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Abstract

This work describes the development of a
type 2 Fuzzy Inference System by using Ge-
netic Programming for applications in time
series forecasting. The resulting model,
called GPFIS-Forecast+, is based on the
GPFIS-Forecast created previously, which
made use of Multigene Genetic Programming
an provided good results. Results show that
the system with type 2 fuzzy sets improves
the performance, especially for noisy data.
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1 Introduction

Forecast models for time series have been applied suc-
cessfully in areas such as logistics [20], investment
management [7], energy charge forecast [28], meteo-
rology, signal processing [25] , etc. Such models may
consider statistical techniques, assuming that the time
series represents a stochastic process. This approach
usually makes use of data processing methods to ulti-
mately execute the forecast. Examples can be found
in [1, 2, 9, 26]. Other models may be generated from
existing data and then used to predict future data. In
this process Artificial Neural Networks [27], Genetic
Algorithms [4], Fuzzy Logic [25], [23] and hybridiza-
tions of such techniques [8] [11, 12] may be employed.
One of these hybridizations is the GPFIS-Forecast [15],
which, in essence, is a fuzzy-genetic computational
model of the Pittsburgh type [8] that makes use of
Multigenic Genetic Programming [16, 21] to generate
an optimal rule base for a type 1 Mamdami Fuzzy In-
ference System. Experimental results [5] have attested
the good performance of this model.

This paper describes the development of the GPFIS-
Forecast+ model, whose structure is also of the Mam-
dani type but making use of interval type 2 fuzzy

sets [13] in order to obtain a more efficient rule base
and to improve the performance, especially in the pres-
ence of noisy data. According to [14], the use of a inter-
val type 2 Takagi-Sugeno fuzzy system demonstrates
a great advantage in terms of accuracy when com-
pared to a type 1 Takagi-Sugeno fuzzy system. This
paper demonstrates that this is also valid for GPFIS-
Forecast+ when compared to GPFIS-Forecast.

2 Multigenic Genetic Programming

Genetic Programming (PG) [16] uses the concept of
evolving solutions to resolve problems. The population
is characterized by individuals – such as computer pro-
grams – that represent possible solutions to the pro-
posed problem. These individuals are structured in
trees, which depict a combination of operations (or-
ange circle in Figure 1) and terminals (blue circles in
Figure 1).

Terminals represent the variables to be solved, while
the connections are mathematical functions (opera-
tions). The example of Figure 1 shows a chromosome
whose representation as a function is X * X, that is,
multiply the variable X by itself.

As various types of connectors and terminals are
added, the number of possible individuals expresses
the complexity of solutions to the problem. Genetic
programming uses the concepts of genetic algorithms
[8] such as selection, crossover, and mutation to find
an optimal solution.

Multigenic Genetic Programming (MGGP) [16] con-
siders that an individual has more than one tree in its
representation. Thus a solution is composed by the ag-
gregation of trees. The example of Figure 2 illustrates
a chromosome with two genes, each with a tree.

This chromosomal structure opens the way for other
possibilities of crossing: high-level (Figure 3) and low
level (Figure 4).

11th Conference of the European Society for Fuzzy Logic and Technology (EUSFLAT 2019)

Copyright © 2019, the Authors. Published by Atlantis Press. 
This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).

Atlantis Studies in Uncertainty Modelling, volume 1

385



Gene(1)

*

X X

Figure 1: Example of a
genetic programming chro-
mosome

Gene(1)

*

X X

Gene(2)

+

Y *

Y X

Figure 2: Example of a
chromosome as multigenic
of genetic programming

Gene(1)

*

X X

Gene(2)

+

Y *

X X

Gene(1)

*

X X

Gene(2)

+

Y *

Y X

Gene(3)

*

Y X

high level crossover area high level crossover area

Gene(1)

*

X X

Gene(2)

+

Y *

Y X

Gene(1)

*

X X

Gene(2)

*

Y X

Gene(3)

+

Y *

XX

Figure 3: Example of high level crossover
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Figure 4: Example of low level crossover

The mutation operator is used to rewrite an entire gene
or to change part of a tree of a selected gene.

Individuals in GP are probabilistically selected based

upon a fitness score. Individual programs with the
best fitness are more likely than inferior individual pro-
grams [22] to provide offspring for the next generation.
The selection method used here is the tournament [19].

