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Abstract

The goal of this contribution is to intro-
duce and study the theory of LM-valued F-
transforms, which is essentially the many-
valued generalizations of the notion of lattice-
valued F-transforms. Further, we associate
the concepts of LM-valued fuzzy rough sets
with LM-valued F-transforms and obtain
some interesting results. Moreover, we show
that the notion of F-transforms studied ear-
lier can be considered as the particular case
of LM -valued F-transforms.

Keywords: LM-valued fuzzy set, LM-
valued fuzzy partitions, LM-valued F-
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1 Introduction

Since the inception of notion of fuzzy transform
(F-transform), by Perfilieva [7], the theory attracted
interest of many of the researchers. It has now been
significantly developed and opened a new page in the
theory of semi-linear spaces. The main idea of the
F-transform is to factorize (or fuzzify) the precise
values of independent variables by a closeness relation,
and precise values of dependent variables are averaged
to an approximate value. The theory of F-transform
has already been elaborated and extended from real
valued to lattice-valued functions (cf., [7], [8]), from
fuzzy sets to parametrized fuzzy sets (cf., [15]) and
from the single variable to the two (or more variables)
(cf., [1], [2], [16]). The various studies carried out in
the line of applications of F-transform, e.g., denoising
[11], scheduling [4], trading [18], time series [6],
numerical solutions of partial differential equations
[3], data analysis [9], and neural network approaches
[17].

The theory of L-valued fuzzy transform was fur-
ther studied by a number of researchers. Recently, the

F-transforms for functions in two variables is studied
in [12] and the relationship of fuzzy transforms with
fuzzy rough sets and fuzzy topologies is studied in [10],
while mathematical morphology is studied in [14]. In
continuation to such studies, in this paper, we intro-
duce and study the theory of L*-valued F-transforms.

The structure of the paper is the following. In
the Section 2, some basic definitions, L*-valued fuzzy
sets, LM-valued fuzzy relations and LM-valued fuzzy
rough sets are recalled/introduced. L™-valued fuzzy
partitions and LM -valued direct F-transforms are in-
troduced in Section 3. Finally, in Section 4, we discuss
the concept of LM -valued inverse F-transforms.

2 Preliminaries

In this section, we recall the concepts of residuated
lattices, L™-valued fuzzy sets and LM-valued rough
sets, which will be used in the main text of the paper.

Definition 2.1 [5] A residuated lattice L is an al-
gebra (L,A\,V,®,—,0,1) such that

1. (LyA,V,0,1) is a bounded lattice with the least el-
ement O and the greatest element 1;

2. (L,®,1) is a commutative monoid and
3. YVabce L;
a®b<ciffa<b—c,

i.e. (—,®) is an adjoint pair on L.

A residuated lattice (L,A,V,®,—,0,1) is complete
if it is complete as a lattice.

Proposition 2.1 [5] Let (L,A,V,®,—,0,1) be a
residuated lattice. Then for all a,b,c € L,

l.a—=1=11—=a=a;
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2. a<(b—=a®b);

3. a®(a—b) <b;
a®

Joa® (V)= V(@b
jeJ jeJ

5 a— /\bJ: /\(a—>bj);
jeJ jedJ

6. \/aj—>b: /\(aj—>b)
JjeJ jeJ

In the following, by M, we denote a complete in-
finitely distributive lattice (M, <as,Anp,Var). The
least and greatest elements of M are denoted by 0j/
and 1, respectively. As different from the lattice L,
we do not exclude here the trivial case, when M is an
one-element lattice @ and hence in this case 037, = 1.
For details on the theory associated with LM -valued
fuzzy set, we refer [13].

Now, we recall the definitions of LY -valued fuzzy sets
and LM -valued fuzzy relations from [13].

Definition 2.2 Let L = (L, <, A, V,®,—) be a resid-
uated lattice and M = (M,<;A,V) be a complete
infinitely distributive lattice. Then an LM-valued
fuzzy set A\ of a nonempty set X is a map A : X —
M.

Remark 2.1 It is to note here that an L™ -valued set
A can also be represented as the family {\* € L~ : a €
M} of L-valued sets of X, which can be ordered by the
elements of M, where \*(z) = A(z)(«). Further, for
fived M = o and L = [0,1], the L™ -valued set \ turns
out to be a fuzzy set.

