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Abstract—On the basis of geo-simulation and heuristic
approaches, a model of the spatial structure of thermokarst
lakes fields has been developed, which allows to take into
account the lognormal distribution of real lakes in size and
tortuosity of their coastal boundaries. As a result, the model
represents lakes of all sizes, including small lakes, which are
considered as the most intense sources of methane emission
into the atmosphere from thermokarst lakes. The log-normal
size distribution is confirmed by experimental data based on
the integration of data from images of medium and high spatial
resolution in the northern territories of Western Siberia.
Studies of the statistical properties of the tortuosity of the
coastal boundaries of the lakes using high-resolution images of
Kanopus-V showed that the distribution of the the degree of
tortuosity corresponds to the normal law. The statistical
characteristics of the degree of tortuosity of real lakes are
determined. On the basis of the heuristic approach, a method
of forming model objects of arbitrary shape with a given area
and degree of tortuosity in the Cartesian coordinate system has
been developed. An algorithm for modeling the spatial
structure of the fields of thermokarst lakes is described.
Keywords—geo-simulation, heuristic modeling, remote
sensing, thermokarst lakes, lake size-distribution, the tortuosity of
coastal lakes, modeling algorithm, greenhouse gases, global
warming

I. INTRODUCTION
The current global warming of the climate accelerates the
degradation of permafrost. The permafrost is being a
storehouse of canned carbon in the vast frozen peat bogs of
Northern Eurasia, can become a cause of even more
warming with the release of greenhouse gases. It will lead to
the formation of new big challenges for the world
community related to the violation of human-nature
interaction. The development of measures to prevent an
increase in the average annual temperature by more than 2
degrees by 2050 in accordance with the decisions of UN
Climate Change Conference Paris 2015. These demand the

formation of forecasts of the methane stock dynamics in the
lakes of northern territories for the coming decades.
The dominant role in the accumulation of methane of
small thermokarst lakes (with areas less than 0.01-0.05 ha)
was established [1] in the permafrost zone of Western
Siberia. However, the contribution of millions of such lakes
to the global greenhouse effect due to small size has not been
taken into account yet. Attempts to take them into account in
estimating the total volume of world methane reserves in [2],
based on the use of the theoretical power law of the lake sizedistribution due to the lack of experimental data, raise great
doubts, since the power law is not supported by experimental
data [3]. This requires the development of methods and tools
for modeling the dynamics of thermokarst lake fields. It will
take into account a contribution of millions of small lakes to
the total volume of methane reserves in a whole territory of
Northern Eurasia.
According to Moiseev and Svirezhev [4], simulation
modeling is one of the most important mathematical
modeling types which may be used for constructing model of
the thermokarst lakes fields with sufficient accuracy for
current research. For modeling the spatial objects Polishchuk
and Tokareva [5], Zhao and Murayama [6] have introduced
geo-simulation modeling.
The spatial nature and high degree of complexity of the
fields of thermokarst lakes as objects of modeling makes it
necessary to use geo-simulation modeling [7]. The most
important task is to develop a geo-simulation model of a field
of thermokarst lakes, which is understood as a mathematical
model that reproduces the spatial structure of fields of
thermokarst lakes by simulating the shape, size and relative
position of lakes in the study area taking into account the
experimentally established statistical laws of their random
location and size distribution. The development of a
simplified model was considered in [8], which used
experimental data on the properties of lakes in the permafrost
zone of Western Siberia, obtained from images of an average
resolution (30 m) of Landsat, on which small lakes are
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novisible. Therefore, for accounting to small lakes, you have
to use high-resolution images.
In connection with the foregoing, the main goal of this
work is a consideration of the issues of modeling the spatial
structure of thermokarst lakes fields. It is based on the
account of the tortuosity of the shape of the lake boundaries
and the type of a law of the lakes distribution by their sizes,
which is established on the basis of integrating medium and
high resolution images that take into account lakes of all
sizes, including small ones.
II. STATISTICAL PROPERTIES OF THE FIELDS OF
THERMOKARST LAKES IN THE CRYOLITHOZONE OF WESTERN
SIBERIA BASED ON THE SPACE IMAGES
The informational basis for the experimental study of the
properties of the fields of thermokarst lakes is the data of
remote measurement of the areas of lakes from satellite
images of the studied territory. The studies were carried out
on the territory of all three permafrost zones (sporadic,
discontinuous, continuous) in Western Siberia by remote
method based on medium and high resolution satellite
images taken in a relatively short period of time (2013 2015). All images were selected in a rather short period of
the summer season (end of June - August) to minimize the
effect of seasonal fluctuations of the lakes water level.
During this period, there is no ice covering the lakes and
preventing them from being detected under interpreting
images process.
Since the medium resolution images of Landsat (30 m)
provided a complete coverage of the study area, a mosaic of
these images was used for research, which allowed studying
the properties of hundreds of thousands of lakes. A study on
high resolution images of Kanopus-V (2.1 m) was carried out
on 78 test sites, which are situtated in the different zones of
permafrost in Western Siberia are shown in [10].
Creating a geo-simulation model of thermokarst lakes
fields requires knowledge of the basic properties of these
fields, which can be obtained experimentally from satellite
images. Analysis of the histograms of the coordinates
(latitude and longitude) distribution of the lakes centers
locations according to the data from the Landsat satellite
showed [8] that the empirical histograms of such
distributions correspond to the law of uniform density,
according to the χ² criterion, with a probability of 95%, and
the empirical size-distribution of lakes corresponds to
exponential law by criterion χ², with a probability of 90%. A
remote study of the shape of the boundaries of thermokarst
lakes, conducted in [11,12], showed that in all zones of the
West Siberian permafrost, the error in estimating lake areas
when replacing the boundaries of real lakes with circles is
relatively small (about 5% [11]). This means we can use a
circle as a simplified model of a lake for geo-simulation
modeling of thermokarst lakes fields. Consequently, the early
geo-simulation model of the spatial structure of the fields of
thermokarst lakes, previously developed in [8, 9], did not
take into account the numerous small lakes and the tortuosity
of the coastal boundaries of real lakes.
Therefore, the formation of a new geo-simulation model
assumes the representation of the thermokarst lakes field in
the form of random sets of flat figures with tortuous
boundaries. To determine the properties of such figures,

