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1. INTRODUCTION

Granular computing (GrC), developed by Zadeh [1-4], is vital in
solving multilevel and multi-perspective problems. GrC abstracts
the ideas of granular processing in various disciplines, allowing
further exploration of structured thinking, structured problem-
solving, and structured information processing. Information gran-
ules are an essential notion of GrC. A granule refers to the blocks
formed by some individuals through unclear relations, similar rela-
tions, adjacent relations, or functional relations. It is obvious that
a collection of information granules can constitute a vector that is
said to be a granular structure. Since the importance of GrC was
highlighted by Lin [5,6] and Yao [7-9], people have recognized this
concept.

Rough set theory was presented by Pawlak [10,11]. This theory is a
significant approach for managing uncertainty. One of the advan-
tages of a rough set is that it does not need any preliminary or addi-
tional data information, but it is directly based on the original data,
so it is more objective and credible. Many applications of rough set
theory are connected with information systems (ISs) [12-17].

Given an IS, an equivalence relation of each attribute subset can be
determined, which is a special similarity between two objects and
divides the object set into some disjoint classes; these classes are
regarded as equivalence classes. Each equivalence class is looked
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upon as an information granule [12]. The collection of all these
equivalence classes constitutes a vector that is referred to as an infor-
mation structure.

In this regard, many scholars have made contributions. For
instance, Zhang et al. [18] explored information structures in a
fully fuzzy IS. Chen et al. [19] presented information structures
in a lattice-valued IS. Qian et al. [20] discussed knowledge struc-
tures in a knowledge base. Li et al. [21] considered relationships
between knowledge bases. Tang et al. [22] discussed information
structures in a lattice-valued IS. Xia et al. [23] researched informa-
tion structures in set-valued ISs from a GrC viewpoint. Xie et al.
[24] investigated information structures and uncertainty measures
in an incomplete probabilistic set-valued IS. Yu. [25] studied infor-
mation structures in an incomplete IS. Their findings have been
proven to be useful for knowledge discovery in ISs or knowledge
bases [26]. Obviously, information structures or knowledge struc-
tures can be seen as granular structures under the significance of
GrC.

An incomplete interval-valued information system (IIVIS) means
an IS where its information values are interval numbers with miss-
ing values. Nevertheless, information structures in an IIVIS under a
framework of GrC have not been investigated. Therefore, this arti-
cle focuses on this topic. The work process is displayed in Figure 1.

Why do we consider information structures in an IIVIS? This is
because information structures in an IIVIS are helpful for knowl-
edge discovery from an IIVIS. Why do we consider information
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Figure 1 The work process of the article.

granules and information structures together? This is because infor-
mation granules are constructed, and then information structures
can be established.

The rest of this article is designed as follows. Section 2 reviews
the essential notions of binary relations, interval numbers and an
IIVIS. Section 3 gives the similarity degree and tolerance relations
in an IIVIS. Section 4 obtains information structures and stud-
ies the dependence, information distance and properties of infor-
mation structures in an IIVIS. Section 5 studies group and lattice
characterizations of information structures in an IIVIS. Section
6 investigates the entropy measure of uncertainty for an IIVIS.
Section 7 discusses and concludes this article.

2. PRELIMINARIES

In this section, the essential notions of binary relations, interval
numbers and an IIVIS are reviewed.

In this article, U signifies the finite universe, 2U expresses a set of
all subsets of U, and |X| means the number of elements in X € 2Y.

Let
U= {ul’u2’ sun}s

§=UxXUA={u,u) : ue U}.

2.1. Binary Relations

Ris said to be a binary relation on Uwhenever R C UxU.If (u,v) €
R, then xRy.

Let R be a binary relation on U. Then, R is regarded as a universal
relation on U whenever R = §; R is regarded as an identity relation
on Uwhenever R = A.

Assume that R is a binary relation on U. Then, R is referred to as an
equivalence relation on U if R meets the following requirements:

1. Reflexive: V u € U, uRu;

2. Symmetric: V u, v € U, uRv implies uRv;

3. Transitive: V u, v, w € U, uRv and vRw imply uRw.

» Dependence —> Depend

o Information

~ distance L——> Independent

> Properties

» Characterizations > Lattice
characterizations

» application > chara(c;treo?p _—

In addition, R is said to be a tolerance relation on U if R is reflexive
and symmetric.

2.2. Interval-Valued Numbers

Let

[Rl = {m = [m,m*] : m",m* € Rom™ < m*}.

For any m € R, express m = [m, m].

For any m, n € [R], define

+ = gt

1. m=ne&m =n,m nt.
2. m&<nem <n,mt<nt,m<nem<n,m#n.

Definition 2.1. [27,28] Let m, n € [R]. Then, the possible degree of
m relative to n is defined as follows:

p(m,n) = min{l,mux{(m+_nrf_;__l_’z’;+ _n_),O}}.

Proposition 2.2. [28,29] The following properties hold:

1. VmnelR],0<p(m,n)<1;
2. Vme[R], p(m,m)=0.5;
3. Vm,ne€|[R],p(mn)+pnm) =1
Definition 2.3. [30] Let m,n € [R]. Then, the similarity degree of
m and n is defined as follows:
v(m,n)=1-|p(m,n)-p(n,m)|.

Proposition 2.4. [30] The following properties hold:

1. Vm,n€|[R], v(im,n)=v(nm;
2. Vmyn€[R],0<v(mn) <1,

3. Vmn€[R],v(mn)=1<m=n.
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Example 2.5. [31] Pick m = [5,7] and n = [6, 8]. Then,

p(m,n) = min {l,max{%,o}} = %,

p(n,m) = min {l,max{w_si;ﬁﬂ}} = 4—3;

vim,n)=1-|p(m,n)-pn,m)|=1- ———'=O.5.

2.3. AnlIVIS

Definition 2.6. [32] Let U be a finite set of objects. A expresses a
finite set of attributes. Then, the ordered pair (U, A) is referred to as
an IS if a € A is able to determine a functiona : U — V,, where
V,={a(w) : ue U}

If (U, A) is an IS, given B C A, we can then define
ind(By={(u,v) e UXU :Va€P, alu=aw}.

Evidently, ind (B) is an equivalence relation on U, and ind (B) =
N ind ({a}).
a€P

Denote
[ul,={ve U: (u,v) € ind(B)}.

Then, [u], is known as the equivalence class of the object u under
the equivalence relation ind (B).

Definition 2.7. [32] Let (U, A) be an IS. Then, (U, A) is known as an
incomplete IS if there are u € U and a € A such that a (u) is missing.

We call (U, A) an incomplete IS. Given B C A, then a binary relation
on U can be defined as

sim(B) ={(u,v) € UXU : Va€P,

a(w)=a®) ora(u) = *xora(v) = *},
Here, * is a missing value.
Evidently, sim (B) is a tolerance relation on U, and sim(B) =
N sim({a}) .
a€pP
For each a € A, denote
Ve=V,-{a@) 1 a(u) = =}.

Vi means the set of all non-missing information values of the
attribute a.

Definition 2.8. [33] Assuming that (U, A) is an IS, (U, A) is called
an interval-valued IS if forVa € A and u € U, a (u) is an interval.

Definition 2.9. [33] Assuming that (U, A) is an IS, (U, A) is called
an IIVIS if (U, A) is both incomplete and interval-valued.

If B C A, then (U, B) is known as the subsystem of (U, A).

