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1. INTRODUCTION

It is appropriate and convenient to measure lifetime of devices such as on/off switches, bulbs, engines of an airplane on a discrete scale.
Discrete random variables also help study lifetimes such as the incubation period of diseases like AIDS, the remission time of cancers as well
as time to failure of engineering systems (see [1]). The discrete multivariate distributions are useful to measure lifetime data. The (MGD)
has been vital in studying reliability analysis. Various models of the bivariate geometric distribution (BGD) have been proposed to study
lifetime devices. Downtown [2] has described a model for developing a BGD. This arises in a shock model with two components. Downtown
[2] describes this model asfollows. Suppose that the number of shocks suffered by each component before failure can be represented by a
population in which proportions p; and p, affected the first and second components respectively, without failure and a proportion 1-p;-p,
of the shocks lead to failure of both the components. Hence X is number of shocks to component 1 prior to the first failure and Y is number
of shocks to component 2 prior to the first failure. The joint probability function of (X, Y) is given by

zxy (b, B) = (1—]71 —Pz)(l—Pltl —pat2)™! (1)
The corresponding joint probability mass function of (X,Y) is

X+y

N >pi‘p§p3 ;x=0,1,2..,y=01,2, ..,

0<p1<L;0<p2<l;p3=1—p1—p2
0 ; otherwise

P(X=x,Y=y)= < )

Hare Krishna and Pundir [3] have obtained the MLE and Bayes estimators of the parameters for this BGD. Dixit and Annapurna [4]
have further obtained the UMVUE estimators and have compared the MLE and UMVUE based on the (MSEs). Phatak and Sreehari [5]
introduced a version of bivariate geometric distribution as a stochastic model for giving the distribution of good and marginally good items
that are produced by a production unit. Marshall and Olkin [6] constructed a BGD based on the sequence of Bernoulli random variables
in which X was defined as the number of trials required for the rth occurence of an event A and Y was the number of trials required for the
sth occurence of an event B. If we consider Bernoulli trials then (X,Y) will have 4 possible values (0,0), (0,1), (1,0) and (1,1).
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Wedefine P (X =i, Y =j) =pj;ij =01
Let poo + po1 = po+> P1o + P11 = P1+> Poo + P10 = P+, Po1 + P11 = P41
Marginally X and Y have negative binomial distribution. X follows NB (r, p1+) and Y follows NB (s, p4+1).

The marginal probability functions are of the usual form but the joint probability function of (X,Y) is quite complicated. Reference may be
made to Marshall and Olkin ([6] Eq. 7.2).

On the same lines, Gultekin and Bairamov [7] constructed a trivariate geometric distribution and the corresponding multivariate extension.
Srivastava and Bagchi [8] introduced the multivariate version of a geometric distribution and obtained certaincharacterizations.Vasudeva
and Srilakshminarayana [9] established some properties of the MGD and also obtained a characterization assuming it to follow the power
series distribution. Sreehari and Vasudeva [10] have given characterization of the MGD based on conditional distributions. Esary and Daniel
[11] studied properties of MGDs that were generated by a cumulative damage process. In this paper we look at another form of the MGD
and estimate its parameters by a new approach that reduces the bias.

Consider a system which comprises of k components namely Ci,Cs,...,Ck. The system is so designed that at any given time not more than one
component can function. The system functions when any one component functions. The system initially functions because C; functions.
When C; stops functioning C, starts functioning in the next trial keeping the system functioning. Thus system continues to function in this
manner till C; functions. Let probability that component C; fails be p;, i = 1,2,3, ..., k. Let X; denote the trial at which component C; fails,
i=12,..,k

The joint probability mass function of (X1, Xz, - - -, X) is given as
(1= p)" ' pi(1 = p2)y* ™ py o (1 = py™ 1 ks

PXi=x1,Xa=x%, . Xk =X) =9 1<x1 <x<...<x50<pi<lii=1,..,k (3)
0 ; otherwise

The probability generating function (pgf) is given as

bkt Bt
Px.x,.x, (t1, t2, ... t) = Pipz--Ptita- (4)

[1=(1=p1) htaeti| [1 = (1= p2) tatscti] o [1 = (1= pi) ]

In this paper we obtain UMV UE and MLE of the parameters in Eq. (1) and their functions.