additional remote sensing studies are required to obtain
experimental data on the tortuosity characteristics of the lake
shorelines and the size-distribution of lakes in a wide range
of sizes, including small lakes.
One of the important tasks is to build histograms of the
size distribution of lakes, which would take into account all
the lakes in a wide range of sizes - from tens of meters to tens
of kilometers. To construct such a histogram in [13-15] it
was proposed to choose partial intervals of the histogram
with an irregular step (according to a logarithmic law),
namely: 20-50 m 2, 50-100 m 2, 100-200 m 2, etc. up to 200
km 2. This allowed a rather compact presentation of data on
the distribution of lakes at intervals of their sizes in a very
wide range of changes in the areas of lakes.
Such histograms of the distribution of lake areas can be
constructed only on the basis of the integration of data on the
areas of water bodies obtained from both medium and high
resolution of satellite images. The developed methodology
for combining (synthesizing) data on the areas of lakes
obtained from images of different spatial resolution in order
to construct synthesized histograms of the distribution of
areas of lakes in a very wide range of their sizes is described
in [14,16]. In accordance with this methodology, the
synthesized histogram of the distribution of lakes by area was
obtained by “stitching” two initial histograms, the first of
which is based on Landsat-8 data and represents large lakes
(ranging in size from 0.5 to 20,000 hectares). The second
initial histogram obtained from the data of the Kanopus-V
images for 78 test sites in all three permafrost zones
represents small lakes (from 0.005 to 20 ha). Another
synthesized histogram of the total area distribution of lakes in
the studied territory was constructed in the same way.
The synthesized histograms of the distribution of the
number and total area of lakes, obtained in the manner
described above according to the results of the studies
conducted in the permafrost zone of Western Siberia, are
presented in [10]. The determination of the type of the law of
the lake size-distribution was carried out on the basis of an
approximation of the obtained sinthesized histogram of the
distribution of lakes, which showed [16,17] that the empirical
distribution corresponds to a lognormal law. The conformity
check was performed with help of the Excel software
package using Pearson's criterion confirmed that the
histogram of the lake size-distribution obtained in a wide
range of their sizes corresponds to a lognormal law with a
high probability of 0.99.
The analysis of another synthesized histogram of the
distribution of the total lake area by lake sizes allows us to
experimentally substantiate the applicability of the early geosimulation model of the spatial structure of thermokarst lakes
fields previously developed in [8] with the exponential sizedistribution of lakes based on Landsat medium resolution
images. Thus, the empirical distribution of the total areas of
lakes by their sizes [10] shows that the bulk of the total area
of lakes (about 80%) is made up of lakes with sizes ranging
from 2 to 500 hectares. The approximation of the truncated
(in the size range of 2–500 ha) synthesized histogram of the
size-distribution of lakes showed with a high level of the
coefficient of determination (R2 = 0.72) its conformity to the
exponential law.
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An experimental study of the tortuosity of the coastlines
of real lakes was carried out. According to satellite
measurements, the values of the shape index (degree of the
boundaries tortuosity) of the lakes were calculated by the
formula [18]:
𝑧=