Example 2.10. Table 1 depicts an IIVIS (U,A) where U
{Ml, Uy, oy ],[10} and A = {al, Ay, ey aﬁ}'

Table1 AnIIVIS.

a1 az as a4 as a6
uy [2.17,2.86] [1.78,2.98] [6.37,10.28] [3.01,3.84] [7.24,10.47] [2.54,3.12]
75} * 1.42,2.09] [5.32,7.23] [3.41,5.28] [7.12,11.26] [3.24,4.70]
uz [2.17,2.86] [1.78,2.98] * [3.06,4.65] [7.24,10.47] [2.54,3.12]
Uy * 1.78,2.98] [5.32,7.23] * 7.24,10.47] [2.06,2.79]
us [2.17,2.86] * [6.37,10.28] [3.06,4.65] * [2.06,2.79]
[ ]
[ ]
[ ]
( ]
( ]

ug [2.17,2.86] [1.42,2.09] [5.32,7.23] [3.06,4.65] [7.12,11.26] [2.54,3.12
uy * [1.78,2.98] [5.32,7.23] [3.01,3.84] [7.12,11.26] [3.24,4.70
ug [2.17,2.86] [1.78,2.98] * [3.01,3.84] [7.24,10.47] [2.54,3.12
ug [2.17,2.86] [1.78,2.98] [6.37,10.28] [3.01,3.84] [7.24,10.47] [3.24,4.70

( ] [ ]

u10 [1.83,2.70] [1.42,2.09] [6.37,10.28] [3.06,4.65] [7.12,11.26] [2.06,2.79

IIVIS, incomplete interval-valued information system.

Example 2.11. (Continued from Example 2.10)

= {[2.17,2.86],[1.83,2.70]},

= {[1.78,2.98] ,[1.42,2.09]},

= {[6.37,10.28] , [5.32,7.23]},

= {[3.01,3.84],[3.41,5.28] , [3.06, 4.65]},
{[7.24,10.47],[7.12,11.26]},

V,, = {[2.54,3.12],[3.24,4.70] ,[2.06,2.79]}.

N}

%3

SIS- &ﬁ- a<-)?- ‘Eﬂ SIS- }S—

3. TOLERANCE RELATIONS IN AN IIVIS

In this section, the similarity degree between two information val-
ues on a given attribute in an IIVIS is constructed, and the tolerance
relation induced by a given subsystem is given.

3.1. The Similarity Degree between two
Information Values on a Given Attribute

Why do we consider the similarity degree between two information
values? This is because we can introduce the tolerance relation in an
IIVIS by the similarity degree. Based on the introduced tolerance
relation, we can obtain the tolerance class of each object, and the
tolerance class is looked upon as the information granule.

Definition 3.1. Suppose that (U, A) is an IIVIS. Then, Y u,v € U,
a € A, the similarity degree between a(u) and a (v) is defined as
follows:

1 u=v,
1
TAE u#v,a(u) =x*,a) =x;
) I;:I u#Fv,a(u) #*x,a) =x%;
s@@),a) =) |;Z| u#v,aw) =*aW) # %
1 u#Fv,a(u) #*x,a) # *,
a(u) =a®);

v(a@),a) Z(T[)V;éaf(lz)% *,a (V) # *,

For the convenience of expression, denote

4= (oo ().
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sZ indicates the similarity degree between a; (1;) and a; (u]) This
parameter also expresses the similarity degree between two objects
u; and u; with respect to the attribute ay.

Example 3.2. (Continued from Example 2.10) Vi, j, k, sz is obtained
as follows (see Tables 2-7).
3.2. Tolerance Relations in an IIVIS

Definition 3.3. Consider that (U, A) is an IIVIS. Given 6 € (0,1)
and B C A, then Rg C U X U can be defined as shown below.

RS ={(u,v) € UXU:Va€B,s(a),a)>6}.

Obviously, Rg C U x Uis a tolerance relation, and Rg =n RS
a€B

In addition, if B = {a}, then Rg = Rfa}, which can be briefly

expressed as Rg =RY.

Proposition 3.4. Let (U, A) be an IIVIS. We can obtain the following
properties:

Table2 sl.
ij
1
sij uy Uy us Uy Us Ug uy ug Ug Uujo
1 1 1
u1 1 5 1 5 1 1 5 1 1 0.68
u 1 1 1 1 1 1 1 1 1 1
2 2 2 7 2 2 3 2 2 2
1 1 1
us 1 5 1 5 1 1 5 1 1 0.68
u 1 1 1 1 1 1 1 1 1 1
4 2 q 2 2 2 q 2 2 2
1 1 1
us 1 5 1 5 1 1 5 1 1 0.68
1 1 1
e 1 5 1 5 1 1 5 1 1 068
u 1 1 1 1 1 1 1 1 1 1
7 2 4 2 3 2 2 2 2 2
1 1 1
ug 1 3 1 3 1 1 3 1 1 068
1 1 1
w 15z 1 3 1 1 5 1 1 068
ujp 068 L 068 5 068 068 1 068 068 1
Table3 s2.
ij
s2 uy L) us Uy us Ug uz ug Ug Uy

i

u1 1 033 1 1 033 1 1 1 033

u 033 1 033 033 1 033 033 033 1
u3 1 033 1 1 033 1 1 1 033
ug 1 033 1 1 033 1 1 1 033

1 1 1 1 1 1 1 1 1
“oz2 2 2 2 2 2z 2 2 2
ug 033 1 033 03 1 033 033 033 1
u; 1 033 1 1 033 1 1 1 033

ug 1 033 1 1 033 1 1 1 033

ug 1 033 1 1 033 1 1 1 033

ujp 033 1 033 033 1 033 033 033 1

w
Nl = NI= N= NI= = = N= N N- N -

Tabled s-.

y
Sg uy Uy us Uy Us Ug uy ug Ug Uujo
wp 1 030 3 030 1 030 030 2 1 1
wp 030 1 2 1 030 1 1 1 030 030
u 1 1 1 1 1 1 1 1 1 1
3 2 2 2 2 2 2 2 2 2
ug 030 1 2 1 030 1 1 1 030 030
us 1 030 1 030 1 030 030 2 1 1
ug 030 1 2 1 030 1 1 1 030 030
w 030 1 2 1 030 1 1 1 030 030
u 1 1 1 1 1 1 1 1 1 1
8 2 2 2 2 2 2 2 2 2
ug 1 030 3 030 1 030 030 5 1 1
up 1 030 3 030 1 030 030 2 1 1
Table5 s4.

)
S;.]l. uy uy us Uy Us Ug uz ug Ug Uyo
up 1 032 064 % 064 064 1 1 1 064
w 032 1 072 % 072 072 032 032 032 0.72
u3 064 072 1 F 1 1 064 064 064 1
u 1 1 1 1 1 1 1 1 1 1
4 3 3 2 3 3 3 3 3 3
us 064 072 1 3 1 1 064 064 064 1
ug 064 072 1 L 1 1 064 064 064 1
w; 1 032 064 L 064 064 1 1 1 064
ug 1 032 064 3 064 064 1 1 1 064
ug 1 032 064 3 064 064 1 1 1 064
ujp 064 072 1 1 1 1 064 064 064 1

1. IfBjCB,CA,thenV6 €[0,1]andu e U,

RS (u) C R} (u);

2. If0£6,<6,<1,thenVBCAandu€e U,

RS (u) € RS (u).

Proof. This proof is clear.