To preserve the best individuals from a population
during the evolution process, elitism replacement [19]
is employed. A percentage n% of the best individuals
from the previous population are preserved and mixed
to the individuals 1-n% of the offspring; the remaining
individuals are deleted. This makes the population
size constant during the evolution.

3 GPFIS-Forecast+ model

Time series forecast uses information from the series
itself to determine future values. For a time series of
size T, the i -th prediction window, whose size is P, is
given by si = {si;1, ..., s1;p}, where i ∈ [1, (T − P )] ∈
Z. The window si is formed by observations si;p in
each p-th lag Sp, where p ∈ [1, P ] ∈ Z. The forecast
target is denoted by yi ∈ Y .

GPFIS-Forecast+ is a genetic fuzzy system of the
Pittsburgh type [8] which, when adapted to deal with
interval type 2 fuzzy sets, assumes the configuration
shown in Figure 5 .

The functions of the different blocks are described as
follows.

Fuzzy Inference
System + MGGP

Learning Base

Inference
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Formulation Association Aggregation
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duction and
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PGMG
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Data
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Figure 5: GPFIS - Forecast Type 2

3.1 Fuzzification

Each lag si,p is associated to L interval type 2 fuzzy

sets Ãlp, whose footprint of uncertainty (FOU) [18] is
bounded by sets Alp and Alp which are, respectively,

the upper (UMF) and lower (LMF) membership func-
tions of the interval-type 2 fuzzy set Ãlp:

Alp =
{

(si,p, µAlp
(si,p))|si,p ∈ Sp, l ∈ [1, L] ∈ Z

}
(1)
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Alp =
{

(si,p, (1− FOU)× µAlp
(si,p))|si,p ∈ Sp,

l ∈ [1, L] ∈ Z
}

(2)

The function µAlp
: Sp × [0, 1] → [0, 1] maps each ob-

servation sp to a degree of relevance to Alp. The Foot-
print of Uncertainty (FOU), which defines the distance
between UMF and LMF, can vary from 0 (equivalent
to a fuzzy type 1 system) to 0.9.

In the fuzzification process fuzzy sets of the triangular
type [24] are used and the universe is defined by the
maximum and minimum values of the training data.
Figure 6 shows an interval type 2 fuzzy set, delimited
by the upper (red) and lower (blue) fuzzy sets.

Figure 6: Type 2 fuzzy triangle fuzzy set example.

3.2 Inference

A fuzzy rule is composed of the combination of
premises and consequents. An example of a rule with
P antecedents and one consequent is:

IF S1 IS Ãl,1 AND ... AND Sp IS Ãl,p
THEN St IS B̃k

The premise of this rule can be expressed mathemati-
cally by equation 3, where a t-norm operator ∗ repre-
sents the “AND” connective. The t-norm used here is
the product.

µÃd
(si,P ) = µÃl;1

(si,1) ∗ ... ∗ µÃl;P
(si,P ) (3)

where µÃd
(si,1, ..., si,P ) = µÃd

(si,P ) is the joint mem-
bership degree of the P lags of si with respect to the
d -th premise ( d ∈ [1, D] ∈ Z ).

From the point of view of Genetic Programming, the
premise is a tree and the rule base is a tree chromo-
some, as shown in Figure 7. The first premise, d = 1,
for the first windows forecast, i = 1, represents, in this
case:

µÃ1
(s1,P ) = µÃ1;1

(s1,1) ∗ µÃ3;2
(s1,2)

Premises
Premise 1

AND

A1;1 A3;2

Premise 2

AND

A1;1 AND

A7;2 A10;3

Figure 7: Example of Assumptions of a Rule Base

This rule may be expressed in a linguistic form:
“IF S1 IS Ã1;1 AND S3 IS Ã3;3”.

In the inference stage, the fuzzified data undergo a se-
ries of operations according to the rules created in a
process consisting of two parts: formulation and asso-
ciation.

In Formulation, for the initial population of genetic
programming, premises of the rules of all individuals
are created in a random way, taking care that there are
no repeated premises for the same individual. As the
population evolves, the premises of the new individuals
are created through genetic processes such as crossover
and mutation.

Association is the process that generates the conse-
quent for each premise created in the formulation
stage. This can be done in two ways: (i) randomly or
(ii) by using methods that generate consequents from
the data. This second option is the one adopted in
this work.