𝑃2
4𝜋𝑠

,

1. Creating a polygon with a random number of vertices.

where z is the degree of tortuosity; p is the perimeter of the
coastal boundary; s is the lake area.
The determination of the z value was carried out
according to data from images of Kanopus-V on all 78 test
sites. It is established that the distribution of the magnitude of
the degree of tortuosity z corresponds to the normal
distribution law. The mean values of z take the following
values in different zones of permafrost: sporadic – 3.5;
discontinuous – 3.38; continuous – 2.95.
III. GEO-SIMULATION MODEL OF SPATIAL STRUCTURE OF
THERMOKARST LAKE FIELDS

Based on the above, we can formulate the following
fundamental principles that determine the essential properties
of the model of the spatial structure of the thermokarst lakes
fields:
1. The shape of the coastal boundaries of the lakes can be
represented by flat figures with tortuous boundaries, which
are described by the following characteristics: coordinates of
the centers xi, yi; degree of tortuosity zi; area si (i is the
ordinal number of the lake).
2. The coordinates of the centers of flat figures are
random variables, the distribution of which is determined by
the law of uniform density.
3. The degree of tortuosity of the boundaries of flat
figures is a random variable, the distribution of which is
determined by a normal law.
4. The area of a flat figure with tortuous boundaries is a
random variable which distributed by a lognormal law.
5. Spatial changes of the coordinates of the flat figures
centers, the tortuosity degree of borders and their areas are
statistically independent.
The geo-simulation model of the fields of thermokarst
lakes is developed in accordance with these principles (1-5).
The geometric interpretation of the proposed new geosimulation model of thermokarst lakes fields is shown in
Figure 1, which represents the fragment of the model of the
spatial structure of the thermokarst lakes fields. Here is
indicated: si - the area of the i-th model lake and i - the lake
number.
y
y1

2. Connecting the vertices of the polygon with a
continuous line using Bezier curves [19] allows us to create a
model object with a random tortuosity of the contour
boundary and a unit area.
3. Transformation of the model object to its original form
with a given area while maintaining the initial value z.
IV. ALGORITHMIC QUESTIONS OF MODELING THE
THERMOKARST LAKE FIELDS

Modeling the thermokarst lakes fields is based on the
geo-simulation approach. Four random numbers are used,
namely: representing the coordinates of the centers of flat
figures, the degree of tortuosity of the boundaries and the
size of their area and formed using the Monte Carlo method.
In the general case, the mutual probability density of random
coordinates of centers, degree of tortuosity, and areas of flat
figures simulating lakes in a mathematical model of random
fields of thermokarst lakes can be represented as:

S1

where x and y – coordinates of flat figure center in a model; z
– the degree of tortuosity of the flat figure boundaries; s –
area of the flat figure imitating a lake.
Consequently, the set of flat figures in the model of lake
fields will be represented as a sequence of four random
variables. To develop an algorithm for modeling the fields of
thermokarst lakes, it is necessary to take into account the
form of the laws of distribution of x, y, z, s and statistical
dependencies between changes in these quantities, which,
according to experimental data [8, 12], can be taken
statistically independent. With taking into account this to
simulate the fields of thermokarst lakes the joint probability
density (1) can be represented as:
𝑓(𝑥, 𝑦, 𝑧, 𝑠) = 𝑓(𝑥) × 𝑓(𝑦) × 𝑓(𝑧) × 𝑓(𝑠),

S3
x1

x3

x2

()

where f(x) and f(y) are the probability densities of the
uniform distribution; f(z) is the probability density of the
normal distribution; f(s) is the probability density of the
lognormal distribution of the areas of flat figures, defined,
according to [20], by the equation:
1
√2𝜋𝑠𝜎

𝑒𝑥𝑝 (−

(ln 𝑠−𝜇)2
2𝜎 2

),

()

where μ is the mathematical expectation, σ is the standard
deviation.