Definition 2.3 Let X be a nonempty set and A\ :
X = L,a € M be an L-valued fuzzy subset of X. The
core of the \* is defined as a classical set

coreA*)={x e X : \¥(z) =1,a € M}.

If core(A*) # ¢ then A% is called a L-valued normal
fuzzy set.

Also, for all a € L, a € LX such that a(z) =a, v € X
denotes L- valued constant fuzzy set.

Proposition 2.2 Let v, € LM and o € M. The fol-
lowing are the induced operations of multiplication ®,
implication —, intersection N, union V and negation
- from L to L™M.

1. (v @ p)(a) = v(a) ® pla);

2. (v = w)(a) = v(a) > p(a);

3.

(v V )(@) = v(@) V pu();

4 (v A p)(a) = v(a) A p(a);

5. —w(a) =v(a) = 0.

Now, we define the concept of LM-valued fuzzy rela-
tion by extending the notion of L-valued fuzzy relation
to its many-valued setting.

Definition 2.4 Let X be a nonempty set. An LM-
fuzzy relation R is a map R : X xX — L™. Further,
R is said to be

1. reflexive if R(z,z)(a) = 1p, for allz € X, a €
M.

7

2. transitive if R(z,y)(a) ® R(y,z)(a) <
R(z,2)(a), for all x,y,z € X,aa € M.
A reflexive and transitive LM -valued fuzzy
relation R is called an LM-valued fuzzy
preorder.

Next, we introduce the concept of LM -valued fuzzy ap-
proximation operators by considering the L -valued
fuzzy sets and L™-valued fuzzy preorder relations.
Such concepts can be considered as a many-valued ver-
sion of the notion of L-valued fuzzy approximation op-
erators and differs from [13] in the sense of nature of
LM _valued fuzzy relations.

Definition 2.5 Let X be a nonempty set and R be an
LM _yalued fuzzy relation on X. A pair (X, R) is called
an LM-valued fuzzy approximation space.

Definition 2.6 Let A be an L-valued fuzzy set and R :
X x X = LM be an LM -valued fuzzy relation on a set
X. The LM-valued upper(lower) fuzzy approxi-
mation operator is a map R(R) : L — (LM)X and
defined as follows:

RN )(@) =/ (R(z,y)(a) ® A(z)),
rzeX

RMN)(@)(a) = N\ (R(z,y)(a) = A(y))
yeX

Remark 2.2 We can interpret the LM -valued up-
per(lower) fuzzy approzimation operator as a map
R(R) : LX — LM*X_ [t can also be expressed as a
family of L-valued upper(lower) fuzzy approzimation
operators {R"(R*) : LX — LX : o € M} defined as:
R M) = RON)(@)(w),
R*(N)(z) = RO (2)(a),VAe L¥ Vo€ X.

Proposition 2.3 Let (X, R) be an LM -valued fuzzy
approzimation space and R, R : LX — (LM)X be the
induced upper (lower) LM -valued fuzzy approzimation
operator. Then for A € LX,a,8 € M,z € X and
a€L;
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1. R(0x)(z,0p) =0z, R(1x)(w, ) = 11;

2. R(V X)) = _\G/JE(/\J'%E( A N) = A R(X);

JjeJ jeJ jeJ

R(a®\)(z,a) = a® R(\)(z, ),
R(a — N(z,a) =a— :

4. R is reflerive <= R*(\) < A <= A< R"()).

Now, we show the relationship between the classes
of LM_valued fuzzy relations and properties of L-
valued fuzzy approximation operators.

Proposition 2.4 Let (X,R) be an LM -valued fuzzy
approzimation space and R be reflezive. Then
R(0x)(x,0p) =0r and R(1x)(z,a) = 1p.

3 LM-valued fuzzy partitions and
LM_-valued F-transforms

In this section, we introduce and study the notion
of LM-valued fuzzy partitions and LM-valued F-
transforms. Moreover, we discuss some properties of
LM _valued F-transforms.