Corollary 3.5. Assume that (U,A) isan IIVIS. If C C B C A and
0<6; <6, <1, then R C RO,

Proof. This can be obtained from Proposition 3.4.

Proposition 3.6. Suppose that (U, A) is an IIVIS. Then, ¥V B,C C A

and @ e(o,l],RgnRnggu -

Proof. This result can be obtained from Definition 3.3 and
Proposition 3.4.
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Table6 .
)
S:’T;’. uy uy u3 Uy u5 u6 u7 us u9 uw
uy 1 0.91 1 1 % 091 091 1 1 0.91
u 091 1 091 0091 % 1 1 091 091 1
w3 1 091 1 1 2 091 091 1 1 091
ug 1 0.91 1 1 % 091 0.91 1 1 0.91
1 1 1 1 1 1 1 1 1 1
s 3 2 2 2 . 2 2 2 2 2
ug 091 1 091 0.91 5 1. 1 091 0.91 1
u7 091 1 091 0091 % 1 1 091 091 1
ug 1 0.91 1 1 % 091 0.91 1 1 0.91
ug 1 0.91 1 1 % 091 0.91 1 1 0.91
ujp 0091 1 091 091 % 1 1 091 091 1
Table7 s©
Sg uy uy us Uy Us Ug uz ug Ug Ujo
Uy 1 0 1 038 038 1 0 1 0 0.38
uy 0 1 0 0 0 0 1 0 1 0
us 1 0 1 0.38 0.38 1 0 1 0 0.38
ug 038 0 0.38 1 1 0.38 0 0.38 0 1
us  0.38 0 0.38 1 1 0.38 0 0.38 0 1
ug 1 0 1 0.38 0.38 1 0 1 0 0.38
uy 0 1 0 0 0 0 1 0 1 0
ug 1 0 1 0.38 0.38 1 0 1 0 0.38
ug 0 1 0 0 0 0 1 0 1 0
ujp 0.38 0 0.38 1 1 0.38 0 0.38 0 1

Definition 3.7. Let (U, A) be an IIVIS. Given 6 € (0,1] and B C A,
then ¥V u € U, the tolerance class of u under Rg is defined as

Rg(u)={v€ U: (u,v)eRg}.

Clearly, Rg )= n Rf (u).
a€B
Corollary 3.8. Suppose that (U, A) is an I1VIS.

1. IfCCBCA,thenV6 e (0,1],R C RY.

2. If0<6,<6,<1,thenVBCAR? CR.

Proof. This result can be obtained from Proposition 3.4.

Corollary 3.9. Given that (U,A) isan IIVIS. If CC B C A, 0 £
61 <6, <landu € U, then Rgz (w) C Rgl (u).

Proof. This result can be obtained by Corollary 3.8.

Corollary 3.10. Consider that (U, A) is an IIVIS. Then, ¥V B,C C A,
6 € (0,1]andu € U, R; ) N R (w) =R | - (u).

Proof. This result can be obtained from Proposition 3.6.
Example 3.11. (Continued from Example 3.2)

Select © = 0.4. Then, for any i and u € U, the tolerance class RZ (w)
of the object u is obtained (see Tables 8 and 9).

Thus, RS (uy) = {uy, uz, ug}, RS (u3) = {uz},
R (u3) = {uy, uz, ug}, RS (ug) = {ug},

RS (us) = {us, u10}, RS (ug) = {us},

R (u7) = {uz}, R (ug) = {u, ug}

RS (ug) = {ug}, RS (u10) = {us, uso}.

An algorithm for computing the tolerance class is designed as
follows:

4. INFORMATION STRUCTURES IN AN IIVIS

In this section, information structures in an IIVIS are presented.

4.1. Information Granules and Information
Structures

Suppose that (U, A) is an IIVIS. Given VB C Aand 6 € (0,1],atol-
erance relation Rg on U is obtained. For V i, Rg (u;) can be referred
to as the information granule of the point u;. Then, the concept of

an information structure is presented as below.

Table 8 The tolerance class of each object under
Rs (a=ay,a2,6 =0.4).

RS (u) RS (u) RS, (u)

u1 U U-{uz,ug,u10}  U-{uz,uq,ug, u7}
) U-{ug,uz}  {uz,us,ug,uro}  U-{uy,us,ug, u1o}
u3 Y U-{uz,ug,u10}  U-{ug}

ugq U-{ug,u7}  U-{uz,ue,u10}  U-{uy,us,ug,u1o}
us U U U—{uz,u4,u6,u7}
ug Y {uz,us,u6,u10}  U~{u1,us,u9,u10}
uz U-{uz,ua}  U-{up,ug,u10}  U-{u1,us,ug,u10}
ug U U-{up,ug,u10}  U-{us}

ug u U-{uz,ug,u10} U~ {uz,ua,u6,u7}
u10 Y {ug, us, ug,u10}  U-{up, ug, 6, u7}

Table 9 The tolerance class of each object under
Rs (a = aq,as,a6,6 = 0.4).

RS () RS () RS ()
uy U - {uz, ua} U {u1, u3, ug, ug}
up {ug, u3, us, ug, u10} U {ug, u7, ug}
usz U-{ug} U {u1, u3, ug, ug}
ug {ua} U {ug, us, u10}
us U-{ug} U {ug, us, u10}
ug U—{u4} U {ul,ug,,uﬁ,us}
uy U-{uz, ug} Y {u, u7, uo}
ug U-{uz, ug} U {u1, u3, ug, ug}
ug U-{uz, ug} U {u, u7, uo}
u10 U - {ua} Y {ug, us, 10}
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Algorithm 1: : Computing R ().
Input: AnIIVIS (U,A), a threshold
0c0,1,BCAanducU.
Output: The tolerance class RY(u).
1 forve U, do

2 for v=u, do

3 ‘ s(a(u),a(v)) =1.

4 end

5 for v # u do

6 if a(u) = x and a(v) = *, then

7 ‘ s(a(u),a(v)) = \Vi*\z;

8 end

9 if a(u) = x and a(v) # *, then
1 | slatu),alv)) = s

11 end

12 if a(u) # * and a(v) = *, then
13 ‘ s(a(u),a(v)) = \Vl,,*\;

14 end

15 if a(u) # x and a(v) # * and a(u) =

a(v), then

16 ‘ s(a(u),a(v)) =1,

17 end

18 if a(u) # % and a(v) # * and a(u) #

a(v), then

19 ‘ s(a(u),av)) =v(a(u),a(v)).
20 end
21 end
22 end

23 Select a value for 6. Let RS = {(u,v) €
UxU:Ya€eP, s(a(u),a(v)) >0},
RY(u) ={veU: (uv)€RY}.

24 Obtain RY(u).

Definition 4.1. Let (U, A) be an IIVIS. Given 6 € [0,1] and B C A.
Then,

$%(B) = (RS (1), RS (uy) , -+ - ,R% (1))

Then, S° (B) is said to be the information structure of (U, B) in
relation to 6.

Definition 4.2. Let (U, A) be an IIVIS. Let 61,6, € (0,1] and
B,C C A If Vi, RO (u) = R% (u)), then S%1 (B) and $°2 (C) are
deemed to be the same. This expression can be written as s61(B) =
%2 (C).

Definition 4.3. Let (U, A) be an IIVIS. Given 6 € [0, 1], let
$°(U,A)={s°®B) : BC A}

Then, $° (U, A) is said to be the O-information structure base of
(U, A).

