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Abstract

The paper shows the possibility of applying
the tool of non-additive measures and the be-
lief functions theory to solving a number of
problems of significance analysis and conflict
of the political party positions. The study
was performed on a database of online polls
of parties in Germany before the elections
to the Bundestag in 2013 and the results of
these elections. The possibility of finding the
most significant groups of issues for voting,
evaluating the political heterogeneity of soci-
ety, assessing the importance of the positions
of individual parties for voting, assessing the
conflict of the party positions on important
issues is shown.

Keywords: Non-additive measures, Cho-
quet integral, Belief functions, Conflict mea-
sure, Political science analysis.

1 Introduction

Party-list proportional representation system is the
most popular voting system in parliamentary elec-
tions. Online surveys among parties are conducted
in some countries. Political parties formulate in these
polls their point of view on some issues of relevance
to voters before parliamentary elections. For example,
such a service is well developed in Germany [31]. The
data of such services and their comparison with the
results of subsequent elections are analyzed by both
political scientists and data analysts [29]. For exam-
ple, the following questions are of interest:

1. Are the political parties positions on topical issues
of public life meaningful for voting in parliament?

2. How to identify groups of significant questions?

3. How to assess the political heterogeneity of society?

4. How to assess the consistency or conflict political
party positions on important issues?

All these issues are widely discussed in the political
science literature. For example, the consistency of
voting between factions or within factions is analyzed
in [2, 14]. There are various (primarily game-theoretic)
models for the formation and functioning of factions
and coalitions [16, 19, 22, 23]. The ability to create
coalitions is often considered when analyzing the sta-
bility of the coalition [1].

The article presents the results of another approach.
The above questions are set-functional character in
terms of data analysis. Significance should not be con-
sidered for individual issues only, but on subsets of
questions, since the ’synergistic’ effect for the signifi-
cance of certain groups of questions is possible. There-
fore, it is necessary to use the appropriate tools to
answer the questions posed. The tool of non-additive
measures [11] and some methods of the belief functions
theory [7, 25] can be such a tool, in our opinion.

The article presents the results of such a study on the
example of online polls of parties in Germany before
the elections to the Bundestag in 2013 [30]. The study
reviewed and solved the problem of finding the most
significant groups of issues for voting, the problem of
assessing the influence of party positions on the voting
result, the problem of assessing the conflicting political
party positions on significant issues, the problem of
evaluating the political heterogeneity of society.

2 Preliminaries about Non-additive

Measures, Integrals and the Belief

Functions Theory

Let X = {x1, ..., xn} be some finite set (for example,
set of all alternatives, criteria, features, etc.), 2X be
the powerset of X . Then the set function µ : 2X →
[0, 1] is called the normalized non-additive measure on
X [11] (monotone measure, fuzzy measure, capacity)
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if it satisfies the conditions:

1. µ(∅) = 0, µ(X) = 1 (grounded and normalized);

2. µ(A) ≤ µ(B), if A ⊆ B, A,B ∈ 2X (monotone).

The value of µ(A) characterizes the importance of the
set of features (criteria, alternatives, etc.) A for the
problem being solved. In particular, the measure µ

can be additive.

The discrete Choquet integral from the nonnegative
function f : X → R+ by a non-additive measure µ on
X is calculated by the formula [5]

Cµ(f) =
n
∑

i=1

(

f(xσ(i))− f(xσ(i−1))
)

µ
(

Aσ(i)

)

,

where σ(i) is such an index ordering {1, . . . , n} that
0 = f(xσ(0)) ≤ f(xσ(1)) ≤ . . . ≤ f(xσ(n)), Aσ(i) =
{xσ(i), . . . , xσ(n)}, i = 1, . . . , n. The Choquet in-
tegral, as an aggregating operator, finds numerous
applications in pattern recognition problems [12, 15]
and information fusion: multi-criteria decision mak-
ing [10, 11], feature extraction [13], data fusion in mul-
tisensor systems [9, 28], etc.