Definition 3.1 A collection IIx of LM -valued
normal fuzzy sets {A¢ : € € A} in X is an LM-valued
fuzzy partition of X, if the corresponding collection
of family of ordinary sets {core(A?) e dae M}
is a partition of X. A pair (X, IIx), where IIx is
an LM —valued fuzzy partition of X, is called a space
with an LM -valued fuzzy partition.

Remark 3.1 We can interpret an LM -valued fuzzy
set A + X = LM as a map A¢ : X x M — L de-

fined by Ag(z) = A¢(z)(a).

Let Iy = {A¢:£€ A} be an LM-valued fuzzy
partition of X. Then it can be represented by the
following LM _valued reflexive fuzzy relation Rp,,
where

Ry (2,y) = R (z,y)(a) = Ae(z)(a),ify € core(A?).

(3.1)
The above LM -valued fuzzy relation R, can be de-
composed into constituent LM-valued fuzzy relations
R, where R (z,y) = Re(,y)(a). Now, for all £ € A,

Ag(z)(), ify € core(Ag),
if v =y, (3.2)
0, otherwise.

From [10], it can be prove that the L*-valued fuzzy
relation R¢ is an LM-valued fuzzy preorder.

Remark 3.2 It is easy to see that for any L™ -valued
fuzzy partition ITx = {A¢ : £ € A} of X, the represent-
ing LM -valued fuzzy relation Ry, can be decomposed
into the union of LM -valued fuzzy preorder relations
R, i.e.,
R, = | Re. (3.3)
geA

Now, we introduce the concept of LM-valued F-
transform based on the notion of L -valued fuzzy par-
tition. The newly introduced F-transforms are essen-
tially the many-valued generalizations of the notion of
F-transforms studied earlier. We begin with the fol-
lowing notion of LM-valued direct F-transform.

Definition 3.2 Let A\ € L™ and IIx = {A¢ : £ € A}
be an LM -valued fuzzy partition of X. The LM-
valued direct F'-transform of \ with respect to
LM _valued fuzzy partition IIx = {A¢: € € A} is an
LM _yalued fuzzy set FET [A] defined as

F{ (@) = \/ (A(z) ® Ag(x)()).

zeX

Remark 3.3 We can represent the above expression
as a collection of family of lattice elements {FTa €€
A, € M}, and defined as

Fl N = F/[\(@),vA € LX.

In Proposition 3.1, we show that the LY -valued direct
F'_transform of A with respect to LM-valued fuzzy
partition ITx is included into the range of the LM-
valued upper fuzzy approximation of A in the space
(X,Rp).

Proposition 3.1 Let IIx = {A¢ : £ € A} be an LM-
valued fuzzy partition of X, represented by L™ -valued
fuzzy relation Ry, such that R, = UgeA Re. Then

1. in the LM -valued fuzzy approzimation space
(X, Rp,), the LM -valued upper fuzzy approzima-
tion Ry, (\) of X € LX is determined by the LM -
valued direct F'-transform of \ with respect to
IIx, i.e., for all y € X, there exists £, € A such
that

Ry (M) = FL V. (3.4)

2. in the LM -valued fuzzy approzimation space
(X, Re), the LM _yalued upper fuzzy approxima-
tion Re(N\) of X € LX is given by

Fga[)\], y € core(Ag)

3.5
Ay), otherwise, (3:5)

R (N(y) = {
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3. for all € € A,

Re(A) < Rz (V).
Proof:

1. Suppose for any y € X, there exists {, € A such
that y € core(Ag ). By using (3.1), we have

Ry (z,y)(a) = Ag, () ().

V (\(@) ® Riy (2, y)(a))

reX

=V (@) ® 4, (2)(a)
reX

= F [\

&yva

2. Let us fix some £ € A and consider (X, R¢). Sup-
pose that y € core(Ag). By (3.2), we get

RN =V (A@)® Re(w,y)(a))

zeX

=V (@) @ 4¢(2)(a))
zeX

= Fl .

On the other hand, if y ¢ core(Ag), then

ReMN(y) =\ (@) © Re(z,y)(a)
zeX

> AMy) ® Re(y,y) ()

= Ay)

3. Let £ € A. If y € core(Ag), a € M, then by

(34) and (3.5), Re (M(y) = Ry, M(y). Ty ¢
core(Ag), then (3.6) follows from Proposition 2.3.

