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Abstract

By a T-relational variant of a category K we
understand a Kleisli category KT of a cate-
gory K with respect to a monad T. Using ex-
plicit definitions we equivalently describe sev-
eral T-relational examples of categories with
fuzzy type objects, where T are appropriate
monads in these categories.
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1 Introduction

Fuzzy set theory was introduced by Zadeh [30] as
a generalization of the classical set theory, allowing
working with vagueness, as one of the basic features of
real-world applications. Concurrently with its origins,
the theory of fuzzy sets dealt not only with objects,
i.e., with fuzzy sets, but also investigated the func-
tional relations between these objects. This naturally
led to research into the categorical aspects of fuzzy
sets and, in general, to exploration of fuzzy set cate-
gories. The fuzzy set categories were often designed
to be as close as possible to the classical category of
sets. This led to an effort to create such categories of
fuzzy sets that would be topos [1, 7, 25, 26, 27]. With
the development of the fuzzy set theory and applica-
tions, the Heyting algebra was gradually abolished as
an array of fuzzy set values and replaced by other com-
plete lattice structures, such as the totally monoidal
sets and various generalizations of these structures (see
[3, 4, 5, 6, 7, 19, 20, 22, 23, 24] and others). However, it
was still valid that the key role of morphisms in these
new categories had two main structures, namely the
mappings between underlying sets of fuzzy sets with
specific properties on the one hand and the fuzzy re-
lation (again with special properties) on the other.

Recently, however, a number of results have emerged
in the theory of fuzzy sets, which are based on the
application of fuzzy relations in suitable categories.
A typical example of this use of fuzzy relations is
the category RL(Set) of sets as objects and L-valued
fuzzy relations between sets as morphisms. This cat-
egory is frequently used in approximation functors
RL(Set) → CSLAT , where CSLAT is the category
of complete semilattices with semilattices homomor-
phisms. These functors then represent various approx-
imations of fuzzy sets, defined by fuzzy relations. This
approximation was for the first time defined by Goguen
[2], when he introduced the notion of the image of a
fuzzy set under a fuzzy relation. Many examples using
explicitly or implicitly approximation functors can be
found in rough fuzzy sets theory, F-transform theory
and many others (see, e..g., [16, 17, 28, 29]).

In this paper we want to show what might be variants
of categories with fuzzy objects, where morphisms are
fuzzy relations. We use the idea of L.A.Manes [10],
who defined the notion of a T-relation from an object
X to Y in a category K as a morphism in the Kleisli
category KT, where T is monad in K. In that way we
are able to define relations in many categories of fuzzy
objects, including classical fuzzy sets, fuzzy sets in sets
with similarity relations (i.e., in total fuzzy sets), or in
spaces with fuzzy partitions as the ground structures
for F-transforms and approximation functors.

2 Preliminaries

In this section we introduce principal notions and cat-
egories based on fuzzy sets which we use in the paper.
A principal lattice structure used in fuzzy set theory in
the paper is a complete residuated lattice (see e.g. [15]),
i.e. a structure L = (L,∧,∨,⊗,→, 0L, 1L) such that
(L,∧,∨) is a complete lattice, (L,⊗, 1L) is a commu-
tative monoid with operation ⊗ isotone in both argu-
ments and→ is a binary operation which is residuated
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with respect to ⊗, i.e.

α⊗ β ≤ γ iff α ≤ β → γ.

If L is a complete residuated lattice, a L-fuzzy set in
a crisp set X is a map f : X → L. f is a non-trivial
L-fuzzy set, if f is not identical to the zero function.
The core of a L-fuzzy set f in a set X is defined by
core(f) = {x ∈ X : f(x) = 1L}.

A set with L-valued similarity relation (or L-set) is a
couple (A, δ), where A is a set and δ : A×A→ L is a
map such that

(a) (∀x ∈ A) δ(x, x) = 1,

(b) (∀x, y ∈ A) δ(x, y) = δ(y, x),

(c) (∀x, y, z ∈ A) δ(x, y) ⊗ δ(y, z) ≤ δ(x, z) (gener-
alized transitivity).

