)

to

is the solution process of generalized Ornstein-Uhlenbeck (GOU) process driven by an fBm defined by dX (f) = —& (t) X (t) dt + dnh ®),t>
to, X (to) = Xo.

2.2. The Frequency Approach

In this subsection, we discuss a second approach to solve the SDE Eq. (1) based on the spectral representation. Indeed, it is now well known
that for any regular second-order process (X (¥)),5;, (i.e., X (t) is Sih)—measurable not necessary stationary, belonging to L, (S(h))) admits
the so-called Wiener-It6 (or Stratonovich) spectral representation, i.e.,

X(0=g©)+ % Jgr (4y) €0 TTA™"dZ () - (8)
! 1]

r>1 Rr
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where Ay = (A1, s Ar), Ei(rﬂ = 21’ | 4iand dZ( (r)) = H; 1 4Z(4;) (see [8] for more details). The representation Eq. (8) is unique up to
the permutation of the arguments of the evolutionary transfer functions g (4,), r > 2and g (4,,) € L2 (G") = L, (C", Ber, G") for all
t > to, with dG"(A¢n) = W 1, 147" dA¢) and such that

1
Z 1 J let(4,)* dG"(4,)) < oo forall t > to. )

>0 R

Let us recall here the so-called the diagram formula for Wiener-It6 representation Eq. (8) which play an important role in some subsequent
proofs and that state that for all g and f defined on R and on R respectively such that (g, f) € Lz (R) X Lo, (R"), if fis symmetric then

[eazan [ £(3,) dz(3) = [ g (a) 42 (G + 5 | {Jg(w( ») M} 4z (3 »).

R Rr Rr+1 r-1 \R

The spectral representation of the solution process of SDE Eq. (1) is given in the following theorem

Theorem 2.2. Assume that the process (X ())1, generated by the SDE Eq. (1) has a regular second-order solution. Then, the evolutionary

symmetrized transfer functions (gt (A(,)) ) ¢ »7 € Nofsuch solution are given by the symmetrization of the solution of the following first
=0

order ordinary differential equations

2 (g0 +u(+ L0 J DA dA, r = 0

g" (4p) =3 (a(®—-iZh,) & (/1(,)) £ 16D (10)
+Y(t) rgt (i(r—l)) Jgt ( (r+1)) I/1r+1| dﬂr+1> , T Z 1

where the superscript Y () denotes j j—fold differentiation with respect to t and where XA, = Y\, Ai.
: . . , dw" ()
Proof. First, applying of the diagram formula for the nonlinear term X (¥) e get
dwh ; B ; r+1
X (0 ( b Jg O R AL Z J i (Ag) €40 H(Mz) dZ (A1)
R Rr+l
00 1
1 i, | 1 —2h
+§1’(r—1)! J © )[zﬂlg( o) Wil dﬁr]n(lil) dZ (4-1) -
R-1 R =

Second, we insert the spectral representation Eq. (8) of the process (X (f))i1, and the last expression of X (¢) AW" () in the Eq. (1) the results
follows. [

Remark 4. The existence and uniqueness of the solution Eq. (10) is ensured by general results on linear ordinary differential equations, so

t
®:(0) (gmw) + [ @1 (0) (u(s) + 7% [ g1 dﬂ) ds) ,r=0
R

ty

84y =1 @ (D) <gr0(/1) +[ ot (M) {/3(5) +7(s) <gs(0) + & [ @) 1Al d/12> } ds> r=1 (11)
to R

t
(Pt(i(r)) 8ty (A(r)) + tj (Ps_l(i(r))ﬂs) <rgs(/1(,1)) + i D{gs(i(,ﬂ)) Mr+1|_2h d/1r+1> dS) ,r>2

in which ¢ (4,) = exp {L: (a(s) — iZ4,) ds} .

Remark 5. Noting that beside the condition Eq. (9) a necessary conditions for that the evolutionary transfer functions (g ( (,>) reN)
defined by Eq. (11) determines a second-order process are

|

R

2

Jgt(i(r_;_l)) Mr+1|_2h dﬁr+1 Mrl_zh dAr < 400 and J |gt(i(r+1))| |/1r+1|_2h dﬁr+1 < 400
R

R
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for all t > 9. These conditions are extremely difficult to be verified, except in time-invariant case when an explicit formula for the transfer
functions are given (see for instance [9]).

It is worth noting that if Re {y (1)} # 0, the SDE Eq. (1) may be haven't a second-order solution, but it does if y (¢) is purely imaginary. So
in what follows, we consider the particular SDE

dX (t) = (@)X (O + p@®) dt + iy X O dW" (£) .t > 10, X (to) = Xo (12)

and assume that
A3.a(®),u() eC,y(t) e Rand Re {a(t)} <0,y(t) # 0forallt > t.