2. UNIFORM MINIMUM VARIANCE UNBIASED ESTIMATOR (UMVUE)

Here we obtain the UMV UE of the parameters as well as of the functions of the parameters. We consider the trivariate case which has three
parameters, p1, p2 and ps. Here p; denotes the corresponding probability of the ith component in the system failing.

Consider the case where k = 3. Egs. (1) and (2) become
(1= p)" ' pr(1 = p2) ™ pa(1 — p3)™ "' ps;

PXi=x.X=x0Xs=x)={1<x<x<x;0<p<1;i=1,2,3 ©)
0; otherwise

p1P2P3t1t§t§

Px,x,x, (1, t2, t3) = (= (1—p1) ntata] [1 = (1=pa) 6] [L= (1=pa) 0] (6)
The pgfof $1 = YL X1, =YL, Xp,and S5 = Y| X3, is
Ps;s,s, (t1, t2, t3) = ( ppapahtsts ) (7)
(= p) el [1— (- p2) ] [ = (1=pr) 5]
Hence the pmf of §1, $; and S3 is co-efficient of ] £2#5 in Eq. (7) and is given as
P(s1,52,$3)
=<z:z:i><z:2:i><z:i>ﬁﬁﬁu—mﬁ*ﬂ—mﬁﬂﬁu—mﬁw*; (8)

I’lSSl<52<S3<00;0<p1<p2<p3<1;0<p3
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Theorem 2.1. The UMVUE of p{' p2pP (1 — p1)"' (1 = p2)*2(1 — p3)¥* is
sl—bl—al—l Sz—Sl—bz—az—l 53—52—193—03—1
Sl—bl—l’l Sz—Sl—bz—n S3—Sz—b3—n
s1—1 s5—s51—1 s3—s—1
S1—n S$E2—81—n S3—8 —n

Proof. The trivariate joint distribution of [(X11X21X31) , (X12X22X32) 5 ... , (X11X21X3,)] belongs to the exponential family and (Si, S; and S3) is
sufficient and complete for Eq. (1). Hence by using Rao-Blackwell theorem we can obtain the UMV UE of

€

PIPTPT (1 = p)P (1 = p) (1 = p3)».
Let ¢ (s1, 52, s3) be the UMVUE of p}' p32p3 (1 —pl)hl(l —pz)bZ(l _p3)b3
o~ - s3—8— 1 s5—s1—1 s1—1
soean=3 ¥ 3 ewss(3250) (22020) (35)
X pipaps(1 — p1)" "1 = p2)= M1 — pa)= T,
= plpFps (L= p)” (1 = p2)" (1 = p3)"

Hence
$3 — S — S$ — 81 — S1 —
¢ (s1, 52, 53) ( > ( > ( )
S;ISFSZIMS}:SZZM S3—S—n S$H—8§1—n s1—n (11)
Xp;it—alp;—ang—ag(l _pl)sl—n—bl(l _pz)sz—sl—n—hz(l _p3)53—sz—n—h3 =1;
Therefore

Sl—bl—Lh—l 52—51—52—612—1 53—52—b3—u3—1
S1—b1—n 52—51—192—71 S3—S2—b3—n

s1—1 s —s51—1 s3—s53—1
S1—n SO —81—n S3—8S —n

@ (s1,82,83) =

Particular Cases

1. a1=a2=a3=1andb1=b2=b3=0

<51—2><Sz—51—2><33—52—2>

— S1—n S —8S1—n $3—S —n

p1paps =
s1—1 ss—s1—1 s3—85—1

(o) (o) (62 w
S1—n S$2—8 —n S3—S —n

B (n-1)>»

_(51—1)(32—51—1)(53—52—1)

2. alzlanda2:a3:b1:b2:b320

(14)

3. a2=1anda1=a3=b1=b2=b3=0
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4. a3=1anda1=a2=b1=b2=b3=0

$3—8 —2
S3—8S —n n—1

pg = = (16)

s3—853—1 s3—s2—1
$3—8S —n

5. ay=bi=landay=a3=b,=b3=0

(520-1)
—  N\si=n=1) (-1 = n)
pt-p)= <51—1> CENICED)

S1—n

(17)

Similarly it is possible to obtain UMV UE for various combinations of p{' p5>p3* (1—p1) (1—p2)?(1—p3)®* for different values of a1,a2,a3,b1,b>
and bs.