4.2. Dependence between Information
Structures

Definition 4.4. Given that (U,A) is an IIVIS, suppose that 61,0, €
(0,1] and B, C C A.

1. $%2(C) is referred to as depending on S°t (B) if for each i,
RO (u;) € R (u;); we can write $°1 (B) < $% (C). $92 () is
known to depend strictly on s1 (B) if S8 (B) < S92 (C) and
$%1 (B) # $%2 (C); we can write $°1 (B) < $%2 (C).

2. $%2(C) is referred to as partially dependent on S°1 (B) if there
exists i such that Rgl (u;) C Rgz (u;); we can write $%1 (B) C
$92 (C). $92 (C) is known as to depend strictly on $61(B) if
$91(B) C §%2 (C) and $°1 (B) # S92 (C); we can write S°1 (B) C
92 (0).

3. $82(C) is referred to as independent of S°1 (B) if for each i,
Rﬁl (u) ¢ Rgz (u;); we can write $°1 (B) 4 892 (C).

The following conclusions can be obtained clearly.

$91 (B) = §92 (C) < §81 (B) < §92 (C) and $92 (C) < $91 (B),
$% (B) < 8% (€)= $% (B) C %2 (O),
$81(B) < 882 (C) = $%1 (B) C $92 ().

4.3. Information Distance between
Information Structures

The information distance between information structures is pre-
sented below.

For P,Q € 2Y,, denote
P®Q=PUQ-PnQ.

Thus, P @ Q is referred to as the symmetric difference between P

and Q.
Clearly, [P® Q| = |[PUQ|-|PN Q|-
Theorem 4.5. [18] Suppose P, Q € 2Y. Then
P=Q& |[P®Q|=0.
Theorem 4.6. [18] Assume P,Q,L € 2V. Then
IPOQ+|Q®L| >

Theorem 4.7. [18] Suppose P,Q,L € 2V.IfPCQCLorLCQC
P, then

P L.

PEQ+|QPL|l=

Definition 4.8. Let (U, A) be an IIVIS. Suppose that B,C C A, as
well as @ € [0, 1]. Then, the information distance between S° (B) and
S8 (C) is defined as

P& L

p (2 (B),s%(0) Z RS () @ R () |.

Theorem 4.9. Assuming that (U, A) is an IIVIS and 6 € [0, 1], then
(S6 (U, A) ,p) is a distance space.
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Proof. Suppose that B, C,D C A and 6 € [0, 1]. By Definition 4.8,
P (S8 (B),$°(C)) 20,0 (5°(B),$%(C)) = p (5°(C),$° (B))
By Theorem 4.14,

p (°(B),$°(C)) =04 Vi, RS (u) ® RS (u))| = 0
& Vi, RS (1) = R (u) & $° (B) = $° (O)

By Theorem 4.6,
RS () ® RO (1) | + |RE (1) ® RS (u;) | > R (u;) ® RS (uy)|.
Then,
P (2(B),8°(0) +p(5°(0),s° (D))

1 — 1 —
= ﬁ;mg (u) ® RS (u)) | + ﬁ;mg () ® RS (u) |

1 n
ﬁ ; (|R193 (u;) ® R(e; (u;) | + le (u;) ® Rg (u;) |)

\%

% ; (IRE (u) ® RS (1) |) = p ($° (B), $° (D)) .

Evidence must be obtained.
Proposition 4.10. Suppose that (U, A) is an IIVIS and 6 € [0,1].
Then,V B,C C A,
L 0<p(s8(8),8°(0) <1
n

2. If S8 (B) < S8 (C) and Rg is an identify relation on U, then
P (8°(B),s° (D))
<p (80, 8% (D));

3. If 9B <
p ($2(0), 8% (@)).

$9(C), then p(s°B),8° @) >

Proof. (1) It is obvious that 1 <
IRS (u) N RO (u)| < n(i=1,2,-

|R9(u)UR6(u)| nand 1 <

-,n). Then,

0 < RS (u) ® RS (u) | <

By Definition 4.8,

n-1G=1,2,---,n).

n

1 1
SﬁZ(H—1)=1—;

i=1

0<p(8°(B),5°(0)

(2) Because of S°(B) < S$9(C), ¥V i, RO(u) < RO(u). By
Definition 4.8,

P (s2(B).8% (D)) = 2ZIRe(u)GB{u}I

1 n
= 72 25 (IR () Ut} = RS ) 1 i}

%Z RS (up) | -1) < Z (IRE (up) | - 1)
(9 >,sa<D>)

(3) On account of 8% (B) < $%(0), V i, RS (u) C
Definition 4.8,

Rg (u;). By

p(s°®B).5%@) = — Z RS (u;) @ U]

i=1

1 n
= ;; (IRS () U Ul - RS (up n U))

—22 SRS @) > %Zn—lR@(wl

(9 0),5% (@)

Proposition 4.11. Assuming that (U, A) is an IIVIS and 6 € [0,1],
ing is an identify relation on U, then ¥ B C A,

o ($°(B),5° (D) +p (°(B),° (@) =1~

Proof. By Definition 4.8, the following is apparent:

p (8% (B), S8 (D)) +p ($° (B), % (@)

= —Z|R9<u>@{u}| Z RS (u)) @& Ul

15
=;;(IR§(ui)|— —22 ~ RS (u))])
lﬂ
=n—2;1(n-1)=1-;.

Proposition 4.12. Suppose that (U, A) is an IIVIS and 6 € [0,1].
Then, ¥V B,C,D C A. If$°(B) < $9(C) < S (D) or $° (D) <
S8 (C) < S8 (B), then

P (2(B),8°(0) +p(8°(0),s° (D)) = p (s°(B),$° (D).

Proof. Owing to $% (B) < $% (C) < $% (D) or ¢ (D) < ° (C) <
$9 (B), it can be obtained that Rg (u;) C Rg (u;) C Rg (u;) or
RO (u) S RE (u) SRS (u) (i=1,2,+,m).

By Theorem 4.17,
RS () @ RS () | + |RS (u;) ® RS ()|
=R (u) ® RO (u) | (i=1,2,-,n).
By Definition 4.8,

P ($°(B),8°(0) +p(s°(0),8° (D))

M:

1
")

=

|R9<u>eaR9(u)|+ zleg(ui)eaRg(uf)l
i=1

= > (1R () @ R (u) | + R (1)) @ RS () |)

1l
—

M='

1
)

|R9<u>@R9(u>|— (% (B),$° (D))
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4.4. Properties of Information Structures

Properties of information structures in an IIVIS are displayed
below.

Theorem 4.13. Assuming that (U, A) is an IIVIS, given 61,6, €
[0,1] and B, C C A, then

$1(B) = $% (C) & RS = R,

Proof. The proof is obvious.
Theorem 4.14. Suppose that (U, A) is an IIVIS. Given 61,6, €
[0,1] and B, C C A. Then,

$91(B) < $%2 (C) & RJ' C R,

Proof. Obviously.
Corollary 4.15. Consider that (U, A) is an IIVIS. Given 61,0, €
[0,1] and B,C C A, then

$91 (B) < %2 (C) & RY' c R,

Proof. This result can be obtained by Theorem 4.13 and
Theorem 4.14.

Theorem 4.16. Assuming that (U, A) is an IIVIS, thenV B,C C A
and 0 € [0, 1], these equations below are equivalent:

1. 9B =5°(©);

2. RS (u)=RE(u);

3. R§=RY;

4. p (2,8 ©)=0.