The metric that makes it possible to choose the most
appropriate consequent for a given premise is the Re-
stricted Minimum Least Squares (MLS):

min : z =
T∑
i=1

(µ̂Bk
(yi)−

D(k)∑
d(k)=1

wd(k) × µA
d(k)

(si,P ))2

s.t. :
D(k)∑
d=1

wd(k) = 1 and wd(k) ≥ 0 (4)

where wd(k) weight or influence grade of µA
d(k)

(si,P )

for predicting values associated to the k-th consequent
term Bk (K fuzzy sets B̃k, were k ∈ [1, ...,K] ∈ Z, are
associated with Y (output variable)).

The d -th fuzzy rule of a FIS of the Mamdani type can
then be expressed as:

RdMam : µZ̃d
(u) = µÃd

(si;P ) ∗ µB̃k
(u) (5)

where u ∈ U (universe of discourse of the membership
function B̃k).
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When the rule Rdmam is activated, one output fuzzy
set Z̃d is generated with a range of memberships for
each value of the universe of discourse U. When more
that one fuzzy rule out of the D rules are activated at
the same time, an aggregation operator is used so that
each value of u has only one range of memberships,
(one for the UMF and one for the LMF of the activated
n rules).

An aggregation operator g (maximum [3], in this work)
performs the following operation:

µZ̃g
(u) = g(µZ̃1

(u), ..., µZ̃D
(u)) (6)

At the end of the aggregation process the result is an
interval type 2 fuzzy set Z̃g defined as:

Z̃g = 1/
[
Zg, Zg

]
(7)

Note, in equation 7, that the secondary membership
function [18] is equal to one for the entire universe of
discourse.

3.3 Type reduction and Defuzzification

The defuzzification in a type 2 FIS must be preceded
by a type reduction process. The Karnik-Mendel
(KM) [13] method is used here for type reduction,
producing the following results for the minimum and
maximum values of the centroids interval.

cl(Ã) = min
∀θ∈[LMF (x),UMF (x)]

∑N
i=1 xiθ∑N
i=1 θi

cr(Ã) = max
∀θ∈[LMF (x),UMF (x)]

∑N
i=1 xiθ∑N
i=1 θi

(8)

where Ae is the encapsulated fuzzy set of Ã [18].

Defuzzification is then performed by:

Output =
cl(HL) + cr(HR)

2
(9)

where HL and HR are the values in the universe of dis-
course that correspond to the approximated minimum
and maximum values of the centroids interval.

3.4 Evaluation

The Evaluation procedure in GPFIS-Forecast+ is de-
fined by an error minimization objective. This objec-
tive is responsible for the ordering of individuals in the
population.

The metric used for comparison of configurations is the
Symmetric Mean Absolute Percent Error (SMAPE)

[10]. The well known Mean Squared Error (RMSE) is
the metric used for evaluation throughout the experi-
ment, including training and test stages.

4 Case study

The objective of this case study was to investigate how
rule bases evolved with the addition of the footprint
of uncertainty. To this end, the parameters shown in
Table 1 were used in the experiments with GPFIS-
Forecast+.

Table 1: GPFIS-Forecast+ configuration parameters
Parameters Config. 1 Config. 2 Config. 3
Forecast repetitions 10 10 10
FIS type 1 2 interval 2 interval
Window 8 8 8
Forecast horizon 18 18 18
Generations 100 100 100
RB max. size 50 50 50
Tree depth 3 3 3
Population size 49 49 49
Number of terms 5 5 5
FOU Parameter 0.00 0.90 0.50

The time series Mackey-Glass [17], described by Equa-
tion 10, was used to assess the model’s performance.

dx(t)

dt
= a

x(t− τ)

1 + x(t− τ)
n − bx, a, b, n > 0, (10)

with τ = 70; b = 0.1; a = 0.2; n = 10. To solve
the equation the following parameters were used: ini-
tial condition x(0) = 1.2; integration step ∆t = 10,
number of samples κ = 145.

Figure 8 shows the training, validation, and test sets
for the series with τ = 70, .

For each of the three GPFIS-Forecast+ configurations,
10 predictions were generated. The best prediction for
the validation step, for each configuration, was consid-
ered in the execution of the forecast with the test base.

5 Results and discussions

Figure 9 shows the predictions for configurations 1
(Forecast T1) and 2 (Forecast T2). Forecast 3 is omit-
ted for the sake of clearness. The columns of Table
2 show the results for GPFIS-Forecast+ using type 1
fuzzy sets, type 2 fuzzy sets with a large uncertainty
and type 2 fuzzy sets with intermediate uncertainty,
respectively. The results are very similar for the train-
ing stage. However, in the test stage, the rule base
generated for FIS type 2 with large uncertainty pro-
vides a better generalization.