In the paper we use some standard categories with
(sometimes special) maps as morphisms. Namely,

1. Category CSLAT of complete ∨-semilattices as
objects and with semilatices homomorphisms as
morphisms.

2. Category Set of sets as objects with mappings as
morphisms.

3. Category Set(L) with L-sets (X, δ) as objects and
with f : (X, δ) → (Y, γ) as morphisms, where
f : X → Y is a map and δ(x, y) ≤ γ(f(x), f(y)),
x, y ∈ X.

Within morphisms in the category Set(L), we will
be specially interested in morphisms (A, δ)→ (L,↔),
which are called extensional sets and where ↔ is the
biresiduation operator in L. Let F (A, δ) be the set
of all such extensional fuzzy sets in (A, δ) in the cat-
egory Set(L). We can define the covariant functor
F : Set(L) → CSLAT (∨), such that for any mor-
phism f : (A, δ)→ (B, γ), f→F = F (f) is defined by

s ∈ F (A, δ), b ∈ B, f→F (s)(b) =
∨
x∈A

s(x)⊗ γ(f(x), b).

Besides these well known categories we use also the
category SpaceFP of spaces with fuzzy partitions
which was introduce in [12] and which is the basic
category for lattice-valued F-transforms. In the naxt
part we recall the definition of the category SpaceFP,
which is based on L-valued fuzzy partitions, as it was
introduced in [18] and some additional facts about ob-
jects and morphisms of that category.

Definition 2.1 ([18]) Let X be a set. A system A =
{Aλ : λ ∈ Λ} of normal L-valued fuzzy sets in X is
a fuzzy partition of X, if {core(Aλ) : λ ∈ Λ} is a
partition of X. A pair (X,A) is called a space with a
fuzzy partition. The index set of A will be denoted by
|A|.

Definition 2.2 The category SpaceFP is defined by

1. Fuzzy partitions (X,A), as objects,

2. Morphisms (g, σ) : (X, {Aλ : λ ∈ Λ})→ (Y, {Bω :
ω ∈ Ω}), such that

(a) g : X → Y and σ : Λ→ Ω are maps,

(b) ∀λ ∈ Λ, Aλ(x) ≤ Bσ(λ)(g(x)), for each x ∈
X.

3. The composition of morphisms in SpaceFP is de-
fined by (h, τ) ◦ (g, σ) = (h ◦ g, τ ◦ σ).

In the paper [13] we proved the following proposition.

Proposition 2.1 There exists a full and faithful func-
tor

I : Set(L)→ SpaceFP,

which is also injective on objects.

We show how the object function of the functor I is
defined. Let (X, δ) ∈ Set(L). Let the binary relation
≡δ be defined by

(∀x, y ∈ X) x ≡δ y ↔ δ(x, y) = 1,

and let X/ ≡δ be the partition of a set X by the rela-
tion ≡δ. We set

CX,δ = {CX,a : a ∈ X/ ≡δ}, CX,a : X → L,

(∀x ∈ X) CX,a(x) = δ(x, y), for any y ∈ a.

Then (X, CX,δ) ∈ SpaceFP and the object function
of the functor I is defined by I(X, δ) = (X, CX,δ).

For a bi-residuum operation↔ in L, we have (L,↔) ∈
Set(L) and we can put (L,Q) = I(L,↔). It is then
clear that Q = {Qα : α ∈ L}, where Qα(β) = α↔ β.

The following notion of an extensional fuzzy set in the
category SpaceFP extends the notion of an exten-
sional set in the category Set(L).

Definition 2.3 A map f : X → L is an extensional
fuzzy set in a space with a fuzzy partition (X,A) in the
category SpaceFP, if there exists a map σ : |A| → L,
such that (f, σ) is a morphism (X,A)→ (L,Q) in the
category SpaceFP. By R(X,A) we denote the set of
all extensional fuzzy sets in (X,A).

45



In the paper [13] we proved that if f is an extensional
fuzzy set in (X,A), then there exists the unique map
[f ] : |Q| → L, such that (f, [f ]) is a morphism in
SpaceFP. The map [f ] is defined by

∀λ ∈ |A|, [f ](λ) = f(x), where x ∈ core(Aλ).

It can be proven that the definition of [f ] is correct,
i.e., for arbitrary x, x′ ∈ core(Aλ), f(x) = f(x′) holds
(see [13]). Analogously, if (f, σ) : (X,A)→ (L,Q) is a
morphism in SpaceFP, then f is uniquely determined
by σ, i.e., f = |σ|, where

∀x ∈ X, f(x) = |σ|(x) = σ(λ), where x ∈ core(Aλ).