Under the condition A3, the Itd’s solution of Eq. (12) reduces to

t
X() = ®y (1) {X (to) + J CD;,1 (s, to) U (s) ds} , (13)

to
in which the function y (¢) is replaced by iy (f). The spectral representation of Eq. (12) is given in the following lemma

Lemma 1. Assume that the process (X ())r>s, generated by the model Eq. (12) has a regular second-order solution. Then, the symmetrized

evolutionary transfer functions (gt (A(,)) ) e » T € N of such solution may be obtained by the symmetrization of the following functions

t

@:(0) <gt0 0) + [ @7 (0) <M (s) +iy(s) i [ &) |/1|_2hd/1> ds) ,7=0
o R

! (Mr)) = (14)

4 1
@i (A) <gn, (An) +i[ @7 (4¢) 7 (5) (rgs (4-n) + o J & (Aesn) Izlr+1l‘2hd/1r+1> dS) r>1
to R

Lemma 2. In time-invariant case we obtain

1 i _ .
g(Aw) = - {u + ﬁ Jg(/l) 1l 2hd/1} ifr=0
R

g(4m) =

—7 1 _
(047?:1) {fg(/1<r—1)) + o Jg(/l(ym) [Ars1l Zhdllm} ifr>1
e R

so, its symmetrized version may be written as

—iul;

roc - 1_
g(,l(,)) = Sym {g(ﬂ(,))} = u(iy) Jexp {au - gk(h) MZhH} H %jdu.
0

j=1

3. THE MOMENTS PROPERTIES AND THE SECOND-ORDER STRUCTURE

In this section, we analyze the spectrum, i.e., the second-order structure of the process (X ()1, solution of the SDE Eq. (1). For this
purpose let (W5 (£, f0));»;, be the mean function of the process (®y (¢, 0));5,» and set Wi (t, u,s,v) = h(2h + Dk (h) Li IVS y(v1)y(vo)lvy —
vl Ydvydvi, u < t,v < s. Then, we have

Lemma 3. Under the conditions of 1, we have the following assertions

L Wa(t,10) = exp {L’n alvi)dvi +h2h+1) %h) Ji, J, vy )v = nl”l—ldvldw} for t > to.

2. E{®n(t,to)®," (u,t0)} =Wn(t,u)fort > u.

3. E {q)h (t, to) Py, (s, l’o)} =W (t,t) Pr(s, to) exp { Wy, (¢, to, s, to) } fort > s.

4. E{ (6 0) B G 00, 0t0) | = Wi (6 10) T (5 v) exp (Wi (b to,5, ) for 2 s> v,

5. E {@h (t, t0) B (5, f0) ;! (11, t0) @ (v, to)} =W (t, )Py (5, V) exp (Wi (£ 1,5, v)) for £ > s > v.
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Proof. The assertions of the Lemma 3 follows upon observation that by using the expectation of exponential Gaussian process, we have

t t 2
Yy (t,t0) = exp {I a(vy)dvi + %E { (I y(vl)dWh(v1)> } }
to

= exp Ia(vl)dvl+h(2h+l)K( )jfy(vl)y(vZ)lvl—leh aviv,

ty by

andfort > u
t t 2
E{ @y (£, 10) @}, (u,t0) } = exp {J a(v)dvi + ;E{[J y(w)dWh(vl)] }}
to t
t
_ K( ) 2h-1
= exp a(v)dvi+hQCh+1)—= y(v1)y (v2) Ivi = v2l™ " dvidr,
t u u
=W, (t,u).
and so on the rest are immediate. O

Lemma 4. Under the condition of Lemma 3, the mean function (my, (¥) = E {X (£)})»,, is given by

my, (t) = Wh (¢, to) m (o) + J Wy, (t, u) u(u)du, t > to.

ty

and the covariance function (Rh (t,s)=E {(X () — my (1) (X (s) — my, (s))}) > is given by

Ry (t,5) = Wi (t,t0) Wi (s, to) exp { Wy (£, to, s, 10)} R (o) + W (£, t0) Wi (s, to) [exp { W (¢, to, s, t0) } — 1] Im (o) I
+m(to) J Wi (¢, 10) Wi (s, v) [exp { Wy, (¢, to, s, v)} = 1] u (v)dv

ty
t

+m(to) I Wi, (s, 10)Wn (1, u) [exp { Wi (t,u,s,10)} — 1| p(w) du

ty
t s

+ J J W (¢, u) Wh (s, v) [exp {WhL(t,u,s,v)} — 1] 1 (Wu (w) dvdu

to to

t s
+hQh+ 1Dk (h) J J W (t, u) P, (s, v) exp { Wi (t,u,5,v)} BONB(w) lu — v dvdu.
to to