The Choquet discrete integral is convenient to present
in a number of problems in terms of the Möbius trans-
formation mµ : 2X → R from non-additive measure
µ:

mµ(A) =
∑

B⊆A

(−1)
|A\B|

µ(B), µ(A) =
∑

B⊆A

mµ(B),

A ∈ 2X . The value mµ(A) characterizes the impor-
tance of the set A, regardless of its connection with its
other subsets. The Choquet integral will have the fol-
lowing form in terms of the Möbius transformation [4]

Cµ(f) =
∑

A⊆X

mµ(A)min
x∈A

f(x).

If mµ(A) ≥ 0 for all A ∈ 2X , then non-additive mea-
sure µ is called a belief function. The dual mea-
sure is called plausibility function, and is defined by
µ̄(A) = 1 − µ(¬A), A ∈ 2X . Belief functions and
plausibility functions are one of the main objects of
the study of the belief functions theory (theory of ev-
idence, the Dempster-Shafer theory) [7, 25].

The belief functions theory assumes that the mass
function (also called basic probability assignment) m :
2X → [0, 1] is initially defined or statistically esti-
mated. The belief function Bel and plausibility func-
tion Pl are then calculated by the formulas

Bel(A)=
∑

B⊆A

m(B), P l(A)=
∑

B∩A 6=∅

m(B), A ∈ 2X .

The contribution of individual alternatives to the over-
all importance of subsets of alternatives can be esti-
mated using Shapley values [26], which are widely used
in the theory of coalition games:

vi =
∑

A⊆X, xi∈A

(n− |A|)! (|A| − 1)!

n!
∆{xi}Bel (A) .

where ∆{xi}Bel (A) = Bel (A) − Bel (A\{xi}). The
vector v = (vi)

n
i=1 is called the Shapley vector,

∑n
i=1 vi = Bel(X) = 1. It is known [27] that Shapley

value of belief function coincides with so called pignis-
tic transform

vi =
∑

xi∈D

m(D)

|D|
.

The set A ∈ 2X is called the focal element of the evi-
dence in the belief functions theory, if m(A) > 0. Let
A be the set of all focal elements of the evidence. Then
a pair F = (A,m) is called a body of evidence. Evalu-
ating the conflict between multiple evidence (external
conflict) given on the set X , as well as evaluating the
internal conflict of each evidence are important ques-
tions of the evidence theory. The conjunctive conflict
measure is historically the first and most popular mea-
sure of external conflict. This measure is calculated by
the formula

K = K (F1, F2) =
∑

A∩B=∅

m1(A)m2(B) (1)

for two bodies of evidence F1 = (A1,m1) and F2 =
(A2,m2) on X . It is not difficult to see that K ∈
[0, 1] and the value K = 1 corresponds to the absolute
conflict of the two bodies of evidence: A ∩ B = ∅
for all A ∈ A1 B ∈ A2. We will use this measure
below to assess the degree of conflicting political party
positions. The results of studies of the axiomatics,
properties and approaches of the defining of external
conflict measures can be found in [3, 8, 18, 20, 21].

Internal conflict of evidence characterizes the degree
of its heterogeneity. In particular, if the evidence
contains non-intersecting focal elements with large
masses, then this indicates about a great internal con-
flict of such evidence. There are various ways to evalu-
ate internal conflict [6, 17, 24]. For example, the value
K(F, F ) (so-called autoconflict) can be considered a
measure of the internal conflict of the body of evidence
of F = (A,m). Here the measure K is calculated by
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the formula (1). In [6] a measure of internal conflict
was introduced using the formula

Kint(F ) = 1−max
x

Pl(x) = min
x

Bel(X\{x}).

We will use this value to estimate the internal conflict
of evidence.