Proof. (1) & (2). The proof is clear.

(1) © (3). The result can be obtained from Theorem 4.14.
(2) © (4). The proof is obvious.

Theorem 4.17. Let (U, A) be an IIVIS.

1. IfBCCCA,thenV8e[0,1],5°(C) < S°(B).

2. If0<6, <6, <1, thenVBC A, S% (B)< % (B).

Proof. This result can be obtained from Proposition 3.4 and
Theorem 4.14.

Corollary 4.18. Suppose that (U, A) is an IIVIS. Given 6,,6, €
[0,1]and B,C C A, if BC C, 6, < 6,, then

§92(C) < 891 (C) < $%1 (B), $%2 (C) < $%2 (B) < $%1 (B).

Proof. This result can be obtained from Theorem 4.17.

Definition 4.19. [34] Let (U, A) be an IIVIS. Assuming that a map-
ping D : s? (U,A) x s? (U,A) — [0,1] is said to be the inclusion
degree on s (U,A), if VB,C,D C A.

1. 0<D(SL©O12B) <L
2. $%(B) < $° (C) means D ($° (C)/$° (B)) = 1

3. 82B) C $°(C) C S$°(D) means D(S°(B)/S° (D)) <
D (8% (B)/S° (C)).

Definition 4.20. Assuming that (U, A) is an IIVIS, thenV B,C C A
and 6 € [0, 1], define

—————— Xre(ay (RE (w)
p} Zi=1 |R2(l/l1)| RC( 1)( B l)

where

1, if RS () C RS (u),

¢} —
2y (R 00) =10 i R8 () ¢ RS ().

Proposition 4.21. D in Definition 4.20 is the inclusion degree under
Definition 4.19.

Proof. Let 6 € [0,1] and B, C,D C A.
1. Obviously, 0 < D (8% (C)/s° (B)) < 1.

2. Suppose S8 (B) < $9 (C). Then, by Theorem 4.14, Rg - Rg.
Thus, for each I, Rg (u) C Rg (u;). This result implies that

foreachl, XRE (i) (Rg (u,)) =1.
Thus, D (8% (C)/$° (B)) = 1.

3. Suppose ¢ (B) < $9(C) < S (D). Then, by Theorem 4.14,
ng Cc Rg C Rg. Thus, for each [, Rg (uy) C Rg (u) C Rg (up).

By Definition 4.20,
RS (up |
D(SP B/ (D) = 3, —————Xzo, (RO (u)),
( ) = Z,.:16|R§ (| ) (B )
Ry (u) |
D($e B/ () =" —E RC ().
OO B e ()

I{le (u) € Rg (u;), then Rg (w) ¢ Rg (u;). This result illustrates
that

X2 () (RS (up)) = 0implies X8 () (RS (wp) = o.
Thus,
D (s°(B)/s% (D)) < D(S° (B)/$° (0)).
From the above, we know that D is the inclusion degree.

Example 4.22. (Continued from Example 3.11). Suppose that (U, A)
isan IIVIS. Let B = {a;}, C = {as} and 6 = 0.4. Then,
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D(K(B)/K(C)) = lolRBA

Z |Rp(w))|

+ [Re(u)l

D0 IRp(wy)|

i=1
IR (1t10)I

XRy(uy) Re (1))

T Xry(uy) Re () +

oo Xry(uy) Re (M10)
2 IR (@)
= 35
a7°
R
D(K(C)/K(B) = JOC(A)';{RC(%) (Ry (u1))

2 IRe(w)|

i=1
4 |Rc (up) |

RC(”z) (Rp (12))
Z |Re(uy)|
R
M Xre(uy) Rp (43))
Z |Rc(u))|
R
|10C(A)|)(Rc(um) (Rg (110))
P LECH]
i=1
_ [Re(up)] [Re (uy) |
T 10 1o
YRl Y IRy
i=1 i=1
+ |R¢ (u3) | N IR (110) |
10 10
2 IRe)| D [Rewy)]

i=1
=1

Consequently,

i=1

D(K(B)/K(C))+ D(K(C)/K(B)) # 1.

It can be obtained that the inclusion degree has the ability to quan-

tify relationships by the theorem below.

Theorem 4.23. Assuming that (U, A) is an IIVIS, then ¥ B,C C A

and 0 € [0,1].

1. 9B =<8%) e D(s°01s°®B) =1

2. 2B S (C) e D(s(C)/s?(B) =0.
)

3. $2BLCS(C)e0<D (0% ®B) <1

Proof. (1) “=” is evident. We prove “«<” Suppose

n

IR =aq, D IREw)|=q.

=1

Then,

=3

I
D=
=

1]
—

817

Owing to D(Se (C)/s° (B)) = 1, it can be obtained that

Z ‘JZXRG(”I) R (w)) Z a=q
Then,

a(1- X8 (u) (R w)) =0
Consequently, VI,
1= 2z (RE () =0

Thus, it can be obtained that VI, Rg (u) < Rg (uy).
By Proposition 3.4 and Theorem 4.14, N (B) < N ©.
(2) “=>” Owing to S (B) I S (C), it can be obtained that Rg (u) ¢
RE (1)) (V]). Then VI,
6 —
AR () (R5 (u)) =0

By Definition 4.20, D (89 (C)/$° (B)) = 0

“&” Owing to D (Se (C) /88 (B)) = 0, it can be obtained that VI,
X3 (y) (RG () = 0.

Then, VI, RS (u)) ¢ R (). By Definition 4.4, $° (B) )1 8% (C).

(3) The result can be obtained from (1) and (2).

5. CHARACTERIZATIONS OF
INFORMATION STRUCTURES IN AN IIVIS

This part will present group and lattice characterizations of infor-
mation structures in an ITVIS.

5.1. Group Characterizations of Information
Structures

«»

Definition 5.1. [35] Assume that S is a nonempty set and
operation on S.

abinary

1. (S,-) is said to be a semigroup if V p,q € S,p-q € Sand ¥V
pg.1€S8 (p-q)-1=p-(q-1).

2. (S, is said to be an exchangeable semigroup if it is a semigroup
andif Vp,q € S,p-q=q-p.

3. i € Sissaid to be the identity element of Sif Vp € S,i-p =
pri=p.

4. (S,-)issaid to be a group if it is a semigroup and if every element
has an inverse element.

Suppose
$°(B) = (RS (u), R (up), -+, RS (u,)),
$°(C) = (R} (u1), Ry (up), -+, Ry (u,)) .
Define S (B) ® $¢ (C)

= (RS (u1) N RS (u1), R (1) N RE (1), -+, RS (1,) N RE ()
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Theorem 5.2. (Se (U,A),®) is an exchangeable semigroup with
the identity element S ().

Proof. Assume B, C, D C A. By Corollary 3.10, we have

S°(B)® $° (C)

(RS (u1) N RS (u1), RS (uz) N RS (u), -+, RS (u,) N RS (u,))

_ 6 ¢l ¢l
= (RO, ) R ) (), RS ()

=S BUC).

Similarly, $° (C) ® 9 (B) = $° (Cu B).
Thus,

$¥B) O C)=5°) 0 ®B).

Owing to ($°(B)® $°(C)) © P (D) = P BUC) ® P (D) =
s$®BucCuD),

$PB)O (£ (00 D) =B O (CUD)
=S°(BuCuD),

it can be obtained that
(2B S (©0) s D=8B0 (0o D).