Theorem 2.2. The UMVUE in the multivariate case of
(Si—Si_l —bi—ai—1>
k k
@ ) Si—Si_l—bi—l’l
[Trta-p=]]
i=1

i=1 si—si-1—1
Si—Si—-1—n

n
;8= ZXi,,So=0 (18)
=

Proof is similar to proof of Theorem 2.1

3. MAXIMUM LIKELIHOOD ESTIMATOR (MLE)

In the earlier section we have obtained an estimator based on the criteria of unbiasedness and minimum variance. We now look at another
very popular principle used namely method of maximum likelihood to obtain the estimators of the functions of the parameters. These shall
be compared with the corresponding estimators obtained by UMVUE in order to study their efficiency. The likelihood function based on
n systems put on test strictly under the same conditions will be

L= H(l - pl)"“_lpl(l —pz)XZ"_xl'_lpz ¢! —Pk)xk"_x"‘*‘_lpk (19)
i=1
= (1 =p)*"Pr(1 = p2)* 7"y o (1= pi)™
Taking log and differentiating w.r.t. p;, i = 1,2 ..., k, the MLEs are obtained as

The MLE of p;; i = 1,2,...., k is

150=0 (20)

By invariance property, MLE of Hle Pl —pi)tis

k k a b
4] _ pybi = n Si—Sis1— 1
gpz (1 pt) H <5i —Sio1 > < Si— Sio1 ) (21)

i=1

4. MODIFIED MAXIMUM LIKELIHOOD ESTIMATOR (MODIFIED MLE)

In the earlier two sections we have applied two procedures to obtain the estimators and either of them could be good. We now try to improve
on the MLE by reducing the bias and thus derive a modified estimator namely modified MLE. We have further shown that this modified
MLE is better than the UMVUE. Hence to derive a modification that reduces the bias and the MSE of the MLE of p;, i = 1,2,3 ..., k, we apply
the Taylor Series two-parameter expansion to

s0=0, i=1,2,..k (22)

pi =P (si-1,8) = S
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¢ (si-1,8) = ¢ (;45[71,;45‘_) + <si_1 - ;45’&\]> %I (sj = ;45}> + (s,- - ,usi) j—fl (sj = ;45}>

R 2 i — 2 2
+((51 1= U, ) d ¢|<Sj=ﬂ$])+ (si=u)" d*¢

2' dszz_l 2' d_slzlsj = luS] (23)

2(s—py,) (si—my) dg

+ = ’ I( = >+
2! dsi_1ds; K, MS’
wherej=1.2,.., kand

o 7l
uo=E@S)=Y Zi=1,2-k (24)

, 25

On substition of Egs. (21) in (22) we obtain

A S\ (),
i=pit s -y = ) si- Y =) e ——————
pi=p ! lepj n =07 n 2! n?

(25)

On taking expectaion of Eq. (24) we obtain

sy (1e )P o)
E('>_P'<1+n> n+O<n> (26)

We observe that

i is an asymptotically unbiased estimator of p;

Consider a linear function of the MLE of p; given as
pi = ap; + f, @ and f are constants

Hence E(p;) = a.E(p;) + f

2
=a[pi<1+%>—‘%+0<;>]+ﬂ 27)

If the coefficient of p; is set equal to 1 and the constant term set equal to zero, we obtain aproximate equality between E(p;) and p;.

n
+1

Therefore we obtain a modified MLE of p;

This gives us a = and f=0.
n

~ n*

=" . =123,k  s=0. 28
P (n+1)(si—si-1) ’ @9
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Since
~ no~
pi= b (29)
= o oo b 2PE(i—p) 1
E(pz Pz) _(T’l+1) <E(p, p,) + n2 " +0 -
Di 2 n_\? ~ 2 o
E(pi — pi) =(n—+1> <E(pi—p,-) _ﬁ>
Thus

E (pi — pi)* < (E(i — pi)’ (30)

Thus the MSE of modified MLE of p; namely p; is less than the of the corresponding MLE of p; i.e. pi, i = 1,2, ..., k.

5. CONSISTENCY OF MODIFIED MLE

If we collect a large number of observations, then we can obtain a lot of information about the unknown parameter. We can thus construct
an estimator T(X) with a small MSE and we can call it a consistent estimator if lim,,—, MSE (T (X)) = 0.

Theorem 5.1. p1, ps, ..., Py, are consistent estimators where p; is the MLE of p;, i = 1,2, ..., k.
where

~ n
pi S —sig S0 ( )

Proof. From Eq. (26) it is clear that E (p,-) tends to p; as n tends to o0, i = 1,2, ..., k. We shall prove by method of induction that V (p,-) tends to 0
as n tends to co.