3 Setting the Main Objectives of the

Study

Let there be r parties, which received p1, ..., pr votes in
the elections, respectively. In addition, there is a list
of n issues Nn = {1, ..., n} for which all parties have
voiced their positions before the elections; let 2Nn be
the set of all subsets of the list of issues. The party
can answer each of the questions either ‘yes’ or ‘no’.
Therefore, for any set questionsA ∈ 2Nn , there are 2|A|

subsets, taking into account different answers to ques-
tions from the A. Let 2A are the set of all such answers
to the questions from A. Then 2Nn =

⋃

A∈2Nn 2A is
the set of all the subsets of the list of questions with the

various answers,
∣

∣

∣
2Nn

∣

∣

∣
= 3n. Each set A ∈ 2Nn can be

encoded by the a = (a1, . . . , an), ai = 1 if xi ∈ A and

ai = 0 otherwise. Each set A ∈ 2Nn can be encoded
by the a = (a1, . . . , an; an+1, . . . , a2n): if xi ∈ A and
the answer was ‘yes’, then ai = 1; if xi ∈ A and the
answer was ‘no’, then an+i = 1 and ai = 0 otherwise.

Example 1. Let n = 2. Then the vector (0, 0; 0, 0)
corresponds to the empty set of questions. Two vectors
(1, 0; 0, 0) and (0, 0; 1, 0) correspond to the set A = {1}
(the 1st question and two possible answers ‘yes’ or
‘no’). Two vectors (0, 1; 0, 0) and (0, 0; 0, 1) correspond
to the set A = {2} (the 2nd question and two possi-
ble answers ‘yes’ or ‘no’). Four vectors (1, 1; 0, 0) –
‘yes-yes’, (1, 0; 0, 1) – ‘yes-no’, (0, 1; 1, 0) – ‘no-yes’,
(0, 0; 1, 1) – ‘no-no’ correspond to the set of questions

A = {1, 2}. We have
∣

∣

∣
2N2

∣

∣

∣
= 32 = 9 vectors from 2N2.

3.1 Finding the Most Significant Groups

of Issues for Voting and Assessment

of Political Heterogeneity of the Society

It is necessary to determine the significance of a par-
ticular subset of issues for voting, i.e. need to find the
mass function m : 2Nn → [0, 1], where the values m(A)
characterize the shares of voters who consider the ques-
tions of the setA as significant,

∑

A m(A) = 1. Instead
of the set function m, it is easier to find the set func-

tion m̄ : 2Nn → [0, 1]. Then
∑

B∈2A m̄(B) = m(A),
A ∈ 2Nn .

Let

vk,i =























1, if i ∈ {1, ..., n} and k−th party answered
‘yes′ to the i−th question,

1, if i ∈ {n+ 1, ..., 2n} and k−th party
answered ‘no′ to the (i− n)−th question,

0, otherwise,

k = 1, ..., r, i = 1, ..., 2n, and Vk =
(vk,1, ..., vk,n; vk,n+1, ..., vk,2n) be the profile of
answers to questions of the k-th party. It is easy to
see that equality vk,s+vk,n+s = 1 is true for the profile
of the k-th party for all s = 1, . . . , n. For example, for
n = 4 questions, the profile V = (1, 0, 0, 1; 0, 1, 1, 0)
means that the party answered ‘yes’ to the 1st and
4th questions and ‘no’ to the 2nd and 3rd questions.

We have mini∈A{vk,i} = 1 if the set of answers A is
contained in the profile of the k-th political party, and
we have mini∈A{vk,i} = 0 otherwise. Then the value

C(Vk) =
∑

A∈2Nn

m̄(A)min
i∈A

{vk,i} (2)

is proportional to the potential number of voters of the
k-th party. It is necessary to find such values {m(A)}
in order to minimize the discrepancy between the dis-
tributions (pk) and (C(Vk)) (after normalization). In
particular, we can estimate the degree of proportion-

ality of the values in the bits: C(Vk)
C(Vj)

≈ pk

pj
for any

pairs of indices k, j ∈ {1, ..., r}. We will consider the
functional

R =
r

∑

i=1

(pi+1C(Vi)− piC(Vi+1))
2

( pr+1 = p1, Vr+1 = V1) as a criterion for minimizing.