In [13] we proved that for any space with a fuzzy par-
tition (X,A) it is possible to construct two L-sets
(X, δX,A) and (|A|, ρX,A), respectively, with similar-
ity relations called characteristic similarity relations
of (X,A). The similarity relation δX,A is the minimal
similarity relation defined in X, such that

∀x ∈ core(Aλ), y ∈ core(Aω),

δX,A(x, y) ≥
∨

z∈core(Aλ)

Aω(z) ∨
∨

u∈core(Aω)

Aλ(u),

and

∀λ, α ∈ |A|, ρX,A(λ, α) = δX,A(x, y),

x ∈ core(Aλ), y ∈ core(Aα).

Moreover, for these L-sets we have

R(X,A) = F (X, δX,A), (1)

{[f ] : f ∈ R(X,A)} = F (|A|, ρX,A). (2)

Hence, any extensional fuzzy set in (X,A) is an exten-
sional fuzzy set in X with respect to the characteristic
similarity relation δX,A.

3 Categories with fuzzy relations as
morphisms

For each of the categories Set,Set(L) and SpaceFP
mentioned in the previous part, we can consider their
modifications, where instead of maps as morphisms we
will consider different variants of fuzzy relations.

The relational variant of a category K will be denoted
by R(K), except the category Set, where we have two
variants of relational versions of this category. Namely,
the category R(Set) with classical relations as mor-
phisms and the category RL(Set) with L-valued fuzzy
relations as morphisms.

Definition 3.1 The category R(Set) is defined by

1. Objects are identical to objects of Set,

2. Morphisms R : X → Y are classical relations
from X to Y ,

3. Composition of morphisms is a standard compo-
sition of relations.

Definition 3.2 The category RL(Set) is defined by

1. Objects are identical to objects of Set.

2. Morphisms R : X → Y are L-valued fuzzy rela-
tions R ⊂∼ X × Y ,

3. A composition of morphisms R : X → Y , S :
Y → Z is defined by

∀x ∈ X, z ∈ Z, S◦R(x, z) =
∨
y∈Y

R(x, y)⊗S(y, z).

Definition 3.3 The category R(Set(L)) is defined by

1. Objects are identical to objects of Set(L),

2. Morphisms R : (X, δ) → (Y, γ) are L-valued ex-
tensional fuzzy relation R ⊂∼ X × Y , i.e.,

R(x, y)⊗ δ(x, x′) ≤ R(x′, y),

R(x, y)⊗ γ(y, y′) ≤ R(x, y′),

for arbitrary x, x′ ∈ X, y, y′ ∈ Y .

3. Composition of morphisms is the same as in the
category R(Set(L)).

To define the relational version of the category
SpaceFP we need to use the characteristic similarity
relations δX,A and ρX,A of spaces with fuzzy partitions
(X,A).

Definition 3.4 The category R(SpaceFP) is defined
by

1. Objects are identical to objects of SpaceFP,

2. Morphisms (R,S) : (X,A) → (Y,B), where A =
{Ai : i ∈ |A|}, B = {Bj : j ∈ |B|}, are defined by

(a) R and S are L-valued fuzzy relarions R ⊂∼
X × Y , S ⊂∼ |A| × |B|,

(b) For each x ∈ X, j, j′ ∈ |B|, y, y′ ∈ Y hold

Ai(x) ≤ R(x, y)↔ S(i, jy),

R(x, y)⊗ δY,B(y, y′) ≤ R(x, y′),

S(i, j)⊗ ρY,B(j, j′) ≤ S(i, j′),

where jy ∈ |B| is such that y ∈ core(Bjy ).
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3. Composition of morphisms (R,S) : (X,A) →
(Y,B) and (R′, S′) : (Y,B) → (Z, C) is defined
by

(R′, S′).(R,S) = (R′ ◦R,S′ ◦ S),

where ◦ is the composition of relations from
RL(Set).

Obviously, categories R(K) retain some features of the
original categories and relationships between the dif-
ferent categories. An example of preserving these re-
lationships may be the transfer of embedding functors
between categories

Set ↪→ Set(L) ↪→ SpaceFP.

to embedding functors between the relational versions
of these categories

In fact, the following simple lemma holds.