388



Figure 8: Mackey-Glass Temporary Series Figure 9: Mackey-Glass time series forecast for τ = 70

Table 2: Results: GPFIS-Forecast+
Parameters Config. 1 Config. 2 Config. 3
Qty of forecasts 10 10 10
Type of FIS 1 2 intervalar 2 intervalar
Window 8 8 8
Forecast horizon 18 18 18
Generation 100 100 100
Max. size BR 50 50 50
Tree depth 3 3 3
Population size 49 49 49
Qty of terms 5 5 5
Parameter FOU 0.00 0.90 0.50
Results
Train SMAPE 0.171698 0.171882 0.168916
Train RMSE 0.088474 0.085984 0.086360
Validation SMAPE 0.108982 0.203182 0.131101
Validation RMSE 0.067631 0.096191 0.078356
Test SMAPE 0.279744 0.150133 0.279646
Test RMSE 0.197588 0.105722 0.195962
BR final size 10 8 10
Exec. time (h) 8 9 8.1

Table 3 presents important characteristics of the
model: there are few rules in the final rule base, each
rule has a maximum of three antecedents and the num-
ber of terms of the linguistic variable is sufficient to
generate a good accuracy. The acronyms in the ta-
bles mean: “ VL ” = Very low, “ L ” = low, “ M ”
= medium, “ H ” = high and “ VH ” = very high.
The term Lag that succeeded by a number (1 to 8) de-
notes the element of the forecasting window. It should
be noted that a window of size 8 provided the best
results for the problem in question.

In the first population, each of the 49 individuals had
25 premises. The Association stage defines which of

these premises can generate valid rules (premises asso-
ciated with consequents), resulting in the elimination
of excessive rules, thus providing more compact rule
bases. Note that only lags 2, 3 and 8 appear in the
resulting rules.

Table 3: RB of configuration 3
Antecedents.1 Antecedents.2 Consequents

1 L Lag 2 VL Lag 2 VL
2 VL Lag 2 L Lag 2 VL
3 L Lag 2 L Lag 2 H
4 M Lag 2 L Lag 2 VH
5 VL Lag 8 VL
6 L Lag 2 M Lag 2 VH
7 M Lag 2 M Lag 2 H
8 H Lag 2 H Lag 2 M
9 VH Lag 2 H Lag 2 L

10 L Lag 1 M Lag 2 VH

The P-value computed by the Friedman test for the
results of the validation step was 0.045049. This shows
that there is a statistical difference between results.
A paired comparison with the post-hoc Holm [6] test
(Table 4) shows that the results for configurations 1
and 2 have no relevant statistical difference; these two
stand out when compared to configuration 3.

Table 4: Post Hoc comparison Table for α = 0.05
(FRIEDMAN)

Configuration z = (R0 −Ri)/SE p Holm
Config. 2 with 3 2.459675 0.013906 0.025
Config. 2 with 1 0.894427 0.371093 0.05
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6 Conclusions and Future Work

In this work the GPFIS-Forecast+ model was pre-
sented, destined to the forecast of time series. This
model showed good accuracy and good interpretabil-
ity. The use of a type 2 FIS provided excellent results
for a noise database when compared to those obtained
by the type 1 version.

Future works will consider strategies to initialize the
evolution process. An automatic strategy for generat-
ing the initial configuration will allow GPFIS-Forecast
+ to begin the evolution process with more informa-
tive data, possibly making learning easier and faster.
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R. Mesiar, Aggregation operators: properties,
classes and construction methods, in: T. Calvo,
G. Mayor, R. Mesiar (Eds.), Aggregation Oper-
ators, Vol. 97 of Studies in Fuzziness and Soft
Computing, Physica-Verlag HD, 2002, pp. 3–104.

[4] C. T. Chai, C. H. Chuek, D. Mital, T. T. Huat,
Time series modelling and forecasting using ge-
netic algorithms, in: First International Confer-
ence on Knowledge-Based Intelligent Electronic
Systems., Vol. 1, 1997, pp. 260–268.

[5] M. A. da C. Ferreira, A. S. Koshiyama, M. M.
Vellasco, R. Tanscheit, Aprimoramentos de um
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