Thus, it is necessary to find the values
{

m̄(A) : A ∈ 2Nn

}

, satisfying the conditions

∑

A∈2Nn

m̄(A) = 1, m̄(A) ≥ 0 ∀A ∈ 2Nn (3)

and minimizing the criterion R. This is a quadratic
programming problem. Expression (2) is the Choquet
integral of the function Vk = (vk,1, ..., vk,2n) with re-
spect to the belief measure Bel(A) =

∑

B⊆A m̄(B).

Example 2. Suppose that three parties A, B and C

participated in the election. These parties indicated
their position on four issues before the election. The
responses of the parties to these four questions are pre-
sented in Table 1. These parties received 50%, 40%
and 10% of the vote respectively.

Which groups of questions should be considered more
significant? Suppose that only a pairs of questions in-
terest us. Then those pairs of questions will be more
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A B C

1 1 1 0
2 0 1 1
3 1 0 0
4 0 0 0

votes 50% 40% 10%

Table 1: Party responses and vote distribution.

significant, to which the A and B parties, which re-
ceived the largest number of votes, answered about the
same, and the answers of the C party, on the con-
trary, were very different from those of the A and B

parties. It is easy to see that the smallest discrep-
ancies in the answers of the parties A and B were
on pairs of questions {1, 4} (0 discrepancies), {1, 2},
{1, 3}, {2, 4}, {3, 4} (1 discrepancies each). But the
greatest discrepancy between the responses of the par-
ties A, B on the one hand and the C party on the other
hand to these five pairs of questions will be in the pairs
of questions {1, 2} and {1, 3} (3 discrepancies each).
These pairs should be considered the most significant.

Let {Aj}
3n−1
j=1 is some ordering of all subsets of 2Nn ,

m = (mj), mj = m̄(Aj), ck,j = mini∈Aj
{vk,i}, j =

1, ..., 3n − 1, k = 1, ..., r, ck is the k-th row vector of
the matrix C = (ckj). Then C(Vk) = ckm and the
following statement is true.

Proposition 1. The solution of the problem of mini-
mizing the functional R under conditions (3) is equiv-
alent to solving the problem







mTQm → min,
mj ≥ 0 ∀j,
∑

j mj = 1,
(4)

where

Q =

r−1
∑

k=1

(pk+1ck − pkck+1)
T
(pk+1ck − pkck+1).

Note that if mink mini∈A{vk,i} = 0 is true for some

subset A ∈ 2Nn , then the variable corresponding to
this set A can be excluded from the vector m. There-
fore, the real dimension of the vector m is much less
than 3n.

Since rankQ ≤ r ≪ 3n, then problem (4) can have
many solutions. To solve such an ill-posed problem, in-
stead of the functional mTQm in (4), we can consider

its regularization mTQm − α‖m‖2 = mT (Q− α)m,
where α > 0 is a regularization parameter. Regulariza-
tion more ‘fines’ those distributions m that are closer
to a uniform distribution.

Note that the minimum value of the criterion R can
be zero if the system

pk+1C(Vk) = pkC(Vk+1), k = 1, . . . , r

has a solution. From (2)) it follows that this system is
equivalent to a linear system

∑

A∈2Nn

m̄(A)bk(A) = 0, k = 1, . . . , r,

∑

A∈2Nn

m̄(A) = 1, m̄(A) ≥ 0 ∀ A ∈ 2Nn ,

where bk(A) = pk+1 mini∈A{vk,i}−pk mini∈A{vk+1,i},

k = 1, . . . , r, A ∈ 2Nn .

After finding the mass function m : 2Nn → [0, 1], we
find the belief function Bel(A) =

∑

B⊆A m(B), which
characterizes the degree of belief in the fact that the
set of questions A is significant for voting. The contri-
bution of individual issues to the overall significance is
estimated using Shapley values.