Proof. From the It &s solution Eq. (5), we can obtain

t

my (1) = E (X (D) = E (@i (£, 1) X (10)) JE (@1 (1, 10) @ (uy10) } 4 () d

ty
t

=W (t, to) m(to) + J Wi (8, u) p () du.

ty
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Since W" (¢) independent of X (t), then E {®y, (¢, t0) X (to)} = E{®n (t,t0)} E{X (o)} = Wi (¢, to) my (o). In order to evaluate the expression of
Ry, (t, s) we use the It0’s solution Eq. (5) to obtain

N

E{X()X®)} = E{®) (t, to) By (5, 00) } E {IX (t0) P} + m (to) J E {(I)h (t, t0) By G, ), (v, to)} v

to
t

) J E (@1 G 1) (1, 10) D7 (11, 10)} e () ds

to

t s
+ J J E {CI)h (t, t0) @ (5, t0)®;, " (u, to) " (v, to)} 1 (W () dvdu
ol t s
+hQh+ Dk (h) J J E {zbh (t, to) @ (s, t0)D;, ' (4, to) (A to)} BB W) lu — v L dvdu,
to to
In other hand
my () my (s) = Wh (£, t0) W (s, to)lm (o) ¥ + m (to) J Wi (8, to) Wh (s, v)pu (v)dv
t tUI s
+m (to) J Wy, (s, to)Ph (s, u) p () du + I J Wy (t, u) P (s, v)u (V)u () dvdu,
to to to
the fact that Ry, (t,s) = E {X 63) TG)} — my, (t) my, (s) the expression for R(t, s) follows. |

Lemma 5. Consider the time-invariant process (X (t)),»;, generated bySDE Eq. (1) . Then under the condition 1, the mean and covariance
functions of the solution process (X (t));»,, are given by

mpy = MJ'Kh (u) du,
0

Ry (1)) = I’ J J Ki, (un) Ky (2) <exp {—fzc(h) Wi (i, uz)} - 1) durdu;
00

+ 1B2h 2h + 1)k (h) J Ky (u1) Ky, (u2) exp {—];Zk(h) Wf% (uy, uz)} duidu,,
0

oe———3g

where

2h+1 2h+1 2h+1 2h+1
Wf',) (u1,up) = 7l —lr—wl — I+ ul +lrt—u +ul™,

and K, (t) = exp {at - grc(h) ch“} )

Proof. Straightforward and hence omitted. ]

. R .
Corollary 1. Consider the time-invariant version of the SDE Eq. (12) , then lim Lré) = 1 for some constant c and 0 < § < 1, this means
400 T

that the solution process exhibits long range dependence. In this case the dependence between X (t) and X (¢ + 7) decays slowly as 7 — +o0
and. IR R(lzl)dr = oo.

Proof. First we have

exp {—gK(I’l) (Irl2th1 —lr— ul|2h+1 —lr+ uzl2th1 +lt—u + uzlzh“) }
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= exp {—gx(h) Beas (1 S B gy e gy uﬁ’““) }
T T T

and

2h+1 2

(1_71> =1_(2h+1)ﬂ+wﬂ+m1_}+w
T T 2 72
2h+1 2

(1_'_&) =1+(2h+1)ﬂ+wﬂ+m1_)+oo
T T 2 72

— 2h+1 — - 2

(1+u2 ul) 1+ Qh+1) (12 u1)+(2h+1)(2h)(u2 u1) + .7 — oo,
T T 2 72

Let6 = —(2h—1),itisclear 0 < § < 1 because 0 < h < 1 , then we have

exp { ~Z (0 W ) ) - 1 exp { GRMACh+ Dune ™ f =1

TETOO 1_5 = TETOO th_l - ?h (2h + 1) thtiz.
It follows that
ligrn R(T) = |ul? J J K, (1) Ky, (u2) hT 2 {exp {—gK(I’l) WhT (uy, uz)} - 1} duiduy
T—>+00 T T—+0c0
00
= él((h) h(2h+1) |,M|2 J u1 Ky (u1) dul[ u1 Ky, (uz) du;
0 0
o 2
= gK(l’l)h(Zh +1) |/4|2 I uKy, (u)du| = c < oo,
0
Hence, the process (X (£))i»0 generated by the SDE Eq. (12) with time-invariant parameters is a long memory process. |