Lemma 3.1 There exist the following embedding
functors

R(Set) ↪→ RL(Set) ↪→ R(Set(L)) ↪→ R(SpaceFP).

Whatever the Definitions 3.1 - Definition 3.4 of the
categories with relations as morphisms seem to be nat-
ural, it is possible to ask why these definitions are cho-
sen and not the other. In order to answer this question,
we should set out clear rules on what can be such a
definition of a relation or a fuzzy relation in a category.

An we mentioned in the Introduction, one of the pos-
sibilities how to define relations as morphisms in a cat-
egory is to use the approach introduced by Manes in
the published review [10]. In this concept of relations
in a category K, a relation is not defined absolutely,
it is tied to the existence of a monad in this cate-
gory. Therefore to different monads T in a category
K, different types of relations between objects in this
category, called T-relations, can be defined in K. This
approach allows to link the theory of categories with
relations as morphisms with more general structures,
i.e., monads in categories, while at the same time al-
lowing to justify the more general nature of the choice
of the specific type of relations in the category repre-
senting morphisms.

For the convenience of readers we firstly repeat some
basic definitions of monads and corresponding Kleisli
categories, which are necessary for the definition of re-
lations in a category. The idea of using monads for
fuzzyfication is based on extension of objects X of a
category K to another object T (X) ∈ K, which may
be regarded as a ”cloud of fuzzy states” with a mor-
phism η : X → T (X), representing ”crisp” states in
the object of ”fuzzy states”. Then a ”fuzzy morphism”

f : X  Y is simply a morphism f : X → T (Y ) in the
category K and a composition of fuzzy morphisms is
defined by a special operation ♦. The result of these
constructions is a triple T = (T,♦, η), which Manes
[9] called a fuzzy theory and which, in fact, is a monad
(or algebraic theory) in a clone form.

We present the definitions of all these notions.

Definition 3.5 (E.G.Manes [9]) T = (T,♦, η) is a
monad (in clone form) (or algebraic theory (in
clone form)) in a category K, if

(1) T : K→ K is an object function,

(2) η is a system of K-morphisms ηA : A → T (A),
for any object A,

(3) for each pair of K-morphisms f : A → T (B),
g : B → T (C), there exists a composition (called
a Kleisli composition) g♦f : A → T (C), which is
associative,

(4) for every K-morphism f : A→ T (B), ηB♦f = f ,

(5) ♦ is compatible with composition of morphisms of
K, i.e., for all K-morphisms f : A→ B, g : B →
T (C), we have g♦(ηB .f) = g.f .

For a monad T in a category K a new category KT

can be defined, called the Kleisli category . We recall
a definition of KT (see, e.g., [8],[9]).

Definition 3.6 ([9]) Let K be a category and let T =
(T,♦, η) be a monad (in clone form) in K. Then the
Kleisli category KT of T is defined by

1. Objects of KT = objects of K,

2. For any objects A,B ∈ K, HomKT
(A,B) =

HomK(A, T (B)). Morphisms in KT are denoted
by A B.

3. A composition of morphisms f : A  B, g : B  
C is defined by g♦f .

It should be noted that for any morphism R : X  Y
in KT, R is identical to the morphism R∗ : X →
T (Y ) in the category K and there exists the morphism
R# : T (X) → T (Y ) in the category K, defined by
R# = R∗♦1T (X).

Now, according to Manes, we can define T-relations in
a category.

Definition 3.7 Let K be a category and let T be a
monad in K. A T-relation R from an object X to
an object Y in K is a morphism R : X  Y in the
Kleisli category KT, or, equivalently, the morphism
R∗ : X → T (X) in the category K.
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From the above definition it follows that the Kleisli
category KT can be considered the relational variant
of a category K where instead of morphisms of cate-
gory K, T-relations are used. Hence, instead of KT,
we can also use the more intuitive equivalent notation
RT(K).

To justify the definitions of relations presented in Def-
inition 3.1 - Definition 3.4 we show that all these re-
lations are, in fact, T-relations for appropriate monad
in the corresponding category.

Theorem 3.1 Let K be any of categories Set,Set(L)
or SpaceFP. Then for any relational variant L of the
category K from the Definition 3.1 - Definition 3.4
there exists a monad T in the category K such that

L ∼= KT.