The political heterogeneity of society will be assessed
using a measure of internal conflict of the body of
evidence F = (A,m) determined on the set Nn of
all issues. If completely different non-intersecting
(or ’slightly intersecting’) groups of electoral issues
are significant, then this means greater heterogene-
ity of society. We will use the value Kint(F ) =
miniBel(Nn\{i}) as a measure of internal conflict.
Kint(F ) = mini Bel(Nn\{i}) (see Section 2).

3.2 Evaluation of the Influence of Party

Positions on Voting

Consider the projection of evidence of the significance
of questions for the results of voting on the profiles of
separate parties.

We will say that a subset A ∈ 2Nn is contained in the
profile of the k-th party Vk (and denote it A ⊆ Vk) if
∀i ∈ A : vk,i = 1. Let A be the set of all the focal
elements found in the previous problem, Ak = {A ∈
A : A ⊆ Vk} is the projection of the focal elements on
the profile of the k-th party and m̄k(A) = m̄(A), if A ∈
Ak. The value of m̄k(A) characterizes the electoral
significance for the k-th party position on the set of
issues A ∈ Ak. Then the value Mk =

∑

A∈Ak
m̄k(A)

characterizes the degree of significance of the position
of the k-th party on the result of voting for it. It is not
difficult to see that Mk ∈ [0, 1], and if Mk = 0, then
the party position on all issues is insignificant for the
elections. If Mk = 1, then the political party positions
on all issues is significant for winning the election.
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3.3 Estimates of Inconsistency of Party

Positions on Significant Issues

The analysis of the proximity of political party posi-
tions on key issues is essential in the case of decisions
on the formation of coalitions or other joint actions.
This can be done within the framework of the belief
functions theory, if we analyze the conflict between
the evidence of the electoral significance of the politi-
cal party positions on a set of issues.

For this purpose, we will form new bodies of evidence
{Fk} on the set functions {m̄k}: Fk = (Ak,m

′
k), m

′
k =

m̄k/Mk, if Mk 6= 0. If Mk = 0, then this indicates
about insignificance of the political party position on
the election result. Therefore, in this case, the position
of the k-th party will be non-conflict with the positions
of other parties in the considered sense (although, of
course, the political party positions may be conflicting
with respect to other measures).

We will use the measure of external conflict (1) to as-
sess the degree of conflict in the political party posi-
tions. The value Ki,j = K(Fi, Fj), Ki,j ∈ [0, 1] char-
acterizes the degree of conflict (inconsistency) between
the positions of the i-th and j-th parties. The value
Ki,j = 1 means that the positions of the i-th and j-th
parties do not overlap on all issues and their various
combinations important for voting. The valueKi,j = 0
means that thei-th and j-th parties have common po-
sitions on all combinations of issues that are significant
for voting.

4 Data Description

In this article, we used data obtained from the site
The German Federal Agency for Civic Education [31]
on the positions of 28 parties (or blocs) of Germany
on topical issues before the 2013 Bundestag elections.
There were 38 questions in the list. Each party (or
block) should have answered ’yes’ or ’no’ to each ques-
tion. In addition, the results of the 2013 Bundestag
election were used in the study [30].

We preliminarily selected 8 questions for which the
population gave the largest number of votes to reduce
the computational complexity and visibility of the re-
sults. There are, for example, issues such as: #22 on
raising the retirement age (3 490 000 people voted for
inclusion of this issue in the list), #18 on the state stu-
dent financing system (2 060 000 people voted for in-
clusion of this issue in the list), #2 on subsidizing fam-
ilies with children who do not attend school (1 010 000
people voted for inclusion of this issue in the list), etc.

In addition, 6 parties (or blocks) that gained more
than 3% of votes in parliamentary elections were se-
lected for further research. These are the block of

the Christian Democratic Union of Germany and the
Christian Social Union in Bavaria (CDU/CSU), So-
cial Democratic Party of Germany (SPD), The Left
(DIE LINKE), Alliance 90/The Greens (GRUNE),
Free Democratic Party (FDP), Alternative for Ger-
many (AfD) [30].