3.1. Third-Order Structure of COBL(1,1) Process

For the sake of convenience and simplicity, we shall consider the time-invariant version of the SDE Eq. (1). Moreover, we assume the process
solution admits the spectral representation Eq. (8) in which the symmetrized version of transfer functions g (4, (,)) may be written as

o T 1— e—iuij
g (Aw) = utiy) JKh (u) Tdu’ Vr > 0.
i j
Then using the representation Eq. (8) we can obtain the following approximation
X()=g@+ [g (i) dZ(t) + | g (der) 2dZ (do) +20
= X ()1 X2 (04 £,

where £ (¢) is a second-order stationary process which it is orthogonal to the first two terms. The symmetrized transfer functions g (4;) and
g (/1(2)) are given by

< 1 —iuA; ° _ miudy
g(a1) = u(iy) j Kiy ()~ —duand g (31, 42) = u(ip)’ JKh (u)H Ldu
0 0 =1
It can be shown that

Ca(s, ) = E { (X(t) — g(0)) ((X(t + ) — g(0)) ((X(¢ + u) — g(0)) }
—E {)d“(t))d“(t + 99Xt + u)} +E {X“)(t)X(z)(t + XDt + u)}

+E {X(Z)(t)X(D(t+ 9XO(t + u)} +0Q1).
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We calculate E {X“) OXVt+9)XP(t+ u)}, and the other terms can be obtained by symmetry. First we observe that
E{xY®OXVt+9X? t+uw)}

— E{J g(/ll)g(ﬂz) eit/ll+i(t+s)iz dz (/1(2)) J g(/13, 14) ei(t+u)(i3+/14)dz (/13’ /14)}

R2 R2

=2! J sym { g(A1) g(Ap) hitiFon } sym {g(A1, A) elt+i+id) L dF (1))
RZ
=2 J g(h) g(A2) g(=A1,—42) sym {eiS/11 } [iuulﬂﬁLMb

@m)?
R2

1 is. —iu is. —iu
= o {J g g(A2) g (= A1, —Aa) €M e ™ M dp, 25 + Jg(ll)g(ﬂz)g(—il,—lz)e e “1“2)(1,11,12}

R? R?

1 i(s—u) Ay —iudy —iud+i(s—u)i,

= G {[g(/h)g(/lz)g(—ﬂl,—/lz)e( AR ) g + Jgul)guz)g(—zl,—zz)e At dmz}.
R2 R2

Moreover we have

E{XD0X® t+9XV (t+uw)}

= E{J glan g (a) €Az (4 J g, Aa) T AZ (4, /14)}

R2 R2

— 2! J sym {g(il)g(/lz) it } sym {g(ﬂl, 12) ei(t+s)(il+/12)}dF (,1(2))
RZ
=2 J 80 gU) g, — Ay sym { o | ¢mitievin e

(2m)?
RZ

1 iu —is iu —is|
- (zﬂ)z{Jgul)guﬂg(—ﬂl,—xz)e Me (‘1“2>dmz+Jgul)gung(—zl,—me be “l“z)dmz}

R2 R2

1 (u—s)A1—isA, —isA +i(u—s)Ay
=(2”)2{Jg(l1)g(iz)g(—ﬂl,—iz)e( M *dmz+Jgul)guz)g(—xl,—zz)e e “dmz}.

R? R?
It remains to compute E {X® (£) X (¢ + 5) X" (t + u) }, then
E{X? XVt +9XVt+u)}

= E{J g(43) g (4a) VTN (dAs, dds) J g, dn) "7 (dx@))}

R? R2

— J m {g(/h)g(/h) (A FiEH0 } sym {g (A1, 42) e+ LdF (A
[RZ

diAs
(2m)?

=2 J (M) g(A) g(=A1, —A2))sym {eismmuz }

R2

1 is. iuly iudy+isi,
= G {Jg(/h)g(/lz)g(—/h,—/lz)e AR A s +J g(A1) g (A2) g (= A1, —dy) "M% dmz}.
RZ

R2
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Hence

di Az

01510 =2 | gl g g (A, —daysym {17 77 i | Sty
T

RZ
By taking Fourier transforms (omitting the terms of O (1)), the bispectral density function f(41, A2) can be shown to be f(41, 42) =
{S(A1, A2) + S (A2, =41 — A2) + S (41, —A1 — A2)} where S (A1, 42) = g(41) g(A2) g(—A1, —42). It is clear from the above that the bis-

(2n)?
pectrum is zero for all frequencies 4, and 4; if and only if the process is linear (y = 0) (and Gaussian).

4. CONCLUSION

This paper describes some basic probabilistic properties of COBL process driven by an (f) Bm. Our main aim was focused firstly on the
existence of the solution in time-frequency domain and secondary to prove that the use of fBm as innovation we led to a long-range depen-
dency property.
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