Proof. Monads T for individual categories K men-
tioned in Theorem were introduced in various papers.
Recall [9, 21, 24] for monads P and Z in the category
Set, [11] for the monad F in the category Set(L) and
[14] for the monad R in the category SpaceFP. To
unify the notations we repeat the basic definitions of
these monads.

(Part I) The monad P = (P,♦, η) in the category Set
is defined by

(1) For each object X ∈ Set, P (X) = 2X ,

(2) For each objects X ∈ Set, ηX : X → P (X) by
ηX(x) = {x}.

(3) For each f : X → P (Y ), g : Y → P (Z), g♦f :
X → P (Z), by

(g♦f)(x) =
⋃

y∈f(x)

g(y).

Then, we have

R(Set) ∼= SetP.

In fact, let R : X → Y be a morphism in R(Set), the
functor JP : R(Set)→ SetP is defined by

JP(X) = X, JP(R) : X  Y,

x ∈ X, JP(R)(x) = {y ∈ Y : (x, y) ∈ R} ∈ P (X).

It can be proven easy that JP is the isomorphic func-
tor.

(Part II) The monad Z = (Z,♦, χ) in the category
Set is defined by

(1) For each object X ∈ Set, the object function Z :
Set→ Set is defined by Z(X) = LX ,

(2) For each object X ∈ Set, χX : X → LX is a
characteristic map χX,{x} : X → L of {x} in X,

(3) For each f : X → LY and g : Y → LZ in Set,
g♦f : X → LZ is defined by

[(g♦f)(x)](z) =
∨
y∈Y

(f(x))(y)⊗ (g(y))(z).

Then, we have

RL(Set) ∼= SetZ.

In fact, let R : X → Y be a morphism in RL(Set), the
functor JZ : RL(Set)→ SetZ is defined by

JZ(X) = X, JZ(R) : X  Y in SetZ,

x ∈ X, y ∈ Y, JZ(R)(x)(y) = R(x, y).

Then JZ is a functor, as follows from a simple verifi-
cation of the equalities

JZ(S ◦R) = JZ(S)♦JZ(R), JZ(1X) = χX ,

for arbitrary morphisms R : X → Y, S : Y → Z in
RL(Set) and the diagonal relation 1X : X → X as
the identity morphism. It is clear that JZ is also the
isomorphic functor.

(Part III) The monad F = (F ,♦, η) in the category
Set(L) is defined by

(1) The object function F : Set(L) → Set(L) is de-
fined by F(X, δ) = (F (X, δ), σX,δ), where the
similarity relation σ is defined by σX,δ(s, t) =∧
x∈X s(x)↔ t(x), for all s, t ∈ F (X, δ),

(2) For each (X, δ) ∈ Set(L), η(X,δ) : (X, δ) →
F(X, δ) is defined by η(X,δ)(a)(x) = δ(a, x), for
all a, x ∈ X,

(3) For each f : (X, δ) → F(Y, γ), for each g :
(Y, γ) → F(Z, ω) in Set(L), define g♦f :
(X, δ)→ F(Z, ω) by

[(g♦f)(x)](z) =
∨
y∈Y

(f(x))(y)⊗ (g(y))(z).

Then, we have

R(Set(L)) ∼= Set(L)F.

In fact, let R : (X, δ) → (Y, γ) be a morphism in
R(Set(L)). The functor JF : R(Set(L)) → Set(L)F
is defined by

JF(X, δ) = (X, δ) JF(R) : (X, δ) (Y, γ) in Set(L)F,

JF(R) : (X, δ)→ (F (Y, γ), σY,γ), in Set(L),

x ∈ (X, δ), y ∈ (Y, γ), JF(R)(x)(y) := R(x, y).
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From the properties of the morphism R in Set(L)
it follows that JF(R)(x) ∈ F (Y, γ), for each x ∈
X. Moreover, JF(R) is a morphism in the category
Set(L). In fact, we have

σY,γ(JF(R)(x), JF(R)(x′)) =∧
y∈Y

JF(R)(x)(y)↔ JF(R)(x′)(y) =

∧
y∈Y

R(x, y)↔ R(x′, y) ≤ δ(x, x′).