5 Research Results

Results of Finding the Most Significant Groups

of Questions for Voting. Analysis of the response
profiles revealed 1003 subsets A of questions for a
set of 8 questions and 6 parties (or blocks) for which
min
k

min
i∈A

{vk,i} > 0. This is the real dimension of the

vector m.

The 255 subsets of questions with non-zero values of
the mass function (focal elements) were found in the
analysis of the most significant for voting subsets of 8
questions by the method described in subsection 3.1.
The group of the most significant subsets consists of 30
sets of questions with a significance of 0.0072. Ques-
tions #2, #18 and #22 are included in all subsets with
the greatest significance. The significance of these par-
ticular questions is confirmed by the Shapley vector.
The Shapley values will be equal to 0.18, 0.15, 0.12
for questions #2, #8, #22, respectively, and approxi-
mately 0.11 for the remaining 5 questions.

Evaluating the Political Heterogeneity of So-

ciety Using a Measure of Internal Conflict of

Evidence of the Importance of Issues. This mea-
sure (see Subsection 3.1) in our case will be equal to
Kint(F ) = 0.264. This indicates a certain political ho-
mogeneity of society (although, of course, this measure
is relative).

The Results of the Assessment of the Signif-

icance of the Political Party Positions of Ger-

many for Voting, calculated using the formulaMk =
∑

A∈Ak
m̄k(A), k = 1, . . . , r (see Section 3.2), are pre-

sented in the graph in Figure 1. There is also a graph
of the shares of votes in elections for each of the 6 par-
ties. It can be seen that the graphs of significance and
the percentage of votes in elections strongly correlate
with each other.

The Results of the Assessment of the Conflicts

of the Party Positions on Significant Issues, cal-
culated using the conflict measure (see Subsection 3.3),
are presented in Figure 2.

Note that the CDU/CSU block has a large measure of
conflict with the parties SPD, DieLinke and GRUNE,
which were the closest pursuers of the block in the
elections. On the other hand, the positions of the
CDU/CSU block coincide in the main sets of questions
relevant for voting with the positions of the FDP and

325



Figure 1: Significance of party positions on a set of 8
questions for voting results

Figure 2: Conflict of the party positions on significant
issues: a red color corresponds to a greater conflict
of positions; a greener color corresponds to a smaller
conflict (greater consistency of positions)

AfD parties. The opposition parties SPD, DieLinke
and GRUNE have similar political views, and this is
reflected in their meanings of pairwise conflict mea-
sures.

In the previous elections to the Bundestag in 2009,
a coalition of the parties CDU/CSU and FDP was
formed. The model confirms the consistency of the
positions of these parties. The AfD and CDU / CSU
parties are right-wing parties, and this also implies the
possibility of consistency in their positions. If we com-
pare the obtained results with real coalitions, then we
can conclude that the considered model is correct.

6 Conclusion

In this paper, the methods of the theory of non-
additive measures (including integration by such mea-
sures), as well as the methods of the belief functions
theory (including evaluation of internal and external
conflict of evidence) are applied to solving a number of
problems of analyzing the significance and conflict of
the political party positions. The study was conducted
on a database of online polls of parties in Germany
before the elections to the Bundestag in 2013 and the
results of these elections.

In particular, the possibility of solving the following
problems using the methods of the theory of non-
additive measures and the belief functions theory is
shown:

• the finding the most significant groups of ques-
tions for voting by minimizing the discrepancy
between the distribution of votes among the par-
ties in elections and the prior distribution of po-
tential votes among the parties, calculated using
the Choquet integral according to online polls of
parties before the elections; we note that the con-
struction of the Choquet integral appears natu-
rally when trying to estimate the number of those
who are ready to vote for a given political party;

• evaluation of the political heterogeneity of society
through a measure of internal conflict evidence of
the importance of issues;

• evaluation of the significance of the positions of
individual parties for voting in elections by build-
ing projections of evidence of the importance of
questions on the profiles of individual parties;

• evaluation of conflict of political party positions
on significant issues using a measure of external
conflict.
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