S2

y3

()

𝑓(𝑥, 𝑦, 𝑧, 𝑠),

𝑓(𝑠) =

y2

0

To create flat figures using a heuristic approach, a
technique of forming model objects has been developed. This
technique allows generating objects of arbitrary shape with a
given area and degree of tortuosity in the Cartesian
coordinate system. The technique is performed as a sequence
of the following steps:

x

Fig. 1. Model representation of the fragment of the thermokarst lake field

The generation of a sequence of random numbers
determines the characteristics of the location of the circles
centers with taking into account equation (2). It is carried out
using a pseudo-random number generator which produces
variables are distributed according to the law of uniform
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density. To simulate lakes with random sizes, the areas of
which are distributed according to the lognormal law (3),
sequences of pseudo-random numbers are generated and they
correspond the lognormal distribution law, in accordance
with the equation obtained in [21]:
𝑠𝑖 = exp(𝜇 + 𝜎 × 𝑟),

()

where r is a pseudo-random number distributed according to
the normal law, calculated by the formula:
12

𝑟 = ∑𝑗=1 𝑞𝑗 − 6,

()

where qj is a random variable uniformly distributed on the
interval [0,1].
Therefore, it is necessary to use under process developing
of the geo-simulation system, both the software pseudorandom number generator producing the random variables
distributed in accordance with the law of uniform density and
the software pseudo-random number sequence generator
producing the random variables distributed in accordance
with the lognormal size distribution of lakes.
V. CONCLUSION
The article presents the approach to modeling the spatial
structure of the thermokarst lakes fields based on a geosimulation model as a set of random flat figures. The
characteristics of them are the distribution of centers
coordinates corresponds to the uniform distribution law, the
distribution of the tortuosity degree corresponds to the
normal distribution law and the distribution of areas
corresponds to the lognormal distribution law. Experimental
substantiation of the lognormal distribution of lakes by sizes
is given on the basis of research results on the empirical
distribution of thermokarst lakes in a very wide range of their
sizes in the permafrost zone of Western Siberia based on the
integration of satellite images with different spatial
resolution. The results of checking the conformity of the area
distribution law with the empirical histogram data showed
that the lognormal distribution law corresponds to the
experimental data, according to the Pearson criterion, at a
significance level of 0.99. The procedure of modeling of the
thermokarst lakes fields is briefly described. Each model lake
is characterized by a four of numbers: the coordinates of the
center, the tortuosity degree and the area of the lake.
Statistical characteristics of the model lakes fields were
obtained using images of medium and high spatial resolution.
The above analysis of the synthesized histogram of the
distribution of the lakes total area by sizes showed that lakes
are from 2 to 500 hectares make up to 80% from whole
number of lakes in the studied area. This fact makes it
possible to experimentally substantiate the applicability of
the early geo-simulation model of the spatial structure of
thermokarst lakes fields. This model uses exponential
distribution law to describe a statistical characteristic of how
thermokarst lakes distribute by their sizes and it based on
medium-resolution images of Landsat [8]. Indeed, the
approximation of a truncated (in the size range of 2–500 ha)
synthesized histogram of the lakes distribution by their sizes
corresponds to the exponential distribution law with a high
level of the determination coefficient (R2 = 0.72). This model

of thermokarst lakes fields can be used for simplified
estimation of water reserves accumulated in thermokarst
lakes are located in the Arctic zone of Russia, or to study and
predict the dynamics of thermokarst lakes under climatic
changes and other tasks.
However, this early model does not take into account
small lakes, which are considered intensive sources of
methane emissions. These small lakes are not detected in the
medium-resolution Landsat images and, therefore, are not
take into account in the model uses exponential distribution
law for lakes modeling. Consequently, under process
modeling of thermokarst lakes fields in the permafrost zone it
requires taking into account small lakes, using the lognormal
distribution law. This based on the use of satellite images of
high resolution in combination with the medium resolution
images.
The results of work can be used to obtain predictions of
the methane emissions dynamics from the thermokarst lakes
are located in the Arctic zone of Northern Eurasia, for the
coming decades, in the context of UN Climate Change
Conference Paris.
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