We show that JF is a functor. In fact, let R : (X, δ)→
(Y, γ) and S : (Y, γ)→ (Z, τ) be morphisms in Set(L).
As in the case (II),

JF(S ◦R) = JF(S)♦JF(R)

holds. The identity morphism 1(X,δ) in the category
Set(L) is defined by

x, y ∈ X, 1(X,δ)(x, y) = δ(x, y),

and we have JF(1(X,δ)) = η(X,δ) = 1F(X,δ) in the cat-
egory Set(L)F. To show that JF is the isomorphic
functor, let f : (X, δ)  (Y, γ) be a morphism in the
category Set(L)F, i.e., f : (X, δ) → (F (Y, γ), σY,γ)
be a morphism in Set(L). Let R be defined by
R(x, y) = f(x)(y), for arbitrary x ∈ X, y ∈ Y . Then,
since f is a morphism, R : (X, δ) → (Y, γ) is a mor-
phism in the category Set(L) and JF(R) = f .

(Part IV) Let (X,A) be a set with a fuzzy partition.
According to the Definition 2.3 and relation (1), we
have R(X,A) = F (X, δX,A). On R(X,A) we define
the fuzzy relation θX,A by

θX,A(s, t) =
∧
x∈X

s(x)↔ t(x),

for each s, t ∈ R(X,A). Then θX,A is a similar-
ity relation on R(X,A) and, according to Proposi-
tion 2.1, we can consider the space with a fuzzy
partition R(X,A) = (R(X,A), CR(X,A),θX,A) =
I(R(X,A), θX,A). It is clear that ≡θX,A is the
identity relation and |CR(X,A),θX,A | = R(X,A) and
CR(X,A),θX,A = {Cf : f ∈ R(X,A)}, where Cf (g) =
θX,A(f, g). For simplicity, instead of CR(X,A),θX,A we
use only CX,A. For the characteristic similarity rela-
tion of a set with a fuzzy partition R(X,A) we can
prove

δR(X,A) = θX,A.

Then the monad R = (R,�, ν) is defined by

(1) Object function R : SpaceF → SpaceFP, de-
fined by

R(X,A) = I(R(X,A), θX,A) = (R(X,A), CX,A),

(2) For each object (X,A) ∈ SpaceFP, νX,A =
(e, ε) : (X,A) → R(X,A) is a morphism in
SpaceFP, such that

e : X → R(X,A), ε : |A| → |CX,A| = R(X,A),

defined by

∀x, z ∈ X, e(x)(z) = δX,A(x, z),

∀λ ∈ |A|, z ∈ X, ε(λ)(z) = ρX,A(λ, α),

if z ∈ core(Aα),

(3) For each morphisms (f, u) : (X,A) → R(Y,B)
and (g, v) : (Y,B)→ R(Z,D) in SpaceFP, define
(g, v)�(f, u) : (X,A)→ R(Z,D) by

(g, v)�(f, u) = (g M f, vOu),

∀x ∈ X, z ∈ Z, [(g M f)(x)](z) =∨
y∈Y

(f(x))(y)⊗ (g(y))(z),

∀λ ∈ Λ, z ∈ Z, [(vOu)(λ)](z) =∨
y∈Y

u(λ)(y)⊗ v(ωy)(z),

where ωy is the unique index in B, such that y ∈
core(Bωy ).

According to [14], R is a monad in the category
SpaceFP and we have

R(SpaceFP) ∼= SpaceFPR.

In fact, let (T, S) : (X,A) → (Y,B) be a morphism
in R(SpaceFP). The functor JR : R(SpaceFP) →
SpaceFPR is defined by

JR(X,A) = (X,A) JR(T, S) : (X,A) (Y,B)

in SpaceFPR, i.e.,

JR(T, S) = (f, τ) : (X,A)→ (R(Y,B), CY,B),

in SpaceFP,

f : X → R(Y,B), τ : |A| → |CY,B| = R(Y,B),

x ∈ X, y ∈ Y, i ∈ |A|, f(x)(y) := T (x, y),

τ(i)(y) := S(i, jy),

where jy ∈ |B| is such that y ∈ core(Bjy ). Let A =
{Ai : i ∈ |A|} and B = {Bj : j ∈ |B|}. From the
definition of relations in SpaceFP it follows that for
arbitrary x ∈ X, y ∈ Y, i ∈ |A|, j ∈ |B|, we have

f(x), τ(i) ∈ R(Y,B),

Ai(x) ≤ T (x, y)↔ S(i, jy) = f(x)(y)↔ τ(i)(y).