By Definition 5.1, (Se (U), ®©) is an exchangeable semigroup.

Evidently, $° (@) is the identity element.

5.2. Lattice Characterizations of
Information Structures

Theorem 5.3. Assuming that (U, A) is an IIVIS, then

1. L= (8°(U,A),x)isalattice with 1, = $° (@), 0, = $° (A);

2. IfBy,B, C Aand A(By,B,) = {B :BC AR URS C Rg},
then

% (By) A SP (By) = S° (By) @ S (B,) = S (B, U B,),

SPBYVSEBy)= © 2B =57 UAB,BY)).

BeA(By,B,)
Proof. Clearly, VB C A, s (B) < $9 (B).

Assuming that $°(B) < S°(C)ands®(C) =< S9(B), by
Theorem 4.14, Rg c Rg, Rg c Rg. Then, Rg = Rg. Consequently,
% (B) = $° (C).

Assuming that $°(B) < $%(C)ands®(C) < S°(D), by
Theorem 4.14, Rg - Rg, Rg C Rg. Then, Rg - Rg). By Theorem
4.14, 82 (B) < $° (D).

Accordingly, (Se (U,A), 5) is a partial order set.

By proving Theorem 5.2, it can be obtained that

$9(B1) © $° (By) = $% (B, U B,),

O 2B =S UAB,,B)).
BeA(By,B,)

Owing to By, B, C By U B,, by Proposition 4.17, it can be obtained
that € (B; U B,) < S8 (B,) and S® (B, U B,) < S° (B,). Accord-
ingly, $¢ (B; U B,) is the lower bound of{Se (By),S° (Bz)}-

Assuming that S (B) is the lower bound of {Se (By), sé (Bz)} with
B C A, then S°(B) < $9(B;) and S°(B) < $°(B,). By
Theorem 4.14, it can be obtained that Rg C Rgl and Rg C Rgz.

Then, Rg - Rg1 N Rgz = Rgl U By’ By Theorem 4.14, s (B) <
S (B; U By).
Thus,

SO (B1)AS? (By) =S° (B, UBy).

VB € A (By, B,), owing to Rgl U Rgz Cc Rg, it can be obtained that
6 0 0
RBI,RB2 CR;. Then,

6 pb

6 _ pb
poRe, & N Rp=R

= R? :
BeA(By,B,) U B “UA(By,By)

peA(By,8,)

By Theorem 4.14, $° (B;),S$° (B,) < S$P(UA(By,B,)). Then,

8% (UA (By, By)) is the upper bound of {$% (B,), % (B,)}.

Assuming that S (S) is the upper bound of {Se (By),S° (Bz)} with
S C A, then 9 (By) < $9(8), $° (B,) < S%(S). By Theorem 4.14,
Rg1 C R? and Rgz C R?. Then, S € A (B, By). Therefore, S C

UA (By, B,). By Theorem 4.17 (1), 8¢ (UA (By, B)) < % (S).
Thus, S (By) v ¢ (B,) = $¢ (UA (B, B,)).

Therefore, L is a lattice.

It is obvious that 1; = S8 (@), 0, = S8 (A).

Corollary 5.4. (S6 (U, A), /\) is an exchangeable semigroup with
the identity element S8 (@).

Example 5.5. (Continued from Example 4.22) (S6 (U, A), 5) is not
a distributive lattice.

By Theorem 5.3, L = (8% (U, A), <) is a lattice with 1, = $° (@)
and 0, = S (A).

The following equations can be obtained:

A(By,ByUB3) = A(By,Bg) = {BC A : RS URS C RS
={BcA: RS C RS} =12,B, By, Ba},

ABy,B)={BCA: RS URS RO ={BCA:RS CROl=
{Q’BZ}’

A(By,B3)={BCA: RS URS CRE)={a}.
Then,

uA (BI!BZ U B3) = {al,ﬂz},

(UA (By,B3)) U (UA (By,B3)) = {az}.
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By Theorem 4.16,
$% (UA (B, B, U B3)) # % (UA (By, By)) U (UA (By, B3))).
By Theorem 5.3,

S (By) v (89 (By) A SP (By))
= 8% (B;) v $? (B, U B;)
= 8% (UA (By, B, U By))),
(8% (By) v % (By)) A (S8 (By) Vv S (By))
= $9 ((UA(B1,B,))) U $° (UA (By, B3)))

= $9 ((UA (B}, B,)) U (UA (B, By))).
Thus,

SO (By) v (89 (By) A SP (By))

# (2B VS (By)) A (S° (B v $° (By)) .
Accordingly, (Se (U,A), 5) is not a distributive lattice.

Example 5.6. (Continued from Example 5.5) (Se (U, A), E) is not
a partial order set.

It can be obtained that S° (B;) T $° (B,)and S° (B,) T S (By).
However, S° (By) # sé (B). This means that C is not antisymmetric.

Therefore, (Se (U,A), E) is not a partial order set.

6. AN APPLICATION

As an application of information structures in an IIVIS, the 8-rough
entropy is presented in this section.

Why do we study measures of uncertainty for an IIVIS? This is
because an IIVIS itself has uncertainty. Why do we use information
structures to measure the uncertainty of an IIVIS? This is because
it is difficult to compare the size of measure values of uncertainty
for an IIVIS. Moreover, if the dependence between two informa-
tion structures are obtained, then the size of the measure values of
uncertainty for an IIVIS can be compared by means of the depen-
dence.

Definition 6.1. Let (U, A) be an IIVIS. Given B C Aand 6 € [0,1],
the 8-rough entropy of subsystem (U, B) is defined as

EG<B)=_i'R§(”")'1 1

og R
5 % RS (uy) |

6
where LAY represents the probability of Rg (uy).

Proposition 6.2. Assume that (U, A) is an IIVIS. Given B C A and
0 € [0,1], then

0< E,e (B) < nlog2 n.

Moreover, szg = /\, then E® (min) = 0; szg = 0, then
E,e (max) = nlog2 n.

Proof. Note that Vi, 1 < |Rg (u;)| < n, we have

< -log =log, |R% (u;)| < log, n,
2 |Rg Y 2 158 2
RS (u;
0< I B (uz)l <1
n
Then,
RS (u;)
0< | B | 1 1 < log2 n.

— log, IR | <
By Definition 6.1,

0< E? (B) £ nlog2 n.
IfR% = A\, then Vi, [R9 (u,) | = 1. So E¢ (B) = 0.

Ing = §, then Vi, |Rg (u;)| = n. So E® (B) = nlog, n.

Theorem 6.3. Let (U, A) bean I1VIS. Assume B, C C A and6,,6, €
[0,1].

1. If 91 (B) < §% (C), then E&* (B) < E%? (O).
2. If $% (B) < $°2 (C), then E&* (B) < E¥2 (O).

Proof. (1) This proof is obvious.
(2) By Definition 6.1,

n o pf1
2} |R (“i)| 1
Erl (B) = _Z Bn 10g2 0 ’
i=1 6 |R31(ui)|
0 5 IR (uy)] 1
E* () =-), Cn ) .
i=1 |RZ*(w))]

Note that $%1 (B) < $% (C). Then, Vi, RS (u;) C R%2 (1) and
3, R (w)) G S22 (u)). Thus, Vi, [RS ()| < |R% ()| and 3j,

RS ()| < 152 () |

Hence, Vi,

-IR" (uy)| log, RS ()| log, [RS" (uy) |

6

RBI (ut) | 1
6 6 [¢] .