From the Proposition 3.1, it is clear that an LM -valued
upper fuzzy approximation Rg(A) of A closely corre-
sponds to the é&-th LM-valued direct FT-transform ap-
proximation of A\. Therefore the £&-th components of
FT[)] satisfy all properties of LM-valued upper fuzzy

approximation operators discussed above. Now, we
have the following.
Proposition 3.2 Let \,p € L*X and IIx =

{A¢ : £ € A} be an LM _valued fuzzy partition of X.
Then for all§ € A,a € L and o € M.

1. Fg’a[g] =a,

2. LN < FL o, if A< p,

8. FL oMV pl = FLL NV FL, o),
4. Flla®A =a® F N,

5. Mze) < FJ,

[Al, if x¢ € core(Ag).
Next, we introduce the following concept of an LM-
valued direct F¥-transform.

Definition 3.3 Let A € LY and IIx = {A¢ : £ € A}
be an LM -valued fuzzy partition of X. The LM-
valued direct F'-transform of \ with respect to
LM walued fuzzy partition IIxy = {A¢: € € A}, is an
LM _valued fuzzy set Fé [A] and defined as

F (@) = A\ (Ae(y)(@) = A®)).

yeX

Remark 3.4 We can represent the above expression
as a collection of family of lattice elements {Fia €€
A, a € M}, and defined as

Ff o N = Ff\(e),¥A € L¥.

In Proposition 3.3, we show that the L -valued direct
F'-transform of A w.r.t. LM-valued fuzzy partition
IIx is included into the range of the LM -valued lower
fuzzy approximation of A in the space (X, R}}X), where
R}FYX is the transpose of Ry, .

Proposition 3.3 Let IIx = {A¢ : £ € A} be an LM-
valued fuzzy partition of X, represented by L™ -valued
relation Ry, such that Ry, = Ugcp Re. Then,

1. in the LM-valued fuzzy approzimation space
(X, REX), the LM —valued lower fuzzy approxzima-
tion ETI;X()\) of A € LX is determined by the LM -
valued direct F¥-transform of \ with respect to
IIx, i.e., for any x € X, there exists £, € A such
that

T, o
Ry (M\)(x) = Fy,

—1x Easx

(Al (3.7)

2. in the LM -valued fuzzy approximation space
(X, Rg), the LM -valued upper fuzzy approzima-
tion E?()\) of X € LX is given by

bopgtny - [ L € ore(a)
E{ ()\)( ) - {)\(ﬂ;‘), otherwise, (3.8)
3. forall & € A,
RN = R (M. (3.9)
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Proof:

1. Let us assume for x € X there exists £, € A such
that = € core(Ag)). From the (3.1),

Ry (z,y)(@) = Ag, (y)(a).

Thus

RECON@) = N (R, (@.y)(@) = AW)

yeX
N (Ae. (9)(@) = Av))
yeX

= Fgm,a[)\].

2. Let £ € A and consider (X, Rg) Suppose that
z € core(Ag). By (3.2),

R (N)(x) N (BE (z,9)(@) = Ay))

yeX

= N\ Ae@)(@) = )
yeX

= F} N

On the other hand, if z & core(Ag), then

RO = N\ (B (z,9)(@) = A®)

yeX
< RéT(a:,x)(oz) = Ax)

= Aax).
Therefore (3.8) is proved.

3. Let us assume z € core(A?), ¢ e A o € M, then

by (3.7) and (3.8), R."“(\)(x) = ()\)(z) If
x ¢ core(Af), then ( 9) follows from Proposi-
tion 2.3.

On the basis of Proposition 3.3, the LM-valued lower
fuzzy approximation R{(A) is called the §-th LM.

valued direct F¥-transform approximation of \.

Proposition 3.4 Let \,p € L* and IIx =
{A¢ : £ € A} be an LM _yalued fuzzy partition of X.
Then for all, € A,a € L and o € M.