Then, for arbitrary x ∈ X, i ∈ |A|, we have

Cτ(i)(f(x)) = θY,B(τ(i), f(x)) =∧
y∈Y

τ(i)(y)↔ f(x)(y) ≥ Ai(x)
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and JR(T, S) is a morphism in SpaceFP. Moreover,
it can be proved that

JR(T ′ ◦ T, S′ ◦ S) = JR((T ′, S′) ◦ (T, S)) =

JR(T ′, S′)�JR(T, S).

and JR(1(X,A)) = ν(X,A). Hence JR is a functor.

The inverse functor J−R : SpaceFPR → R(SpaceFP)
can be defined similarly. Let (f, τ) : (X,A)  (Y,B)
be a morphism in the category SpaceFPR, i.e., the
morphism (X,A) → (R(Y,B), CY,B) in SpaceFP.
Then we set

x ∈ X, y ∈ Y, i ∈ |A|, j ∈ |B|, T (x, y) := f(x)(y),

S(i, j) := τ(i)(yj),

where yj ∈ core(Bj). We show that (T, S) : (X,A)→
(Y,B) is a morphism in R(SpaceFP), Firstly, the fol-
lowing relation holds:

x, x′ ∈ X, δX,A(x, x′) ≤ θY,B(f(x), f(x′)). (3)

Let x ∈ core(Aix), x′ ∈ core(Aix′ ). Since (f, τ) is a
morphism in SpaceFP, we have

1L = Aix(x) ≤ Cτ(ix)(f(x)),

and it follows that f(x) ∈ f(core(Aix)) ⊆
core(Cτ (ix)). Analogously, we obtain f(x′) ∈
core(Cτ(ix′ )). Then, according to the definition of
characteristic similarity relation in spaces with fuzzy
partitions, we have

δR(X,A)(f(x), f(x′)) ≥∨
r∈core(Cτ(ix))

Cτ(ix′ )(r) ∨
∨

t∈core(Cτ(i
x′ )

)

Cτ(ix)(t) ≥

∨
b∈core(Aix )

Cτ(ix′ )(f(b)) ∨
∨

b′∈core(Ai
x′

)

Cτ(ix)(f(b′)) ≥

∨
b∈core(Aix )

Aix′ (b) ∨
∨

b′∈core(Ai
x′

)

Aix(b′).

Then, from the definition of δX,A, it follows that
δR(Y,B)(f(x), f(x′)) ≥ δX,A(x, x′). Hence, we obtain

δX,A(x, x′) ≤ δR(Y,B)(f(x), f(x′)) = θY,B(f(x), f(x′)),

and the relation (3) holds.

Now, since f(x) ∈ R(Y,B) for arbitrary x ∈ X, T is
extensional with respect to δY,B. Let i ∈ |A|, j, j′ ∈
|B|. Then, we have

S(i, j)⊗ ρY,B(j, j′) = τ(i)(yj)⊗ δY,B(yj , yj′) ≤
τ(i)(yj′) = S(i, j′),

as follows from the relation (1). Further, since (f, τ)
is a morphism, we obtain

Ai(x) ≤ Cτ(i)(f(x)) ≤ f(x)(y)↔ τ(i)(y) =

T (x, y)↔ S(i, yj),

and (T, S) is a relation in SpaceFP. Let (f, τ) :
(X,A) (Y,B) and (f ′, τ ′) : (Y,B) (Z,D) be mor-
phisms in SpaceFPR,

(f ′, τ ′)�(f, τ) = (f ′ M f, τ ′Oτ) : (X,A) (Z,D).

Then we have

J−R(f ′ M f, τ ′Oτ) = J−R(f ′, τ ′) ◦ J−R(f, τ),

as it can be verified by a simple calculation, analo-
gously to the functor JR. Finally, since J−R(ν(X,A)) =

J−R(e, ε) = (δX,A, ρX,A) = 1(X,A) in the category

R(SpaceFP). Hence, J−R is a functor and the inverse
functor to JR.

�

Corollary 3.1 For arbitrary category K from Defi-
nitions 3.1-3.4 there exists embedding functors K ↪→
R(K).

Proof. Let T be the monad such that KT
∼= R(K).

There exists an embedding functor IT : K ↪→ KT,
such that

IK(X) = X, IT(f : X → Y ) = ηY .f : X  Y.

Hence, K ↪→ KT
∼= R(K).

�
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