< |RC2 (u;) 1082 |RC2 (u;) | —|RC2 ()| 10g2 m, 3j

c Ui

61

R, (uj) |log2 |Rg1 (uj) |

1
—|Rgl (uj) |log, ——
*IRY ()

< |ng (u]) |log2 |ng (uj) |

8% (u, _r
IS¢ () [log, 12 (u

C ( J)|
61 62
Hence, E; ' (B) < E;* (C).

This proposition clarifies that the 8-rough entropy value increases
as the available information becomes more uncertain. There-
fore, it can be concluded that the 8-rough entropy presented in
Definition 6.1 can evaluate the uncertainty of an ITVIS.
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Figure2 The change of the 8-rough entropy with different 8.

Proposition 6.4. Let (U, A) be an IIVIS.
1. If B C Cwith B,C C A, then forany 8 € [0,1], E¢ (C) <
E° (B).

2. If0 <0, <6, <1, then forany B C A, E% (B) < E%1 (B).

Proof. This result follows from Proposition 3.4 and Theorem 6.3.

Corollary 6.5. Let (U, A) be an IIVIS. Given 61,6, € [0,1] and
B,CgAIfBQ C,@l <62, then

% (0) < B2 (0) < B2 (B), E%2 (C) < E®* (B) < EZ* (B).

Proof. This result follows from Proposition 6.4.

Select 61 = 0.1,62 = 02, ,69 =09 and Bl = {al}, Bz =
{ay, a5}, =+, Bg = {aj,a...,a¢} = A. We compare E® (B;) with 8
under the same object, as shown in Figure 2.

7. CONCLUSIONS

This article has investigated information structures in an IIVIS.
The concept of information structures has been introduced.
The dependence and information distance between information
structures in an IIVIS have been presented. In addition, group
and lattice characterizations of information structures have been
obtained. As an application, the 8-rough entropy of uncertainty for
information structures in an IIVIS has been shown. We plan to
study other applications of the information structures.

CONFLICTS OF INTEREST

The authors declare no conflict of interest.

AUTHOR CONTRIBUTIONS

All authors contribute equally in this work in all parts and in all
steps.

Funding Statement

Natural Science Foundation of Guangxi (2018 GXNSFDA294003,
2018GXNSFAA294134), Key Laboratory of Software Engineering
in Guangxi University for Nationali-ties (2018-18XJSY-03), and
Engineering Project of Undergraduate Teaching Reform of Higher
Education in Guangxi (2017JGA179).

REFERENCES

[1] L.A.Zadeh, Fuzzy logic equals computing with words, Fuzzy Syst.
IEEE Trans. 4 (1996), 103-111.

[2] L.A.Zadeh, Toward a theory of fuzzy information granulation and
its centrality in human reasoning and fuzzy logic, Fuzzy Set Syst.
90 (1997), 111-127.

[3] L.A. Zadeh, Some reflections on soft computing, granular com-
puting and their roles in the conception, design and utilization of
information intelligent systems, Soft Comput. 2 (1998), 23-25.

[4] L.A.Zadeh, A new direction in Al-toward a computational theory
of perceptions, AI Mag. 22 (2001), 73-84.

[5] T.Y. Lin, Granular computing on binary relations I: data mining
and neighborhood systems, in: A. Skowron, L. Polkowski (Eds.),
Rough Sets in Knowledge Discovery, Physica-Verlag, New York,
1998, pp. 107-121.

[6] T.Y. Lin, Granular computing: fuzzy logic and rough sets, in:
L.A. Zadeh, J. Kacprzyk (Eds.), Computing with Words in Infor-
mation Intelligent Systems, Physica-Verlag, New York, 1999, pp.
183-200.

[7] Y.Y. Yao, Information granulation and rough set approximation,
Int. J. Intell. Syst. 16 (2001), 87-104.

[8] Y.Y. Yao, Probabilistic approaches to rough sets, Expert Syst. 20
(2003), 287-297.

[9] Y.Y. Yao, Perspectives of granular computing, Proc. IEEE Int.
Conf. Granular Comput. 1 (2005), 85-90.

[10] Z. Pawlak, A. Skowron, Rough-sets and Boolean reasoning, Inf.
Sci. 177 (2007), 41-73.

[11] Z. Pawlak, A. Skowron, Rudiments of rough sets, Inf. Sci. 177
(2007), 3-27.


https://doi.org/10.1109/91.493904
https://doi.org/10.1109/91.493904
https://doi.org/10.1016/S0165-0114(97)00077-8
https://doi.org/10.1016/S0165-0114(97)00077-8
https://doi.org/10.1016/S0165-0114(97)00077-8
https://doi.org/10.1007/s005000050030
https://doi.org/10.1007/s005000050030
https://doi.org/10.1007/s005000050030
https://doi.org/10.1007/978-3-7908-1797-3_1
https://doi.org/10.1007/978-3-7908-1797-3_1
https://doi.org/10.1007/978-3-7908-1873-4_9
https://doi.org/10.1007/978-3-7908-1873-4_9
https://doi.org/10.1007/978-3-7908-1873-4_9
https://doi.org/10.1007/978-3-7908-1873-4_9
https://doi.org/10.1002/1098-111X(200101)16:1<87::AID-INT7>3.0.CO;2-S
https://doi.org/10.1002/1098-111X(200101)16:1<87::AID-INT7>3.0.CO;2-S
https://doi.org/10.1111/1468-0394.00253
https://doi.org/10.1111/1468-0394.00253
https://doi.org/10.1109/GRC.2005.1547239
https://doi.org/10.1109/GRC.2005.1547239
https://doi.org/10.1016/j.ins.2006.06.007 
https://doi.org/10.1016/j.ins.2006.06.007 
https://doi.org/10.1016/j.ins.2006.06.003
https://doi.org/10.1016/j.ins.2006.06.003

(12]

(13]

(14]

(15]
(16]
(17]

(18]

(19]

(20]

(21]

(22]

(23]

J. Zeng et al. / International Journal of Computational Intelligence Systems 12(2) 809-821

J. Blaszczynski, R. Slowinski, M. Szelag, Sequential covering
rule induction algorithm for variable consistency rough set
approaches, Inf. Sci. 181 (2011), 987-1002.

C. Cornelis, R. Jensen, G.H. Martin, D. Slezak, Attribute selection
with fuzzy decision reducts, Info. Sci. 180 (2010), 209-224.

QH. Hu, W. Pedrycz, D.R. Yu, J. Lang, Selecting discrete and
continuous features based on neighborhood decision error min-
imization, IEEE Trans. Syst. Man Cybern. Part B. 40 (2010),
137-150.

J.S. Mi, Y. Leung, W.Z. Wu, An uncertainty measure in partition-
based fuzzy rough sets, Int. J. Gen. Syst. 34 (2005), 77-90.

S. Thangavel, A. Pethalakshmi, Dimensionality reduction based
on rough set theory: a review, Appl. Soft Comput. 9 (2009), 1-12.
M.J. Wierman, Measuring uncertainty in rough set theory, Int.
J. Gen. Syst. 28 (1999), 283-297.

G.Q. Zhang, Z.W. Li, W.Z. Wu, X.E Liu, N.X. Xie, Information
structures and uncertainty measures in a fully fuzzy information
system, Int. J. Approx. Reason. 101 (2018), 119-149.

N.P. Chen, B. Qin, Invariant characterizations of information
structures in a lattice-valued information system under homo-
morphisms based on data compression, J. Intell. Fuzzy Syst. 33
(2017), 3987-3998.