Letk=1
~ _n
= ; (32)
Applying the Taylor series expansion
2
2 (si— 2 3
~ _n\ - ( n ) 2p7 1
p1—p1+<51 p1> " + 7 " +O<n> (33)
On taking expectaion of (p; — p1)* we obtain
2 4 4 6
TR CRANY BT SRR SN0
E(( pl))—E(sl p1> n2+E(sl p1> n4+o<n> (34)
R n(l=pi) pt n(l=p1) [pt=3p(n+2)+3(n+2)] p° 1
E —p)?) = £l £l -
(1 =p1)*) ot o 1 +0 <n) (35)
Hence V (p1) = E((f1 — p1)*) tends to 0 as n tends to co.
Thus p; is a consistent estimator of p;
Consider k =2
Here
pr = — (36)

$2 — 81
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Applying Taylor Series two parameter expansion we obtain

(37)

4 4

~ 2 n n\ p; n n n n\ p2
E - =l=-=)2+|(=+=-—-=— £2
((3:=r2)’) <p% P1>n2+<p%+p% 2 P2>"2
+n(1—p1)[p%—3p1(n+2)+3(n+2)]p§+O<1)

4 4
P n

(38)

Hence V (p2) = E(($2 — p2)*) tends to 0 as n tends to co. Thus p is a consistent estimator of p.
Assume f),-, 1 is a consistent estimator of pi-1.

To prove that p; is a consistent estimator of p;.

We need to prove that V (§;) tends to 0 as n tends to 0o, i = 2,3, ..., k.

n[2si-1 —si — si-2]
39
[si — si-1] [si-1 — si-2] 9

pi=pi-1 +

n[2si-1 — si — si—2]
[si — si-1] [si-1 — si-2]

E<[Si_$i—1][5i—1—51_2]) =(i—pir1)"+0 -

2
To obtain E((pi — pi—1)*) we apply the Taylor series expansion to ( > and then take the expectation. Hence

~ 1
E((pi — pi-1)*) = (pi — pi1)* + O <;)
Thus as # tends to co, E((p; — pi—1)?) tends to (p; — pi-1)*

‘We now consider

V (pi — pi1) = E(pi — pim1)* = (E (Pi — pi-1))?

V(f’: —f?i—1) = E(p; — pi-1)* — (E (1/7\1) -E (ﬁi—l))z

Thus from Eq. (39) and since p; is asymptotically unbiased from Eq. (26) we can conclude that V (; — pi_1) tends to 0 as # tends to co.

But
V(i)\z —f?i—l) = V(Pi) + V(f)f—l) —2Cov (ﬁi—h_f?i) (40)
The Cov (pi-1, pi) can also be shown as tending to 0 as 7 tends to co by applying the Taylor series expansion.

Thus, since V (p; — pi-1), Cov (pi—1,pi) and V (pi—1) all tend to 0 as 1 tends to oo, we conclude that V ($;) also tends to 0 as n tends to co.

Hence 1’)\,', the MLE of p;, is a consistent estimator of p;,i = 1,2, - - -, k.
Note: The MSE of modified MLE is less than MSE of MLE from Eq. (29).

From Eq. (28) we can conclude that the modified MLE, p; is a consistent estimator of p;,i = 1,2, - - -, k. |
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6. CONCLUSION AND COMPARISION OF ESTIMATORS

We have observed in the earlier section that an improvement over the MLE is the modified MLE. We now have two estimators the UMVUE
and the modified MLE. Our objective is to compare both the estimators with respect to efficiency. We make a comparative study of the two
based on the determinant of the variance covariance matrix also called as the generalised variance (GV). We consider the trivariate case
namely k = 3. The variances and covariances of the UMVUE and modified MLE of the parameters can be obtained as below. Consider the
case when k = 3.