(1) F},ld] = a,

(2) FEo N < Ffolol if A<p,
(3) F XA p]
(4) Mae) 2
(5) Ffla— N =a— F}, [N

= F{ N AFL ),

Fga[)\] if z¢ € core(Ag),

4 [M-valued inverse F'(FV)-transform

This section introduces the concept of LM-valued in-
verse F'T(F¥)-transform. Further, we show that LM-
valued inverse F'T(F¥)-transform can be expressed in
terms of a combination of LM -valued lower and upper
(upper and lower) fuzzy approximation operators.

Definition 4.1 Let A € LX, IIx = {A¢ : £ € A} bean
LM _valued fuzzy partition of X and FT[\] be the family
of LM -valued direct F'-transforms of X\ with respect to
IIx. Then the LM-valued inverse F'-transform is
a map X'« (LM)X — LX such that

M(z) = /\ (Ag(x)(a)%F;a[)\]),VxeX.
eN,aeM
‘ (4.1)

Proposition 4.1 Let LM -valued fuzzy partition
Iy = {A¢ : € € A} of X be represented by L™ -valued
fuzzy relation Ry, and (X, Ry, ) be the corresponding
LM _valued fuzzy approzimation space. Then the
LM _valued inverse F'-transform of A\ € L is given

by

M@) = N\ R (@,9)(@) - R, M), (4.2)
yeX

and therefore
A = Ry, (R, (V) (4.3)

Proof: Let the given assumptions hold and £ € A.
Then as IIx = {A¢: &€ A} is an LM-valued fuzzy
partition of X and {core(Ag) : £ € A} is a classical
partition of X, for all £ € A,a € M, there exists
Yy¢ € core(Ag). Now, from Equations (3.1) and (3.4),

Rir, (2,¢) () = Ag(x)(er) and Ry, (A)(ye) = FL [N

Therefore
M@ = N Ad@)(e) - FL )
EeN,aeM
= A B (z,ye) (@) = Ry (M) (we)).
yeeX

It is clear that for any ye € core(Ag) the value of
(R (z,ye) (o) — R%X(A)(yg)) is same. Therefore

M) = N (R (z,9)(@) = B, ().

yeX

Equation (4.3) is the direct consequence of the repre-
sentation (4.2) and Definition 2.6.

Definition 4.2 Let A € LX, IIx = {A¢ : £ € A} bean
LM _valued fuzzy partition of X and F*[\] be the family
of LM -valued direct F*-transforms of A\ with respect to
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IIx. T}Een the LM -valued inverse F'-transform is
a map AV : (LM)X — LX such that

N A (@) @ FfN), Yy € X. (44)
EeN,aeM

Proposition 4.2 Let LM -valued fuzzy partition
Ix = {A¢ : £ € A} of X be represented by L™ -valued
fuzzy relation Ry, and (X, Ry, ) be the corresponding
LM _valued fuzzy approzimation space.  Then the
LM _yalued inverse F*-transform of X € L~ is given

by

M) =\ (B, (x,9)(0) @ Rip (V)(2)),
reX

(4.5)

and therefore

N = RS (B (V) (4.6)
Proof: Let the given assumptions hold and £ € A.
Then as IIx = {A¢: €€ A} is an LM-valued fuzzy
partition of X and {core(Ag) : £ € A} is a classical
partition of X, for all £ € A,a € M, there exists
z¢ € core(Ag). Now, from Equations (3.1) and (3.7),
Ry (2¢,y)(a) = A¢(y)(a) and By (V) (ze) = F¢ o\
Therefore

My =V (Aw)(e) @ Ff N)
EeN,aeM
=\ (BI, (ze,y)(0) ® R"(N)(xe)).
ngX

For any choice of z¢ € core(Ag) the value
(RE (ze,y) (o) ® Ry;"(\)(we)) is same. Therefore

V (Rl (@, 9)(@) ® B¢ () (@)
reX

Equation (4.6) is the direct consequence of the repre-
sentation (4.5) and Definition 2.6.

5 Conclusion

In this contribution, we have introduced the no-
tion of LM-valued fuzzy partition and LM-valued
F-transforms. Further, we have established a rela-
tionship between LM-valued fuzzy rough sets and
LM _valued F-transforms.
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