Y.H. Qian, J.Y. Liang, C.Y. Dang, Knowledge structure, knowledge
granulation and knowledge distance in a knowledge base, Int.
J. Approx. Reason. 50 (2009), 174-188.

Z.W. Li, Y.Y. Liu, Q.G. Li, B. Qin, Relationships between knowl-
edge bases and related results, Knowl. Inf. Syst. 49 (2016),
171-195.

H. Tang, F. Xia, S. Wang, Information structures in a lattice-valued
information system, Soft Comput. 10 (2018), 1-17.

F. Xia, H.X. Tang, Information structures in set-valued informa-
tion systems from granular computing viewpoint, Expert Syst. 35
(2018), 12290.

(24]

(25]

(26]

(27]

(28]

(29]

(30]

(31]
(32]

(33]

(34]

(35]

821

X.L. Xie, ZW. Li, PE Zhang, G.Q Zhang, Information
structures and uncertainty measures in an incomplete proba-
bilistic set-valued information system, IEEE Access. 7 (2019),
27501-27514.

G.J. Yu, Information structures in an incomplete information sys-
tem: a granular computing viewpoint, Int. J. Comput. Intell. Syst.
11 (2018), 1179-1191.

Y.H. Qian, H. Zhang, EJ. Li, QH. Hu, ].Y. Liang, Set-based gran-
ular computing: a lattice model, Int. J. Approx. Reason. 55 (2014),
834-852.

Y. Nakahara, User oriented ranking criteria and its application to
fuzzy mathematical programming problems, Fuzzy Set. Syst. 94
(1998), 275-286.

Y. Nakahara, M. Sasaki, M. Gen, On the linear programming
problems with set coefficients, Comput. Ind. Eng. 23 (1992),
301-304.

G. Facchinetti, R. Ricci, S. Muzzioli, Note on ranking fuzzy trian-
gular numbers, Int. J. Intell. Syst. 13 (1998), 613-622.

J.H. Dai, WT. Wang, Q. Xu, H.W. Tian, Uncertainty measure-
ment for interval-valued decision systems based on extended con-
ditional entropy, Knowl. Based Syst. 27 (2012), 443-450.

JH. Dai, W.T. Wang, J.S. Mi, Uncertainty measurement for
interval-valued information systems, Inf. Sci. 251 (2013), 63-78.
Z. Pawlak, Rough Sets: Theoretical Aspects of Reasoning about
Data, Dordrecht, 1991.

Y.Y. Yao, N. Noroozi, A unified framework for set-based com-
putations, in Proceedings of the 3rd International Workshop on
Rough Sets and Soft Computing, San Jose State University, 1994,
pp. 10-12.

WX. Zhang, G.E Qiu, Uncertain Decision Making Based on
Rrough Sets, Beijing, 2005.

T.W. Hungerford, Algebra, Springer-Verlag Press, New York, 1974.


https://doi.org/10.1016/j.ins.2010.10.030
https://doi.org/10.1016/j.ins.2010.10.030
https://doi.org/10.1016/j.ins.2010.10.030
https://doi.org/10.1016/j.ins.2009.09.008
https://doi.org/10.1016/j.ins.2009.09.008
https://doi.org/10.1109/TSMCB.2009.2024166
https://doi.org/10.1109/TSMCB.2009.2024166
https://doi.org/10.1109/TSMCB.2009.2024166
https://doi.org/10.1109/TSMCB.2009.2024166
https://doi.org/10.1080/03081070512331318329
https://doi.org/10.1080/03081070512331318329
https://doi.org/10.1016/j.asoc.2008.05.006
https://doi.org/10.1016/j.asoc.2008.05.006
https://doi.org/10.1080/03081079908935239
https://doi.org/10.1080/03081079908935239
https://doi.org/10.1016/j.ijar.2018.07.001
https://doi.org/10.1016/j.ijar.2018.07.001
https://doi.org/10.1016/j.ijar.2018.07.001
https://doi.org/10.3233/JIFS-17838
https://doi.org/10.3233/JIFS-17838
https://doi.org/10.3233/JIFS-17838
https://doi.org/10.3233/JIFS-17838
https://doi.org/10.1016/j.ijar.2008.08.004
https://doi.org/10.1016/j.ijar.2008.08.004
https://doi.org/10.1016/j.ijar.2008.08.004
https://doi.org/10.1007/s10115-015-0902-z
https://doi.org/10.1007/s10115-015-0902-z
https://doi.org/10.1007/s10115-015-0902-z
https://doi.org/10.1007/s00500-018-3097-x
https://doi.org/10.1007/s00500-018-3097-x
https://doi.org/10.1111/exsy.12290
https://doi.org/10.1111/exsy.12290
https://doi.org/10.1111/exsy.12290
https://doi.org/10.1109/ACCESS.2019.2897752
https://doi.org/10.1109/ACCESS.2019.2897752
https://doi.org/10.1109/ACCESS.2019.2897752
https://doi.org/10.1109/ACCESS.2019.2897752
https://doi.org/10.2991/ijcis.11.1.89
https://doi.org/10.2991/ijcis.11.1.89
https://doi.org/10.2991/ijcis.11.1.89
https://doi.org/10.1016/j.ijar.2013.11.001
https://doi.org/10.1016/j.ijar.2013.11.001
https://doi.org/10.1016/j.ijar.2013.11.001
https://doi.org/10.1016/S0165-0114(96)00262-X
https://doi.org/10.1016/S0165-0114(96)00262-X
https://doi.org/10.1016/S0165-0114(96)00262-X
https://doi.org/10.1016/0360-8352(92)90121-Y
https://doi.org/10.1016/0360-8352(92)90121-Y
https://doi.org/10.1016/0360-8352(92)90121-Y
https://doi.org/10.1002/(SICI)1098-111X(199807)13:7<613::AID-INT2>3.3.CO;2-9
https://doi.org/10.1002/(SICI)1098-111X(199807)13:7<613::AID-INT2>3.3.CO;2-9
https://doi.org/10.1016/j.knosys.2011.10.013
https://doi.org/10.1016/j.knosys.2011.10.013
https://doi.org/10.1016/j.knosys.2011.10.013
https://doi.org/10.1016/j.ins.2013.06.047
https://doi.org/10.1016/j.ins.2013.06.047
https://doi.org/10.1007/978-94-011-3534-4_7
https://doi.org/10.1007/978-94-011-3534-4_7
https://doi.org/10.1007/978-1-4612-6101-8_4

	Information Structures in an Incomplete Interval-Valued Information System
	1. INTRODUCTION
	2. PRELIMINARIES
	2.1. Binary Relations
	2.2. Interval-Valued Numbers
	2.3. An IIVIS

	3. TOLERANCE RELATIONS IN AN IIVIS
	3.1. The Similarity Degree between two Information Values on a Given Attribute
	3.2. Tolerance Relations in an IIVIS

	4. INFORMATION STRUCTURES IN AN IIVIS
	4.1. Information Granules and Information Structures
	4.2. Dependence between Information Structures
	4.3. Information Distance between Information Structures
	4.4. Properties of Information Structures

	5. CHARACTERIZATIONS OF INFORMATION STRUCTURES IN AN IIVIS
	5.1. Group Characterizations of Information Structures
	5.2. Lattice Characterizations of Information Structures

	6. AN APPLICATION
	7. CONCLUSIONS