Variance of UMVUE of p;, i = 1, 2, 3 where sp = 0 is

< Si—Si—1 — 2 2
Z Z Z (; P(s15283) | — (Pi)2 (41)

$1=

3
©
&
Il
g
+
3
«
&
Il
<
I
F
3

Covariance of the UMVUEs of p; and pj, i, j=1,2,3 and 5o = 0 is

(si—si_1—2> <Sj—Sj_1—2>
O - i si—n sj—n
Z Z Z (si—si_1—1> <Sj_5j—1_1>

§1=n $3=$1+n s3=5,+n
Si—Si-1—n Sji—Sj-1—n

P(s15283) | — (pipj) ; (42)

Variance of modified MLE of p; when k = 3 is

3 3 S 2
Z Z Z <(”+ 1)(si — si— 1)) P (s15253)

S1=N $=51+1 S3=5+n

=] 0 0 2 2
(2.2 3 (o) o)

S1=N $)=$1+n s3=s5,+n

2 (43)

wheresp =0; i=1,2,3

Covariance of modified MLE of p; and pj, i,j=1,2,3and so = 0 is

o o o) ) nz ,
2 2 <("+1)(Sl—sz 1)> <(n+l)(sj_sj_1)> P (s15253)

S1=N S3=S1+1 S3=5,+n

S n2 2 2
<Z Z Z <(7’l+ 1)(51 — Si— 1)) ((l’l + 1)(5j —Sj_1)> P(SISZSS,))

S1=n $;=s1+n S3=5,+n

The determinant of the variance covariance matrix is calculated and are compared for the two estimators in the graphs below for a range of
values of the parameters p1, p> and ps.

It can be observed from the graphs in Figs. 1 and 2 that the generalised variance of the modified MLE is less than the corresponding GV of
the UMV UE for numerical values of p1, p» and p; ranging from 0.1 to 0.9. Thus we obtain a new and better estimator called modified MLE
which is consistent. It is an improvement over the MLE and is also more efficient than the UMV UE.

7. AN EXAMPLE FORK =3

A game of cricket has been considered. When a batsman is out he is replaced by another batsman in the next ball and the game continues.
When the replaced batsman is declared out another replacement is sent forth and the game continues. Consider the 2016 season of Cricket’s
Indian Premium League’ IPL 2016’ A total of 17 matches were played by the winning team, Sunrisers Hyderabad, of which 15 were suitable
for our study. We have recorded the following details.

Let
X; denote the ball at which the first player becomes out in the ith match.
Y; denote the ball at which the player who replaces the first batsman becomes out in the ith match.

Z; denote the ball at which the player who replaces the second batsman becomes out in the ith match, i = 1,2, ...., 15.
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CASE1: p1=0.3 p2=0.2, p3=0.4

2E-09

15E-09 \

5N For UMVUE

N For MOD MLE

G 1E09
SE-10
0
50 50 70 80 90
Sample Size n
CASE2: p1=0.7; p2=0.8; p3=0.9
1.5E-08
1E-08 ™
3 —— GV For UMVUE
=GV For MOD MLE
SE-09
0 T T T T
50 60 70 80 o0
Sample Size n

Figure 1 The generalised variance of the modified MLE
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7.5E-09

5E-08

CASE 3: p1=0.7; p2=0.5 ;p3=0.2

GV For UMVUE

GV For MOD MLE

2.5E-09
0 T T T T 1
50 &0 70 8O a0
Sample Size n
CASE4: p1=0.2 p2=0.8 ;p3=0.4
4E-09
3 5E-09
3E-09 \\\
25E09 —V For UWWE
\\ GV For MOD MLE
5 s N
e \
SE-10
D T T T T 1
50 60 70 8O 20
Sample Sizen

Figure 2 The generalised variance of the modified MLE

645
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Table 1 IPL 2016: Team Hyderabad Sunrisers

Match No i Xi Yi Zi
1 25 29 35
2 7 16 27
3 4 26 38
4 31 32 52
5 4 18 20
6 11 49 52
7 17 26 42
8 33 38 61
9 14 51 56
10 30 54 56
11 8 9 20
12 16 41 50
13 10 31 61
14 4 10 23
15 25 30 53

Table 2 Values of MLE, UMVUE and modified MLE for parameters

P b2 ps
UMVUE 0.05882 0.063636 0.075676
MLE 0.06276 0.06787 0.0806
Modified MLE 0.05884 0.063631 0.075605

Hence p; = P(First player is out), p, = P (Second player is out) and ps = P (Third player is out).

Thus for n = 15, we obtain s; = 239, s, = 460 and s3 = 646. The MLE, UMVUE and modified MLE for the following parameters are as
shown in Table 2.

From the example of IPL2016, it is observed that the UMVUE, MLE and modified MLE estimates calculated for p1, p, and p3 are very close
to each other.
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